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chemical compounds. They are used in isomer discrimination, structure-property
relationship, and structure-activity relations. The topological indices are used to predict
certain physico-chemical properties such as boiling point, enthalpy of vaporization,
and stability. In this paper, the inverse sum indeg index is studied. This index (IS/(G)) is
defined as y_ difév . The inverse sum indeg index of some graph operations is
computed. These operations are join, sequential join, cartesian product, lexicographic
product, and corona operation.
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Introduction

A graph G is a finite nonempty vertex set V(G) together with a edge set E. An edge of G
which is e connects the vertices u and v. It writes e = uv, says u and v are adjacent. We
often use # and m for the order and the size of a graph, respectively [1].

Chemical graph theory is concerned with finding topological indices that are well cor-
related with the properties of chemical molecules. The edges and the vertices of a graph
represent the bonds and the atoms of a molecule, respectively [2].

The topological index which is known as a graph-based molecular descriptor or graph
invariant is the real values of the topological structure of a molecule [3].

Topological indices are used for studying the properties of molecules such as structure-
property relationship (QSPR), structure-activity relationship (QSAR), and structural
design in chemistry, nanotechnology, and pharmacology. Its main role is to work as a
numerical molecular descriptor in QSAR/QSPR models [4, 5].

The first topological index is the Wiener index. In 1947, Harold Wiener introduced this
index which was used to determine physical properties of paraffin [6]. It was used for
the correlation of measured properties of molecules with their structural features by H.
Wiener.
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Many topological indices were defined. The Zagreb index is the most studied index.
The first Zagreb index [7] was defined by Gutman and Trinajsti¢ as

MI(G): Z du: Z du+dv- (1)

ueV(G) uveE(G)

In 2010, D. Vukicevic and M. Gasperov introduced adriatic indices that are obtained by
the analyses of well-known indices such as the Randic and the Wiener index. D. Vukice-
vic and M. Gasperov performed QSAR and QSPR studies of adriatic indices [8]. Three
classes of adriatic descriptors are defined. One of these descriptors is the discrete adriatic
descriptors which consist of 148 descriptors. These descriptors have very good predictive
properties. Thus, many scientists studied these indices. The inverse sum indeg index is
one of the discrete adriatic descriptors. The inverse sum indeg index is defined as

SIG) = Y %: > dbf;, (2)

weE(G) dy ' dy  uveE(G) d

where d,, is denoted as the degree of vertex u [8].

The inverse sum indeg index gives a significant predictor of total surface area of octane
isomers. Nezhad et al. studied several sharp upper and lower bounds on the inverse sum
indeg index [9]. Nezdah et al. computed the inverse sum indeg index of some nanotubes
[10]. Sedlar et al. presented extremal values of this index across several graph classes such
as trees and chemical trees [11]. Many scientists studied the topological index of graph
operations. We encourage to examine the references that are given here [12-15].

Preparation of the manuscript
Throughout this paper, we assume that G; = (V, E;) where V; N V; = dand E; N E; =
g,i # jwith |V;| = n;, |Ei| = myfori = 1,2,.., k.

Lemma 1 [9] Let G be a graph of size m. Then,

Z d, = 2m.

ueV(G)
Definition 1 Let x1,xy, ..., X, be positive real numbers.

i The arithmetic mean of x3, %y, ..., X, is equal to

X1 +xy+ ...+ xy
—n .

AM(x1,%2, ey X)) =

ii ~ The harmonic mean of xj, xy, ..., x,, is equal to
HM(x1,%2, o ¥p) = T
oty teta

Theorem 1 Let x1,x9, ..., x, be positive real numbers. Then,
HM(x1,%2, ..y %) < AM (%1, %3, ..., X,) With equality if only if x1 = x3 = ... = xy.
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Definition 2 Let x be a vertexx ¢ V(G1). Then, G1+{x} is a graph that is obtained from
G1 by including the vertex x and joining it to all other vertices of G1. That is, G1 + {x} =
(V,E), where V =V (G1) U{x}and E = E(G1) U {ux:u € V(Gy)} [16]

Definition 3 The join G=G1 + Gg of G; and G is defined as G = (V,E) with V =
V1 UV and where E = E1 U Ey U E', where E’ is the set of all edges joining vertices of V1
with vertices of V3 [17].

Definition 4 For three or more disjoint graphs, Gi1, G, G3, ..., Gy, where G; = (V}, E})
and where Vi NV, = Gand E;NE; = 3,i # j,1 < i,j < k the sequential join G =
Gi+G+Gs+ ..+ G, = (V,E), where V. = V1 U Vo U V3 U ..U Vi and where
E=EUEU.UEUE,is(Gi + G2) U(Gy + G3) U...U (Gr_1 + Gy) [17].

Definition 5 The cartesian product of G1 and Ga, denoted Gy x Gy = (V, E), is a graph
having V. = V1 x V, and two vertices (u1,v1) and (uz,vo) are adjacent if only if either
U1 = Uy and vivy € Ey orvi = vy and uiuy € Ep [17].

Definition 6 The composition known as lexicographic product G = G1[ Ga2] of graphs
G and Gy is the graph with vertex set V. = V1 x Vy and any two vertices (uy,v1) and
(uz,vo) are adjacent if only if uyuy € Eq or uy = up and vivy € Ep [16].

Definition 7 The corona of two graphs was defined in [16], and there have been some
results on the corona of two graphs [12]. The corona product of two graphs Gi and G,
denoted by G 0 Gy, is the graph obtained by taking one copy of G of order ny and ny copies
of Go, and then joining by an edge the ith vertex of G to every vertex in the ith copy of Go.
The corona product is neither associative nor commutative.

Main results
In this section, it is given sharp bounds on the inverse sum indeg index of above graph

operations.

Theorem 2 Let G = G + {x}, means that add a new vertex to the graph G . For ISI(G),
the following holds

ISIG) < *My(6) + ™ L
=3t 2 o

Proof We obtain
d,d,
ISIG) = )
uwveE(G) dy + dy
dy,+ 1, +1 dy,+1
Z(u+)(v+) Z(u‘i‘)nl’ (3)
d,+1+d,+1 du+1+m
uveE(Gy) wveE

where E is the set of all edges joining vertices of V7 with x vertex. By using Theorem 1,

we have

@+ D@+ 1 2 <1<du+dv+l).

9 1 1 — 9
dy+1+d,+1 2m+m 2 2

(4)
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Let Ag be the maximum degree of G. Then,

(dy + 1m - Agm
dy+1+m ~ Ag+n

(5)

Note that Ag = n3. So, Eq. (5) can be rewritten as

@u+Dm _ Aegm _m

dy+14+m ~ Ag+n 2
From Egs. (3), (4), and (6), we have

(6)

(dy +1)(d, + 1) Z (dy + Dny

ISI(G) = A
SHG) 2 dy+1+d,+1

uveE(Gy)

d +1+4+m

5% > (d”;rd”+1)+22m

uveE(Gy)

or

uvekE'

151(G)5i 3 (du+dv)+% > o+S Yyt

uveE(Gy) uveE(Gy)

From Eq. (1), we can write

ISIG) < ~MyG + ™ 4 ™
=3 2 T

Theorem 3 Let G = G; + Gs. Then,

/
uvekE

1 + +
ISIG) = £ (M1(Gy) +Mi(Go)) + w + niny (m : nz) +

mony + miny
5 .

Proof From Eq. (2) and Definition 3, we have

Z (dy + n2)(dy + n3)

uveE(Gy) dy + 1+ dy + 112

Z (dy + n3) (dy + n1)

ISI(G) =

du—|—l’l2+dv+l’l1'

uveE
ueV(Ga)
veV(Gy)

From Theorem 1, we have

(dy + n2)(dy + n2) N

(dy + n1)(dy + ny1)

uveE(Gy) dy +m +dy+m

(7)

(dy + nm)(dy + n1) N

1 1/(d,+d
=-— — < |——=—+m], ®)
dy, +ny+d, + ny 274—6{7 2

1
dy+m+dy+m 2 4L

and
(dy +m)(dy + n2) N

IA

% (d” +dy + m) 9)

1
dy+nm+dy+n 21 _ 4 1

IA

1(dy+d, na+m
- . 10
2( tdy ) (10)

Page 4 of 11
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Equation (7) can be rewritten with Egs. (8), (9), and (10) as

1 dy + d, 1 dy + d,
ISI - -
SIG) < 5 ) < 5 +n2)+2 > < 5 +n1)+

uveE(Gy) uveE(Ga)
1 Z du + dV + ni + ny )
2 2 2
uvek
ueV(Ga)
veV(Gy)

By using Eq. (1), we get

ISIG) < M1(G1)+ > 2 1+4M1(G2)+ DT
uveE(Gy) uveE(Gy)

1 d,+d, ny + ny
2Z< ) )

uveE

or

1 ny 1 n 1 ny + ny
ISI(G) < -M;(G — M (G — - _—
(G) = 7 Mi(G) + —m + M 2)+2m2+2z ;T

uveE
1
Y aly a
veV(Gy) ueV(Gz)
By Lemma 1, we have
1 1 (n+ny
ISI(G) < 4]\/[1((:71) + Wll + Ml(Gz) + 7}12 + = 5 5 niny +

12 + 12

—4Zm —4my.

g7 T T

Theorem 4 Let G = Gy + Gy + - - - + Gy. Then,

k k k-1
1 1 1
ISI(G) < i;MI(G,) + ggmjn,_l + E;m,n,«ﬂ +

k 2
1%
2
12 <”1 Hjt1 +n }+1 ) Z”l/n1+1”/+2
] 1

1k—l

+2;m; + M.
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Proof From Eq. (2) and Definition 3, we have

d d
ISIG) = Y. ;“+mx;+m)+
WGE(GI)( u+ny+dy+ n)
(dy + nj—1) + ngp1)(dy + ng-1) + ng+1) N

dy + ni—1) + 141y + d, + nG—1) + H(i4+1)

uveE(Gj)
j=2,k—1

Z (dy + np_1)(dy + ng—1)

wveE G dy +m1+dy+m

Z (dy + n2)(dy + n1 + n3)
dy+ny+d,+m +n3
uveE

ueV(Gy)
veV(Ga)

Z dy + nj—1 + l/lj+1)(dv +nj+ n/'+2) n
dy + nj—1 + njy1 + d, + nj + njyo

uveE
ueV(Gy)
veV(Gj+1)
j=2,k—1
(dy + gz + m)(dy + ng_1)
dy+ni_o+m+d, +me_y
uvek
ueV(Gg-1)
veV(Gy)

(11)

Equation (11) can be rewritten using Theorem 1:

1 1

ISIG) = ) J(utdy+2m)+ Y (dutdy+2m0+2m10) +
uveE(Gy) uveE(Gj)
j=2,k—1

1 1
Z E(du+dy+27’lk—1)+ Z E(du+dv+n1+n2+n3)+

uveE(Gy) uveE
ueV(Gy)
veV(Gy)

1
Z E(du +dy +nji_1 +nj+nj +ny) +

uveE
ueV(Gy
veV(Gjy1)

j=2k—1

1
D Gt dyt e+ ey + ).

uveE
ueV(Gg-1)
veV(Gy)

By using Eq. (1), we get

Page 6 of 11
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1
ISI(G) < 1 (M1(Gy) + 2namy) +

1
1 2 Mi(G) +mi(njoy +2nj1)) +

2<j<k—1
1 1
7 (MG + 2meymi) + doode+ ) du|+
ueV(Gy) veV(Ga)
mn 1
T+ S At YT du |+
ueV(Gj) veV(Gjt1)
j=2k—2 j=2k—2
Hinjt1 1 1
2 (mj—1 + 1 + mj1 + nj2) + 1 Z dy + 1 Z du +
ueV(Gr_1) veV(Gy)
Hk_1n
k 41 k (Vlk_z + ng_1 + I’lk) .

By Lemma 1, the proof is completed as

1 1
ISIG) = o (M1(Gy) +2mm) + o 3 (Mi(G) +my(2my1 +2nj11)) +

2<j<k—1
1 1 niny
1 (M1(Gp) + 2mp—ymy) + N (2my + 2my) + B (m + ny + n3) +
1 ninjt1
2 2 (@it 2mia) + 2 (e i+ o) +
j=2,k—2
1 Hj_11,
1 (2mk_1 + 2Wlk) + 17k (nk_z +np_q1 + nk) .
O
Theorem 5 Let G = G x Gy. Then,
1 myiny Ay + mony Ay
ISI(G) < 2 (maM1(G1) +miMi1(Ga)) + 5 .
Proof Assume that u;, ux € V(Gy),vj,v; € V(G3). From Definition 3, we can write
d,d
ISI(G) = > i
d, +d,
(ui,vj) (ug,v)) €E(G)
or
1 1
IS1(G) = Z —1 , 1 ¢t Z — 1 ({12
(Mi,Vj)(Mi,VZ)EE(G) dui“‘de + dui+dvl (uier)(”krV/)EE(G) d“i+d‘/j + d“k+d"j
Jj#l
By using Theorem 1, we get
: 1 : S%dui+dv,;dui+dv,:d;+@’ (13)
Tty T duid,
1 < ldu,'+dv/+duk +dvj _ @_'_ dui"’_duk. (14)
1, _1_—2 2 2 4

dui +d duk +dvj
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Equation (12) is rewritten using Eqs. (13) and (14).
+ dw) n

d, dy
ISI(G) < —+
@ Y r (et
ui€V(G1)(vj,v) €E(G2)
dy, d,+d
YOy (st (15)
2 4
vi€V(G2) (uiur) €E(G1)

Let A1, A be the maximum degree of Gy, Gy respectively.

du' du —|— dVl Al du' + dV[

i i < - £ ) 16
St S5t (16)
@ du,-+duk S & + du,-+duk. (17)
2 4 2 4

By Egs. (16) and (17), we have
A1 du"f‘dvl
ISI(G) < —_ 4 ——
G = Y > ( St +
u;€V(G1)(vj,v))€E(G2)
AZ dui+duk
oy (fete
V/EV(Gz)(ui,uk)EE(G)
From Eq. (1), we get
A1 Mi(Ga) Ay Mi(Gy)
ISI(G) < 21 A2 .
(>_2(2+ ¢ )+Z(2+ 4)
u;eV(Gy) v;ieV(G2)
The following is obtained:
ISI(G) < moni Ay mMi(Ga)  minaAg H2M1(G1)'
2 4 2 4
O

Theorem 6 Let G = G1[ Ga]. Then,
M (G M (G
ISI(G) < myAims + Agmiy + 1; 2) | "2 ;( D

Proof Assume that u;, ux € V(Gy),vj,v; € V(Ga). From Definition 4 and dg,(G,] =
nadg, (u) + dg, (v), we get

dyd,

ISI(G) =
© 2 aid
(ui,vj) (ug,v) EE(G)

- Z Z I, 1
Vl2dui +dv1

u;€ V(Gl)(Vj,Vl)EE(Gg) nzdui +dv1'

j#l
1
(18)

22 2 —
+n2duk+dvl

wi€V(Ga)v, €V (G) (uiuy ) €E(G) n2du; +dv/-

Assume that Ay, Ay be the maximum degree of G1, Gy respectively. From Theorem 1,

we have
1 2 S n2du,' + de _;nzdu,' + dvl S nzAl + de —;dl// (19)

2 1 1
n2dui +dV/' + n2dui +dvl
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and

1 : 2 : < 712du,' + dv, + n2duk + dvl <Ayt VlZ(dui + duk). (20)

2 iy T Ty 2 2
Equation (18) is rewritten by Egs. (19) and (20):

dy, +d, ny(dy, + dy,)
ISI(G) < A N T A o T Tl )
()_Z<n21+ ) Z(2+ 5
Vvivi€E(Ga) uiug€E(Ga)
By Eq. (1), it is obtained as
M (G M (G
ISI(G) < ngAymy + 1; 2) 2 ;( 1 + Aqmy.
O

Theorem 7 Let G = Gy o Gy. Then,

A A 2A
Lm®§8+IBMﬁ+n1?m@HmmrJiﬂ
1

7y 8y +

2A, + 1
n

281 + 2ny

(A1 +m) (Ay+1)

m
2085y + 2

Proof From Definition 7, we have

d d
IS1G) = ) ;”J’”Z)(;J’”Z) +n
weE Gy e TR T dv T
(dy + m)(dy + 1)
cdy+my+d,+17
uveE
ueV(Ga)
veV(Gy)
Note that

81+8+n+1

) (du+Ddy+1)

uveE(Gy) du + dv +2

(dy+n)(dy +m) d,d, ny(dy + dy) + n3
dy +ny+d,+ ny dy, +d, + 2ny d, +d,+ 2ny
dyd, dy +d, na(dy +dy) + Vl%
~dy+d,d,+d,+ 2ny d, +d, + 2ny
and
(dy+1Ddv+1) dyd, dy+d,+1
d,+d,+2 ~ dy+d,+2 d,+d, +2
d,d, d,+d, d,+d,+1
~d,+d,d,+d,+2 d,+d,+2
Then,
ISI(G) < Z ddud;l y dud+ dy Z ”il(du ‘;dv) + Vl%
weE(Gy e T v du Ty + 21y webG) T av T 2y
d,d dy+d dy+d,+1
CED D i i s LD D s s
wveE(Gy) ¥ v v uwveE(Gy) ¥ v
Z (dy +m)(dy + 1)
Cdyt+nytd,+1°
uvekE
ueV(Ga)

veV(Gy)

Page 9 of 11
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Assume that A1(81), Az(82) be maximum (minimum) degree of Gy, G respectively.

)3 dudy 201 3 ny2A1 + 3
uveE(Gl)du +d, 281 + 2ny weEGy) 261 + 2ny

Y duyd,  2M9 i Y 28041
. 282 s+l
wl dutdy 2y 427 L 28y 42

Z (A1 +n2)(A2+ 1)
S1+m+8h+1 "

ISI(G) <

S
uveE

ueV(Gy)
veV(Gy)

By Eq. (2), we obtain

ny A, 2A1 + ny
ISI(G nom| —————
5 1 1 (G2) + np 1281—|—2n2
2A9 +1 (A1 +n3)(Ay+1)

28y +2 S1+8+m+1

A
ISI(G) < ——2ISI(Gy) +
81+ mo

Conclusions

The topological indices are used theoretically to predict the physical-chemical properties
of a chemical structure. In particular, they are used to estimate the physical and chemical
properties of the new molecular structure without experimentation.

The ISI(G) index which is a significant predictor of the total surface area of octane iso-
mers has been many studied among topological indices. The graph operations play an
important role in graph theory. Upper bounds for new graphs that are obtained by graph
operations are given. These bounds are based on minimum-maximum degree, vertex-
edge numbers. The results of this study may be used as a predictor especially in the
chemical graph theory.
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