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Abstract In this paper we introduce natural metrics in the hyperbolic Bloch and QK-type spaces

with respect to which these spaces are complete. Moreover, Lipschitz continuous, bounded and

compact superposition operators S/ from the hyperbolic Bloch type space to the hyperbolic

QK-type space are characterized by conditions depending only on the analytic symbol /.
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1. Introduction

In 1979, Yamashita [1] introduced originally the concept of
systematically hyperbolic function classes. Subsequently, this
concept has studied for hyperbolic Hardy, BMOA and

Dirichlet-classes (see, e.g., [1,3–7]). In the last decades, Smith
[8] studied inner functions in the hyperbolic little Bloch-class.
The hyperbolic counter parts of the Qp-spaces were studied

by Li [9] and Li et al. [10].

On the other hand, Cámera and Giménez [11,12] studied
the Bergman space Ap, the space of all Lp functions (with
respect to Lebesgue area measure) which is analytic in the unit

disk. They showed that S/ðApÞ � Aq if and only if / is a
polynomial of degree at most p=q where S/ : LpðDÞ ! LqðDÞ
is the superposition operator. Later, Buckley and Vukotic
[13,14] introduced superposition operators from Besov spaces

into Bergman spaces and univalent interpolation in Besov
spaces. Also, in [15], Alvarez et al. characterized superposition
operators between the Bloch space and Bergman spaces.

Recently, Wen Xu [16] studied superposition operators on
Bloch-type spaces.

Let X and Y be two metric spaces of analytic functions on

the unit disk D ¼ fz 2 C :j z j< 1g. Assume that / denotes a
complex-valued function in the plane C. The superposition
operator S/ on Xdefined by

S/ðfÞ :¼ / � f; f 2 X:

If / � f 2 Y for f 2 X, we say that / acts by superposition from
Xinto Y. As in Wen Xu [16] if X contains linear functions, /
must be an analytic function.

Let HðDÞ be the class of analytic functions on D. Also,

BðDÞ denotes the class of all analytic functions on D such that
jfðzÞj < 1 for all z 2 D. It is clear that BðDÞ � HðDÞ.
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http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:alaa_mohamed1@yahoo.com
http://dx.doi.org/10.1016/j.joems.2015.01.003
http://dx.doi.org/10.1016/j.joems.2015.01.003
http://www.sciencedirect.com/science/journal/1110256X
http://dx.doi.org/10.1016/j.joems.2015.01.003
http://creativecommons.org/licenses/by-nc-nd/4.0/


508 A. Kamal
Hyperbolic derivative for analytic functions on the unit
disk D.

f �ðzÞ ¼ jf 0ðzÞj
1�jfðzÞj2 (cf. [17]).

The spaces of analytic functions, have been actively appear-

ing in different areas of mathematical sciences such as dynami-
cal systems, theory of semigroups, probability, mathematical
physics and quantum mechanics (see [18–20] and others).

Now, we list the following definitions.

Definition 1.1 [2]. Let f be an analytic function in D and
0 < a <1. The a-Bloch space Ba is defined by

Ba ¼ f 2 HðDÞ : kfkBa ¼ sup
z2D
ð1� jzj2Þajf0ðzÞj <1

� �
;

the little a-Bloch space Ba
0 is given as follows

Ba
0 ¼ f 2 HðDÞ : kfkBa

0
¼ lim
jzj!1�

ð1� jzj2Þajf0ðzÞj ¼ 0

� �
:

The spaces B1 and B1
0 are called as the Bloch space, and little

Bloch space and denoted by B and B0 respectively (see [21]).

A positive continuous function l on ½0; 1Þ is called normal if

there are three constants 0 6 d < 1 and 0 < a < b such that.

i. lðrÞ
ð1�rÞa is decreasing on ½d; 1Þ and limr!1

lðrÞ
ð1�rÞa ¼ 0;

ii. lðrÞ
ð1�rÞb is increasing on ½d; 1Þ and limr!1

lðrÞ
ð1�rÞb ¼ 1.
Definition 1.2 [22]. A function f 2 HðDÞ such that

kfkl :¼ sup
z2D

lðjzjÞf0ðzÞ <1

is called a l-Bloch function. The space of all l-Bloch functions
is denoted by Bl.

It is readily seen that Bl is a Banach space with the norm

kfkBl
:¼ jfð0Þj þ kfkl. Also, when lðzÞ ¼ 1� jzj2, the space

Bl is just the Bloch space which is denoted by B; while when

lðzÞ ¼ ð1� jzj2Þa with a > 0, the space Bl becomes the

a-Bloch space which is denoted by Ba.

The hyperbolic l-Bloch space is defined as follows:

Definition 1.3 [23]. The sets of f 2 BðDÞ for which

B�l ¼ f : f analytic in D and sup
z2D

lðjzjÞf�ðzÞ <1
� �

:

The little hyperbolic Bloch space B�l;0 is a subspace of B�l
consisting of all f 2 B�l such that

lim
jzj!1�

lðjzjÞf �ðzÞ ¼ 0:

Following [23], the authors defined a natural metric on the
hyperbolic l-Bloch space B�l in the following way:

dðf; g;B�lÞ :¼ dB�lðf; gÞ þ kf� gkBl
þ jfð0Þ � gð0Þj;

where

dB�lðf; gÞ :¼ sup
a2D

f 0ðzÞ
1� jfðzÞj2

� g0ðzÞ
1� jgðzÞj2

�����
�����lðjzjÞ

for f; g 2 B�l.
The following conditions have played crucial roles in the
study of QK spaces:Z 1

0

/KðsÞ
ds

s
<1: ð1Þ

Z 1

1

/KðsÞ
ds

s2
<1: ð2Þ
Lemma 1.1 [24]. If K satisfy the condition (2), then the
function

K1ðtÞ ¼ t

Z 1

t

KðsÞ
s2

ds ðwhere; 0 < t <1Þ;

has the following properties:

ðAÞ K1 is nondecreasing on ð0;1Þ.
ðBÞ K1ðtÞ=t is nondecreasing on ð0;1Þ.
ðCÞ K1ðtÞP KðtÞ for all t 2 ð0;1Þ.
ðDÞ K1 K K on ð0; 1�.

If KðtÞ ¼ Kð1Þ for t P 1, then we also have

ðEÞ K1ðtÞ ¼ K1ð1Þ ¼ Kð1Þ for t P 1, so K1 � K on ð0;1Þ.

Lemma 1.2 [24]. If K satisfy the condition (2), then we can find
another non-negative weight function given by

K1ðtÞ ¼ t

Z 1

t

KðsÞ
s2

ds ðwhere; 0 < t <1Þ;

such that QK ¼ QK1
and that the new function K1 has the follow-

ing properties:

ðAÞ K1 is nondecreasing on ð0;1Þ.
ðBÞ K1ðtÞ=t is nondecreasing on ð0;1Þ.
ðcÞ K1ðtÞ satisfies condition (1).
ðdÞ K1ð2tÞ � K1ðtÞ on ð0;1Þ.
ðeÞ K1ðtÞ � KðtÞ on ð0; 1�.
ðf Þ K1 is differentiable on ð0;1Þ.
ðgÞ K1 is concave on ð0;1Þ.
ðhÞ K1ðtÞ ¼ K1ð1Þ for t P 1.

Definition 1.4 (see [25]). Let a function K : ½0;1Þ ! ½0;1Þ.
The space QK is defined by

QK ¼ f 2 HðDÞ : sup
a2D

Z
D

jf 0ðzÞj2Kðgðz; aÞÞdAðzÞ <1
� �

:

If

lim
jaj!1�

sup
a2D

Z
D

jf0ðzÞj2Kðgðz; aÞÞdAðzÞ ¼ 0;

then f 2 QK;0. Clearly, if KðtÞ ¼ tp, then QK ¼ Qp.

Li et al. [10] defined the hyperbolic QK type space Q�K as

follows.

Definition 1.5. Let K : ½0;1Þ ! ½0;1Þ. The hyperbolic space
Q�K consists of those functions f 2 BðDÞ for which

kfk2Q�
K
¼ sup

a2D

Z
D

ðf �ðzÞÞ2Kðgðz; aÞÞdAðzÞ <1:
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Moreover, we say that f 2 Q�K belongs to the space Q�K;0 if

lim
jaj!1�

Z
D

ðf �ðzÞÞ2Kðgðz; aÞÞdAðzÞ ¼ 0;

where dA is the normalized 2-dimensional Lebesgue measure

on D ; gðz; aÞ ¼ log 1
juaðzÞj

is the Green’s function of D where

uaðzÞ ¼ a�z
1��az

is the Möbius transformation related to the point

a 2 D. Note that hyperbolic classes are not linear spaces, since
they consist of functions that are self-maps of D.

For f; g 2 Q�K, we define their distance by

dðf; g;Q�KÞ :¼ dQ�
K
ðf; gÞ þ kf� gkQK

þ jfð0Þ � gð0Þj;

where

dQ�
K
ðf; gÞ :¼ sup

z2D

Z
D

j f �ðzÞ � g�ðzÞj2Kðgðz; aÞÞdAðzÞ
� �1

2

:

Now, we introduce the following results of the complete
metric spaces B�l and Q�K.

Proposition 1.1. The class B�l is equipped with a complete

metric. Moreover, B�l;0 is a closed (and therefore complete)

subspace of B�l.

Proof. The proof of Propositions 1.1 is very similar to that of
Proposition 2.1 in [10]. h

Proposition 1.2. The class Q�K equipped with a complete metric

space. Moreover, Q�K;0 is a closed (and therefore complete) sub-

space of Q�K.

Proof. Let f; g; h 2 Q�K. Then clearly

(i) dðf ; f; Q�KÞ ¼ 0.

(ii) dðf ; g; Q�KÞP 0 and dðf ; g; Q�KÞ ¼ 0 implies f ¼ g.
(iii) dðf ; g; Q�KÞ ¼ dðg; f; Q�KÞ
(iv) dðf ; g; Q�KÞ 6 dðf ; h; Q�KÞ þ dðh; g; Q�KÞ.

Hence, d is a metric on Q�K, and ðQ�K; dÞ is a metric space.

To proof the completeness, let ðfnÞ1n¼1 be a Cauchy sequence
in the metric space ðQ�K; dÞ, that is, for any e > 0 there is an

N ¼ NðeÞ 2 N such that dðfn; fm;Q�KÞ < e, for all n;m > N.

Since ðfnÞ � BðDÞ, such that fnj converges to f uniformly on

compact subsets of D. It follows that also fn converges to f
uniformly on compact subsets, now let m > N, and 0 < r < 1.
Then Fatou’s lemma yieldsZ
Dð0;rÞ

f�ðzÞ � f�mðzÞ
�� ��2Kð1� juaðzÞj

2ÞdAðzÞ

¼
Z
Dð0;rÞ

lim
n!1

f�nðzÞ � f�mðzÞ
�� ��2Kð1� juaðzÞj

2ÞdAðzÞ

6 lim
n!1

Z
Dð0;rÞ

f�ðzÞ � f�mðzÞ
�� ��2Kð1� juaðzÞj

2ÞdAðzÞ 6 e2;

and by letting r! 1�, it follows that,Z
D

ðf�ðzÞÞ2Kð1� juaðzÞj
2ÞdAðzÞ

6 2e2 þ 2

Z
D

ðf�mðzÞÞ
2
Kð1� juaðzÞj

2ÞdAðzÞ
this yields,

j jf j j2Q�
K
6 2 j jfm j j

2
Q�

K
þ 2e2:

Thus f 2 Q�K. We also find that fn ! f with respect to the

metric of ðQ�K; dÞ and ðQ�K; dÞ is complete metric space. The

second part of the assertion follows.

Our objective in this paper is to study Lipschitz continuity,
boundedness and compactness of the superposition operator

S/ between the hyperbolic spaces B�l and Q�K. h
2. Main results

First, we study Lipschitz continuity of the superposition

operator S/ between the hyperbolic spaces B�l and Q�K
equipped with a complete metric space. Throughout this
section we assume that

ð/�ðfðzÞÞ þ /�ðgðzÞÞÞP �

lðjfðzÞjÞ > 0; 8 z 2 D: ð3Þ

Now, we give the following result.

Theorem 2.1. Assume / is non-constant analytic mapping from

D into itself and let K : ½0;1Þ ! ½0;1Þ. Suppose that (3) is
satisfied. Then the following statements are equivalent:

(i) S/ : B�l ! Q�K is bounded;

(ii) S/ : B�l ! Q�K is Lipschitz continuous;

(iii) sup
a2D

Z
D

jf0ðzÞj2

lðjfðzÞjÞ2
Kðgðz; aÞÞdAðzÞ <1:

Proof. To prove (i) () (iii), first assume that (iii) holds, for

any f 2 B�l, and jfðzÞj is bounded. Then, we obtain

kS/fkQ�
K
¼ sup

a2D

Z
D

ðð/ � fÞ�ðzÞÞ2 Kðgðz; aÞÞdAðzÞ

¼ sup
a2D

Z
D

ð/�ðfðzÞÞÞ2jf0ðzÞj2Kðgðz; aÞÞdAðzÞ

6 k/ðfðzÞÞk2B�lsup
a2D

Z
D

jf0ðzÞj2

lðjfðzÞjÞ2
Kðgðz; aÞÞdAðzÞ <1:

Hence, it follows that (i) holds.
Conversely, by assuming that (i) holds and (3), there exists a

constant � > 0 such that ð/�ðfðzÞÞ þ /�ðgðzÞÞÞP �
lðjfðzÞjÞ > 0,

where f; g 2 B�l, and kS/fkQ�K 6 Ck/ðfðzÞÞkB�l .

We can assume jf0ðzÞj < jg0ðzÞj. Then, we have

kS/fkQ�
K
þkS/gkQ�

K

P sup
a2D

Z
D

ðð/� fÞ�ðzÞÞ2þðð/�gÞ�ðzÞÞ2
h i

Kðgðz;aÞÞdAðzÞ

P sup
a2D

Z
D

ð/�ðfðzÞÞÞ2jf0ðzÞj2þð/�ðgðzÞÞÞ2jg0ðzÞj2
h i

Kðgðz;aÞÞdAðzÞ

P sup
a2D

Z
D

ð/�ðfðzÞÞÞ2þð/�ðgðzÞÞÞ2
h i

jf0ðzÞj2 Kðgðz;aÞÞdAðzÞ
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P
1

2
sup
a2D

Z
D

/�ðfðzÞÞþ/�ðgðzÞÞ½ �2j f 0ðzÞj2 Kðgðz;aÞÞdAðzÞ

P
�2

2
sup
a2D

Z
D

j f 0ðzÞj2

lðjfðzÞjÞ2
Kðgðz;aÞÞdAðzÞ:

Then, we have

sup
a2D

Z
D

j f 0ðzÞj2

lðj fðzÞjÞ2
Kðgðz; aÞÞdAðzÞ 6 kS/fk2Q�

K
þ kS/gk2Q�

K
<1:

So (iii) is satisfied.

To prove (ii) () (iii), assume first that S/ : B�l ! Q�K is

Lipschitz continuous, that is, there exists a positive constant C

such that

dð/� f;/�g;Q�KÞ6Cdð/ðfðzÞÞ;/ðgðzÞÞ;B�lÞ; for all f; g2B�l:

Taking /ðgÞ ¼ 0, this implies

k/�fkQ�
K
6C k/ðfðzÞÞkB�lþk/ðfðzÞÞkBl

þj/ðfð0ÞÞj
� �

; forall f2B�l:

ð4Þ

The assertion (iii) follows by choosing fðzÞ ¼ z in (4).
Moreover, from (3), for f; g 2 B�l, we deduce that

/�ðfðzÞÞ þ /�ðgðzÞÞð ÞlðjfðzÞjÞP � > 0; for all z 2 D: ð5Þ

Therefore, combining (4) and (5), we have

k/ðfðzÞÞkB�l þk/ðgðzÞÞkB�l þk/ðfðzÞÞkBl

þk/ðgðzÞÞkBl
þj/ðfð0ÞÞjþ j/ðgð0ÞÞj

P k/� fkQ�
K
þk/�gkQ�

K
P
�2

2

Z
D

jf 0ðzÞj2

lðjfðzÞjÞ2
Kðgðz;aÞÞdAðzÞ:

For which the assertion (iii) follows.

Assume now that (iii) is satisfied, we have

dð/�f;/�g;Q�KÞ
¼dQ�

K
ð/�f;/�gÞþk/�f�/�gkQK

þj/ðfð0ÞÞ�/ðgð0ÞÞj

6dB�lð/ðfðzÞÞ;/ðgðzÞÞÞ sup
a2D

Z
D

jf 0ðzÞj2

l
ðjfðzÞjÞ2Kðgðz;aÞÞdAðzÞ

 !1
2

þk/ðfðzÞÞ�/ðgðzÞÞkBl
sup
a2D

Z
D

jf0ðzÞj2

lðjfðzÞjÞ2
Kðgðz;aÞÞdAðzÞ

 !1
2

þj/ðfð0ÞÞ�/ðgð0ÞÞj6Cdð/ðfðzÞÞ;/ðgðzÞÞ;B�lÞ:

Thus S/ : B�l ! Q�K is Lipschitz continuous and this com-

pletes the proof.

Secondly, we state and prove compactness of the super-
position operators S/ between the hyperbolic spaces. Recall

that a superposition operator S/ : B�l ! Q�K is said to be

compact, if it maps any ball in B�l onto a pre-compact set inQ�K.

We state and prove the following proposition. h

Proposition 2.1. Let / be an analytic mapping from D into itself

and let K : ½0;1Þ ! ½0;1Þ. If S/ : B�l ! Q�K is compact, then it

maps closed balls onto compact sets.
Proof. If B � B�l is a closed ball and g 2 Q�K belongs to the clo-

sure of S/ðBÞ, we can find a sequence ðfnÞ
1
n¼1 � B such that

/ � fn converges to g 2 Q�K as n!1. But ðfnÞ
1
n¼1 is a normal

family, hence it has a subsequence ðfnjÞ
1
j¼1 converging uni-

formly on compact subsets of D to an analytic function f. It
follows that also fn converges to f uniformly on compact sub-

sets, and by the Cauchy formula, the same also holds for the
derivatives. Let m > N. Then the uniform convergence yields

f 0ðzÞ
1� jfðzÞj2

� f 0mðzÞ
1� jfmðzÞj

2

�����
�����lðjzjÞ

¼ lim
n!1

f 0n ðzÞ
1� jfnðzÞj

2
� f 0mðzÞ
1� jfmðzÞj

2

�����
�����lðjzjÞ

6 lim
n!1

dðfn; fm;B�l Þ 6 �: ð6Þ

for all z 2 D, and it follows that kfkB�l 6 kfmkB�l þ �. Thus

f 2 B�l. From (6) f belongs to the closed ball B. On the other

hand, also the sequence / � ðfnjÞ
1
j¼1 converges uniformly on

compact subsets to an analytic function, which is g 2 Q�K.

We get g ¼ / � f, i.e. g belongs to S/ðBÞ. Thus, this set is closed
and also compact. h

Now, we give the main theorem for compactness of super-

position operators acting between B�l and Q�K classes.

Theorem 2.2. Let / be an analytic mapping from D into itself
and let K : ½0;1Þ ! ½0;1Þ. Then S/ : B�l ! Q�K is compact if
lim
r!1�

sup
a2D

Z
jfðzÞj>r

jf 0ðzÞj2

lðjfðzÞjÞ2
Kðgðz; aÞÞdAðzÞ ¼ 0: ð7Þ

Proof. We first assume that (7) holds. Let B :¼ Bðg; dÞ � B�l,
g 2 B�l and d > 0, be a closed ball, and let ðfnÞ

1
n¼1 � B be some

sequence. We show that its image has a convergent subse-
quence in Q�K, which proves the compactness of S/ by

definition.

Again, ðfnÞ1n¼1 � BðDÞ is normal, hence, there is a

subsequence ðfnjÞ
1
j¼1 which converges uniformly on the com-

pact subsets of D to an analytic function f. By Cauchy formula
for the derivative of an analytic function, also the sequence

ðf0njÞ
1
j¼1

converges uniformly on the compact subsets of D to fnj .

It follows that also the sequences ð/ � fnjÞ
1
j¼1 and ð/ � f0njÞ

1
j¼1

converge uniformly on the compact subsets of D to / � f and
/ � f0, respectively. Moreover, f 2 B � B�l since for any fixed

R; 0 < R < 1, the uniform convergence yields
sup
jzj6R

f 0ðzÞ
1� jfðzÞj2

� g0ðzÞ
1� jgðzÞj2

�����
�����lðjzjÞ þ sup

jzj6R
jf 0ðzÞ � g0ðzÞjlðjzjÞ

þ jfð0Þ � gð0Þj ¼ lim
j!1

sup
jzj6R

f 0njðzÞ
1� jfnjðzÞj

2
� g 0ðzÞ
1� jgðzÞj2

�����
�����lðjzjÞ

þ lim
j!1

sup
jzj6R
jf 0njðzÞ � g0ðzÞjlðjzjÞ þ jfnjð0Þ � gð0Þj

 !
< d:

Hence, dðf; g;B�lÞ 6 d.
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Let e > 0. Since (7) is satisfied, we may fix r; 0 < r < 1, such

that

sup
a2D

Z
jfðzÞj>r

jf 0ðzÞj2

lðj fðzÞjÞ2
Kðgðz; aÞÞdAðzÞ 6 e:

By the uniform convergence, we may fix N1 2 N such that

j/ð0Þ � fnj � /ð0Þ � f j 6 e; forall j P N1: ð8Þ

The condition (7) is known to imply the compactness of
S/ : Bl ! QK, hence possibly to passing once more to a subse-

quence and adjusting the notations, we may assume that

k/ � fnj � / � f kQK
6 e; for all j P N2; N2 2 N: ð9Þ

Since ðfnjÞ
1
j¼1 � B; f 2 B and jf 0njðzÞj 6 jf

0ðzÞj it follows that

sup
a2D

Z
jfðzÞjPr

ð/�fnjÞ
�ðzÞ�ð/�fÞ�ðzÞ

h i2
Kðgðz;aÞÞdAðzÞ

6sup
a2D

Z
jfðzÞjPr

/�ðfnjðzÞÞjf
0
nj
ðzÞj�/�ðfðzÞÞjf 0ðzÞj

h i2
Kðgðz;aÞÞdAðzÞ

6sup
a2D

Z
jfðzÞjPr

/�ðfnjðzÞÞ�/�ðfðzÞÞ
h i2

jf 0ðzÞj2Kðgðz;aÞÞdAðzÞ

6dB�að/ðfnjðzÞÞ;/ðfðzÞÞÞsup
a2D

Z
jfðzÞj>r

jf 0ðzÞj2

lðjfðzÞjÞ2
Kðgðz;aÞÞdAðzÞ;

hence,

sup
a2D

Z
jfðzÞjPr

ð/ � fnjÞ
�ðzÞ � ð/ � f Þ�ðzÞ

h i2
Kðgðz; aÞÞdAðzÞ 6 Ce:

ð10Þ

On the other hand, by the uniform convergence on the com-
pact disc D, we can find an N3 2 N such that for all j P N3,

/0ðfnjÞðzÞ
1� j/ðfnjðzÞÞj

2
� /0ðfðzÞÞ
1� j/ðfðzÞÞj2

�����
����� 6 e:

For all z with jfðzÞj 6 r. Hence, for such j,

sup
a2D

Z
jfðzÞj6r

ð/ � fnjÞ
�ðzÞ � ð/ � fÞ�ðzÞ

h i2
Kðgðz; aÞÞdAðzÞ

6 sup
a2D

Z
jfðzÞj6r

/�ðfnjðzÞÞ � /�ðfðzÞÞ
h i2

jf 0ðzÞj2Kðgðz; aÞÞdAðzÞ

6 e sup
a2D

Z
jfðzÞj6r

jf 0ðzÞj2 Kðgðz; aÞÞ
lðjfðzÞjÞ2

dAðzÞ
 !1

2

6 Ce;

hence,

sup
a2D

Z
jfðzÞj6r

ð/ � fnjÞ
�ðzÞ � ð/ � f Þ�ðzÞ

h i2
Kðgðz; aÞÞdAðzÞ 6 C e:

ð11Þ

where C is bounded which is obtained from (iii) of
Theorem 2.1 combining (8)–(11) we deduce that fnj ! f in

Q�K. The proof is therefore completed. h
3. Conclusion

We know that a superposition operator S/ : B�l ! Q�K is said

to be bounded if there is a positive constant C such that
kS/fkQ�
K
6 Ck/ðfðzÞÞkB�l ; for all f 2 B�l. Theorem 2.1 shows

that S/ : B�l ! Q�K is bounded if and only if it is Lipschitz con-

tinuous, that is, if there exists a positive constant C such that
dð/� f;/�g;Q�KÞ6Cdð/ðfðzÞÞ;/ðgðzÞÞ;B�lÞ; for all f; g2B

�
l.

4. Future work

It is still an open problem to extend the obtained results in this
paper by using the superposition operators in different hyper-

bolic classes of functions which introduced in [1,6,26,27] and
others.
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[22] René Erlin Castillo, Julio C. Ramos Fernndez, Miguel Salazar,

Bounded superposition operators between BlochOrlicz and

a-Bloch spaces, Appl. Math. Comput. 218 (7) (2011) 34–41.

[23] A. El-Sayed Ahmed, M.A. Bakhit, Composition operators on

some weighted hyperbolic and meromorphic classes, CUBO A

Math. J. 15 (3) (2013) 19–30.
[24] H. Wulan, Y. Zhang, Hadamard products and QK spaces, J.

Math. Anal. Appl. 337 (2) (2008) 1142–1150.

[25] M. Essén, H. Wulan, J. Xiao, Several function-theoretic

characterizations of Mobius invariant QK spaces, J. Funct.

Anal. 230 (2006) 78–115.
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