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2000 MATHEMATICS SUBJECT CLASSIFICATION:

Let A denote the class of functions f'that are analytic in the unit disc D and normalized
by f(0) =f(0)—1=0. In this paper, we investigate the class of functions such that
Re{f"(z) + zf"(z) — p} > o in D. We determine conditions for « and f under which the function
/ is univalent, close-to-convex, and convex. To obtain this, we first estimate | Arg{f’(z)}| which
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1. Introduction

Let H be the class of functions analytic in the unit disk
D ={ze C:|z] < 1}, and denote by A the class of analytic
functions in D and usually normalized, ie., A= {f€H:
f(0)=0,/(0) =1}. We say that the '€ H is subordinate to
g € H in the unit disc D, written f < g if and only if there ex-
ists an analytic function w € H such that |w(z) <|4 and

* Corresponding author. Tel.: +48 178651605.

E-mail addresses: mamoru_nuno(@doctor.nifty.jp (M. Nunokawa),
e.yavuz@iku.edu.tr (E. Yavuz Duman), jsokol@prz.edu.pl (J. Sokot),
necho@pknu.ac.kr (N.E. Cho), shige21@ican.zaq.ne.jp, owa(@math.
kindai.ac.jp (S. Owa).

Peer review under responsibility of Egyptian Mathematical Society.

FLSEVIER Production and hosting by Elsevier

f(z) = g[w(z)] for ze€ D. Therefore, f<g in D implies
(D) Cg(D). In particular, if g is univalent in D then the Sub-

ordination Principle says that /< g if and only if f{0) = g(0)
and fil 4 < r)cgld < r), for all r e (0,1).

The class S, of starlike functions of order < 1 may be de-
fined as

S;::{fE.A:‘ZRQZfﬁ>a,

f2)

The class S, and the class C, of convex functions of order
o<1

z € D}.

/"(2)
1)

Kx::{feA:‘lRe(l-‘r )>o¢,z€|D}

= {fG D:zf ES;}

were introduced by Robertson in [11]. If o € [0;1), then a func-
tion in either of these sets is univalent. In particular, we denote
S, =8, Ky = K, the classes of starlike and convex functions,
respectively. Recall that f'€ A is said to be in the class C,(f),
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[3], of close-to-convex functions of order f and type o,
0 < p < 1, if and only if there exist g € IC,, ¢ € R, such that

‘Re{ "”f(())}>ﬁ, ze D. (1.1)
Functions defined by (1.1) with ¢ = 0 were considered earlier
by Ozaki [10], see also Umezawa [12,13]. Moreover, Lewan-
dowski [5,6] defined the class of functions f'€ A for which
the complement of f{D) with respect to the complex plane is
a linearly accessible domain in the large sense. The Lewandow-
ski’s class is identical with the Kaplan’s class Cy(0).

2. Main result

Theorem 2.1. Let f(z) =z + Y .2 anz" be analytic in the unit
disc D. If

f(2)#0, f(z) +z"(2) zeD (2.1)
and
Re{f(2) +2/'(2)} > B, z€D, (22)
then

(1-p)
Arel/ () < {jl_{m toel2(1 =} ﬁj&j”z)u“/L”’ 23
Moreover, f is close-to-convex in D whenever
B> Bo,

where —1.47 < By < — 1.46 is the positive solution of the
equation

log(2(1 ~ )} =7 -

Proof. Note that the assumptions (2.1) are necessary for § < 0
only. If p€][0,1), then from (2.2) we have even more
Re{f (z) + z/'(z)} > 0. Moreover, from (2.2) we have also that
Re{(zf(2))} > 0 so z/ is univalent in D and f(z) # 0.

From the hypothesis (2.2), we have

(2.4)

fE@)+f' ) —-p 1+=z
=5 =< 5 eD
and so, it follows that
SE LD < -P i +h zeD. 03

From (2.5), we have
|Arg{/ (pe”) + pe"f" (pe”)}|
[ 20 =Ppp
<sin' e ———
< sin {1+(172ﬁ)p2 forall pel0,1),
0 € (—m,x. (2.6)

On the other hand, it follows that

2 [ wwye
=z /J(f(z) +1f(1))d (2.7)
_ ﬁ /Or(f/(pei()) + peiO r/(pei()))ei()dp

= [0 et ot

Sfor Re{c}

f(2) +2"(2) < hy(z) =

where z = pe”, p €[0,1), 0 € (—m,x]. It is known that
sin™! x < gx for x€l0,1]. (2.8)

Then, applying the same idea of [9, pp. 1292-1293], Theorem
2.2, applying also (2.5), (2.7) and (2.8), we have

arere) = [are{ [0+ o (" an |
< [ 1arels(oe) + ey (e i
< [ 2B g,

+(1=26)p
{ fo{]fd e ddp pe(—o0,1/2)0(1/2,1)
Jo sin” "pdp B=1/2,
={ = fo{lw,; o Be (oo 1/200/2,1),
J sin™' pdp B=1/2,
200 {log{1+ (1 - 26)p }}\ € (~00,1/2) U (1/2,1),
- {sm p+\/1——} p=1/2,

_{ﬂ 5 log{1 4+ (1-2B)"} pe(—o00,1/2)U
Clrsin VI R-1 =172

we obtain

. i log{2(1 = B)} € (—o0,1/2)U
Arelf ()] < {;1 el

(1/2,1),

Letting r —» 1~

(1/2,1),

It is easy to see that there exists iy, —1.47 < fo < —1.46, such
that

(1 —By)
2(1-28)
and so for f > fy, we have
Re{f(2)} >0, ze D.

This means that f'is a close-to-convex function with respect to
g(z) = z, see (1.1). It completes the proof. [

log{2(1 = f)} = 3

Recall here the well known theorem due to Hallenbeck and
Ruscheweyh [2].

Theorem A (see [2]). Let the function h be analytic and convex
univalent in |2 < 1 with h(0) = a. Let also p(z) = a +
b2 + b,y 2"+ - be analytic in D If

ZPT(Z)<h(z), zeD

p(z) +

> 0,¢#0, then
p(2) < q,(z) < h(z),

where q,(z) = —<5 [, t/""h(1)dt. Moreover, the function q,(z)
is convex univalent and is the best dominant of p < q, in the
sense that if p < q, then q, < q.

The condition (2.2) becomes

ze D,

(1-p

where hg is convex univalent and maps the unit disc onto the half-
plane Re{w} > B. Using the above theorem withn = 1, ¢ = 1,
we immediately get
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1) < l /Ozhm)dr = as(z) =2 =1+ 2(1 "”w’

where the best dominant qg is convex univalent with real coeffi-
cients, so it is easy to find the bounds for real part, but it is much
harder to find the bounds for the argument. Mocanu, Ripeanu,
and Popovici [8] showed that for f = 0, we have the bound
|Arg{f(z)}| < 09110 ..., while (2.3) gives in this case
| Arg{f' (z)}| < 1.08879 .... However, as we have seen, applying
the new idea of [9, pp. 1292-1293] we obtain in Theorem 2.1
this bound for all § < 1. Recall here also the interesting result
of Mocanu [7], see also Ali [1], namely if

Relf (2) + o (2)} > 2=

=-0.2739...,
then f € S*. Therefore, Theorem 2.1 extends the Ali’s result in
the sense that the condition (2.2) implies the univalence and
close-to-convexity of f also for B such that

6 —n?
=By < B< gy =—02739...

ze D,

—1.46..

Theorem 2.2. Under the assumptions of Theorem 2.1, we have

|Arg{f'(z) — B}| < n/2 —log2 = 0.877649.... (2.9)
Proof. Let us put
p(z) = (]” )+2/'(2) zeD.
From the hypothesis (2.9), we have
1 , l+z
V@ +/@-h <5, zeD
or
(2 - = uﬁ)if; zeD. (2.10)
Then, it follows that
1@ -p=2LE
1
-2 o
1 [ ,
~ [0+ o

M/Vw

+ pe"f"(pe"))edp — p
1 " i i0 g1 i
=1 [wwen+oetr e = pay.
where z = pe’, p €[0,1), 0 € (—m,x]. Applying the same idea
of [9, pp. 1292-1293], and (2.11), it follows that
|Arg{/'(z) — B}
= |Arg{} [7(/ (pe”) + pef"(pe'’) —
< Jo [Arg{f (pe’“) + pe"’f'(pe”)
= [y sin”' 1+p- ~dp

= {psin ' —log(1 + 97 )}’
- {rsirf1 = — log(1 + rz)}.

B)dp.}|
— B}ldp,

=

we obtain

log2. O

Letting r —» 17

|Arg{/(z) = B} < m/2 -

If we take f = 0 in (2.9), then we can see that it improves
that one of Mocanu et al. [8] of the form | Arg{f/()}l <
0.9110....

Theorem 2.3. Let f(z) =z + > .2 a,z" be analytic in the unit
disc D. If

Argl/(2) + /') - B}l < 5. €D,

0< B <1, then

-p < {n-Etl,

Proof. By (2.12), we have

frosro- ﬂ}'/“ .
1-p

A simple geometric observation yields to

Arg{(/ (pe") + pef"(pe”)"” — B}

(2.12)

where 0 < o < 1

|Arg{f(z)

zeD. (2.13)

1+z

D.
—= S

—1

< sin forall pel0,1), 0¢€ (—mn,nl (2.14)

2p
1 + p?
From (2.12), we have

Re{[z(/(z) = /(1 = B)I'} >0,

hence the function z(f'(z) — /) is univalent in the unit disc and
it vanishes at z = 0 only. Therefore, f'(z) — f#0 and so Arg
{f(z) — B} exists for all ze€ D. Therefore, for z =r v,
re0,1), 0 € (—=, ], we have from (2.14)

|Arg{f'(z) — B}|
_ ]Arg{% fé‘(f/(peit)) +pe’0j”(pei0) _ B)
< o [Arg{f (pe) + pe’f" (pe”)

_ T el 2p
=a f; sin szdp

ze D,

dp,}|

1 =

—oc{psin 1+p— —log(1 + )}
bt —log(l +V2)}~

Letting r —» 17

p=0

= oc{r sin~
we obtain

|Arg{/ () — B} < x(m/2 — log2) = =

It completes the proof. [

Theorem 2.4. Let f(z) =z+ Y - a,2" be analytic in the unit
disc D. If

, on
|Arg{f(z) +2/"(z) - B} <=, z€D, (2.15)
where 0 < f < I and
b
L<—=0. .
0<a\2(n—10g2) 0.6415. .., (2.16)

then f'is convex in D.
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Proof. From Theorem 2.3, we have

|Arg{f (z) — B} < a(m/2 —log2), z€D.
Then we also have
|Arg{f(2)}| < a(n/2 —log2), z€D,

since we supposed 0 < f# < 1 and by the same reason, we have
|Arg{f (2) + 2/ ()} < 5

7 ze D.
Then, we have

a1+ F N aner @) < artr ) + 270
<<x7n’ ze D,

and it follows that

zf'(z) un B
Arg{l + 70 }’ < 7+o¢(7‘c/2 —log2) =a(n —log2), =z

e D.

Therefore, if a(n — log2) < m/2, then fis convex.
It completes the proof. [

Note that Krzyz [4] gave an example : if f satisfy the
condition Me{f'(z) +zf'(z)} >0 in D, then f may not be
convex in D, but if f satisfy the conditions of Theorem 2.4,
then f'is convex in D.
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