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1. Introduction
Let A(p) denote the class of functions f{z) of the form

fe) =2+ a peN={1,2,..}), (1.1)
k=p+1

which are analytic and p-valent in the open unit disk

U={z:zeCand|d < 1}. Let g(z) € A(p), be given by

d =2+ g (12)

k=p+1
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The Hadamard product (or convolution) of f(z) and g(z) is
given by

0@ =2+ ag = g+, (1.3)
k=p+1

A function f{z) € A(p) is said to be p-valent starlike of order o,
denoted by S, («), if and only if

/() .
Re{ e } >a (0<a<pzel). (1.4)

A function f{z) € A(p) is said to be p-valent convex of order «,
denoted by Cy(a), if and only if

/'(2)
/()

The classes S;(«) and C,(x) were defined by Owa [1]. From
(1.4) and (1.5), it follows that

o' (2)

Re{1+ }>a(0<o¢<p;z€ U). (1.5)

f2) € (o) = =€ 5,0 (1.6)
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For two functions f and g, analytic in U, we say that the
function f{z) is subordinate to g(z) in U and write f(z) < g(z),
if there exists a Schwarz function w(z), analytic in U with
w(©0) =0 and |w(z)| <1 such that f{z) = g(w(2))(z € V).
Furthermore, if the function g is univalent in U, then we have
the following equivalence (see [2]):

Mz) < g(z2) <= f(0) = g(0) and (U) C g(V).

Let ¢(z) be an analytic function with positive real part on U
satisfies @(0) = 1 and ¢’(0) > 0 which maps U onto a region
starlike with respect to 1 and symmetric with respect to the real
axis. Let S; ,(¢) be the class of functions f(z) € A(p) for which

1/1zf(2)
1 +E<; O 1) < o(z2) (ze U), (1.7)

and Cj, ,(¢) be the class of functions f{z) € A(p) for which

1 f'(z ))
l——+— <1+ < ¢(z) (z€ U). 1.8
bt 1) <) Gev) (1)
The classes S;’p((p) and C; ,(¢) were introduced and studied by
Ali et al. [3]. We note that S7,(¢) = S™(¢) and Cy 1(¢) = C(¢),
the classes S"(¢) and C(¢) were introduced and studied by Ma
and Minda [4]. The classes S”(x) and C(«) are the special cases

of S'(¢) and C(¢), respectively, when o(z) = ”(%2“)
0<a<l).
For beC' =C\{0}, 0<2<1 and peN, we let

S,.6.p(g, @) be the subclass of A(p) consisting of functions f{z)
of the form (1.1), the functions g(z) of the form (1.2) with
gr > 0 and satisfying the analytic criterion:

I =0/ () 4+ i2(+2)'(D)
Hb[ﬁ(l*?»)(f*g)()+A2(f*g)() :

We note that for suitable choices of g(z), 4, b, p and ¢(z), we
obtain the following subclasses:

=< o(2). (1.9)

(1) Sosp(g, ) =S;,,(@) (see Ali et al. [3]);

2) Sors (5 0(2) = S,,(@) and Si0p (5 0(2) = Cip(0)
(see Ali et al. [3]);

(3) So15(2,0) = S, (0) and So1, (2, 0(2) = Sy(@) (see
Ali et al. [3]);

@) Sos1 (7%, 0(2) = S;(9) and i1 (5%, 0(2))
(see Ravichandran et al. [5]);

(5) So1.1 (%=, 0(z)) =S*(¢) (see Ma and Minda [4] and
Shanmugam and Sivasubramanian [6, with o = 0]);

(6) Si11(+%,0(z)) = C(@) (see Ma and Minda [4] and
Shanmugam and Sivasubramanian [6, with o = 1]);

(T) 80,1 2)e meomnp (P 15) = S*(p27) (12 < 35 0 <y < p)
(see Patil and Thakare [7]).

= Cy(¢)

Also, we note that:
M S ,(14—7’2 ) S0:(0)

e"‘[ EAGRIEAO) ] —ycoso— ipsina
» (1=f(z)+72/ (z) /
= {.f(-’) € A(p):

(p—7v)cosa

<o )|1\<* 0< r<p;0<i<1)}:,

2 zr »
( ) S(),(I*%)rh cos o,p (E ) (/)) = Sp‘}'((p)

o 7@ P
o) —7cosa—ipsina
= {f(Z) € Ap) : </ )

(p—y)cosa

= (P(Z)(|OC| <g;0§y<p>};

3 z x
( ) Sl,(l—%)r"‘cosa.p<1 Z7(p) = CI’-,?'(QD)

" (2)

X
]
—
—_
+
=%
o=

) —pcosa — ipsina

(p—7y)cosa

= {f(Z) € Alp) :

=< ¢(2) (|oc| <g;0<y<p)};

(4) S/h/! (‘ + Z rA/? “l z (P> S/nh(“lv(/’)

k=p+1

. U 2 (Hyum (00)f(2)) 422 (Hypum (2)1(2))"
*{/GA(”)"*b[p(p;)(Hp.f,ﬂ,(m)f( N+ iz Hy( D)

=< [p(2) (ng-&-l;l,meNo:Nu{O})}

where the operator

I—Ipém(al =z + Z ka o(l 7
k=p+1
(9‘1)/7 (“l)k, 1
Iy (o) = —2kr ? 7 1.10
]«P( 1) (ﬁl)k—p (ﬂm)k—p (kip)' ( )

o, ..., o and By, ..., B, are real parameters, f;#0, —1, =2,
..;j =1, ..., m, was introduced and studied by Dziok and
Srivastava [8];

“>&W@+2Fﬂigﬂr

flrrd pHL

S

"',qo(Z)) =S;0(m,7,0;0)

{feA(p):l+b -

<o(z)(y =0t > 0meZ;pe N)};
where the operator

+£+’V(k—p):|mzk (1]1)

= [p
P00 =2 + [
! kg; pte

was introduced and studied by Prajapat [9], (see also, Catas
[10] and El-Ashwah and Aouf [11] with m € Nj).

In this paper, we obtain the Fekete-Szegd inequalities for
functions in the class S, (g, ).
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2. Fekete-Szeg6 problem

Let Q be the class of functions of the form
(2.1)

w(z) = wiz +waz> izt ..,

in the open unit disk U satisfying | w(z) < 1.
To prove our results, we need the following lemmas.
Lemma 1 [12]. If w € Q, then for any complex number t,

{w2 - twl} max{1;|7]}.

The result is sharp for the functions given by

w(z) =z or w(z) = 2%

Lemma 2. [3.4] If w € Q, then

-t ifr< -
}wz—z‘wﬂg 1 if —1<r<1,
t ifr=1

When t < —1 or t > 1, the equality holds if and only if
w(z) = z or one of its rotations. If —1 < t < 1, then the equal-
ity holds if and only if w(z) = z° or one of its rotations. If
t = —1, the equality holds if and only if

z(z +
w(z) :§+—'/;72) 0y,

or one of its rotations. If t = 1, the equality holds if and only if

we) = -2

0<n<l).

or one of its rotations. Also the above upper bound is sharp and it
can be improved as follows when —1 < t < 1.

|wy — twi| + (¢ + D <1 (-1 <1<0),
and

w2 — twi| + (1= )wi P <1 (0<r<1).

Lemma 3 13. If'w € Q, then for any real numbers q; and q>, the
following sharp estimates holds:

[ws 4+ qywiwa + gowi| < H(gy, ), (2.2)
where
1 for (q,,4,) € DU Dy,
7
|2, Sor (q,,9,) € UD/(-,
k=3
N
H(gqy,q7) = 5|+ 1)(%) for (q,,4,) € Dy U Dy,

for(q1:4,) € DigU Dy —{£2,1},

1
o (a4 (a4 )
3 \af-4a2) \3(@2-1)

1
ol =D (sss) for (@) € Dia

The extremal functions, up to rotations, are of the form

w(z) =2%, w(z) =2z, w(z)=w(2)

w(z) = wy(z) = ZYZTZ?’ ler] = lea] = 1,

& :to—eg) (aFb), azz—eﬁ(ia:tb),
a:tocos%, b= l—tgsinz%7 i:bzi—ba,

1 1
to:{zqz(z 2)*34%}2 [1:( lg:| + 1 )2
3(g, — 1)(qi —442) Mgl +1+g2))
1

tzz( lg:| =1 )j
(ol =1=¢q2))

0 _a [qz(qHS) —2(q?+2)}
2 2 2g(qi +2) =347

The sets Dy, k = 1,2,...,12, are defined as follows:

CoS

Dlz{wl,q,) o<t \qz|<1}

1
<‘q1‘<2

(91:92) (|’11|le —(g:[+1) < 1}-,

\q1\<§,q2<—1},

1 2

pi={@an):la > 3.0 < =S+ .
Ds={(q,,42): 1411 < 2,4, > 1},
D¢ =

1
{(ql 0):2< | <4, qz>§(tﬁ+8)},
2
D=4 (q1,0): || =24, 42 = Z3 (gl =1) ¢,
1 2
Dy =1<1(41:9>) 15<“11‘<2~,—— lg:|+1) <‘72\ (|‘h‘+1) — (g1 +1)

2 _allal+)
Dy = ) =2,—< )<g;<—
o= {0l > 230 +1) <o <SRG,

2|gy|(lq:|+1) 1
Dy ) < <4, — S S
{((11711) 2< g, <4 41+2‘CI1‘+4 G < 12(q|+8)
A+ - 2al(a]— )}
D=1 (g1, > 4, <gr <
e e A = e

2l [(lg,[=1) }
D= 42 >4, <¢, <3 —1)7.
o= {@asia > 4 2000 < <l 1)

Unless otherwise mentioned, we assume throughout this paper
that beC, 0< A<, k=p+1, peN and the function
g(z) is given by (1.2) with g, > 0.

Theorem 1. Let ¢(z) =1+ Bz + B+ ..., B; > 0. If

f(z) given by (1.1) belongs to the class S; (g, @) and p is a

complex number, then

_PBiIb| (1 +Ap - 1)).

_ 2
Apr2 — Ha, | S 2gp+2 1+)~(_[7+ 1)

2
D B I PR 2 S p—— 1
B gp+1 (I+72p)
(2.3)
and
pBi|b| (14 Alp—1)
< H(q,,q,), 2.4
‘ap+3| 3 3 ]+A(p+2) (ql ‘12) ( )
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where
4B, + 3pbB;

q, = Z—BI» (25)
2B; + 3pbB, B, + p*b’ B’

4, = 2 2;312 L. (2~6)

The result is sharp.
Proof. If f(z) € S, ,(g, @), then there is a Schwarz function

w(z) = wiz+wz +ws +... € Q,

such that
EE 2f+8)(2) + 4220+ 8)"(z)
blp (1=2)(f*g)(z)+22(f+g)'(z)
= p(w(z2)).
Since
1 z2(f*g)'(2) + 222 (f )" (2)
P (1=2)(xg)(2) + 22(f+ ) (2)

(2.7)

B (I+4p) gz
plT+ A0 — 1] 5
2[1+2(p +1)] (1+;LP)2 2 2 2
+ | S —— z
( 1+ A(p— 1)) 282 L+ i(p— 1)) pr18p
[+ 4(p +2)] (L+4p)° 5 s
Tl T %8st 3 %
( [T+ 2 — D] 8 — 1
31+ 2p][1 + Alp +1)] s
- a,a o |z 2.8
P+ A(p — 1)]2 p+1ap+28p+18p+2 , (2.8)
and
ow(z)=14+wBiz+ (W%Bz + szl)zz
+ (W3B1 + W?B3 + 2wlsz2)23 + .., (2.9)
then
pbB,w (1 +ip— 1))
Ay = P
&pi1 1+ Ap
__pBb +A”(p71)){ » B ) ]
" . n + wi—+ pwiBb|,
T 2 ( [+ip+n) [T A
and
pBb (1+i(p—1) 4B, +3pbBY\
api3 = 3gp+3 (1 T +2) w3 + 2B, Wiwz
L (2B +30bBi By + Pb’ B i
2B, e
Therefore, we have
5 _pBb (1+A(p—1) R
G2 = M =5g (1+ﬂ,(p+1) 2 =i 210)

where

)2
&pi2 A B,
v= |2ut l—— |pB/b———pB,b]|.
[ g( (1+Ap>2) v T

The result (2.3) follows by an application of Lemma 1 and
the result (2.4) follows by an application of Lemma 3. The
result is sharp for the functions

1+

=)@ +20+9)'() ]
b[V(1—?»)(f‘*g)(z)+iz(/'*g)’(z) 1} e(),  (2.10)
and

11 z(f+g)(2) + 22(f*9)"(2)
T [l’ (1=2)(f*g)(z) + 2z(f* &) (2)

This completes the proof of Theorem 1. [

— 1} =o¢(z). (2.12)

Putting 2 = 0 in Theorem 1, we obtain the following corol-
lary which improves the result obtained by Ali et al. [3, Theo-
rem 2].

Corollary 1. Let ¢(z) =1+ Byz+ Bz + ..., B; > 0. If
S(z) given by (1.1) belongs to the class Sy, (¢) and p is a
complex number, then

Putting p = 1, 2 = 0 and g(z) = % in Theorem 1, we ob-
tain the following corollary which improves the result obtained
by Ravichandran et al. [5, Theorem 4.1].

Corollary 2. Let ¢(z) =1+ Biz+ B>+ ..., B, > 0. If
f(z) given by (1.1) belongs to the class Sy (¢) and w is a complex
number, then

|as — pa3| < 1|b| {1,

The result is sharp.

B,
Ay — Ha p+| B +pB b

B, |b
<p l‘ |maX 1
2gp+2

1-2 gp+2:|

gp+1

The result is sharp.

B,
5Bl - 2;1]‘}.

Putting g(z) == and b= (1 —1>e*"‘°‘cos afo] <Z;0 <

y < p) in Theorem 1, we obtain the following corollary.
Corollary 3. Let ¢(z) =1+ B;z+ B>+ ..., B, > 0. If

f(z) given by (1.1) belongs to the class S, (@) and p is a
complex number, then

<&@_

y)cosa (1 +Ap— 1))

_ 2
ps2 = Hpa | S 2 I+ A(p+1)

B, e »
.max< 1,|—= 1 —2u({l——— —7y)e *cosa
{ B “( (1+zp)2)](p 7

The result is sharp.

+ B

}.

Remark 1. Putting 2 = 0,p = 1and ¢(z) = {£
we obtain the result obtained by Keogh and Merkes [12, The-
orem 1].

Putting g(z) = 7 and 4 = 1 in Theorem I, we obtain the
following corollary.
Corollary 4. Let ¢(z) =1+ Bz + B> + ..., B; > 0. If
f(z) given by (1.1) belongs to the class Cy, ,(¢) and p is a com-
plex number, then
< 2By |b| max? 1, B, p(p+2) )
S2(p+2) 11y

2

+Bb|: —2u
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The result is sharp.

By using Lemma 2, we can obtain the following theorem.

Theorem 2. Let ¢(z) =1+ Biz+ B> +...,(B;>0,ie N,
b>0). If f(z) given by (1.1) belongs to the class S);,(8,¢)
and u is a real number, then

pb_ (1+i(p—1) 2 g2 p Iy
e (I:/(;r‘rl]){Bz +pB'b[172Hfﬁ(l 7m)}} fusa,

ifoy <pu<ay,

ob_(1+i(p—1) 2 & 2 R
zgl,, (H/JH ){ B, +pBy b[Zp 5 (1 m) - 1} } ifi = o0,

2
‘an 2= Hdy | S

(2.13)
where
o {(B.— B\) +pBib}g,, (1 +ip)
= 2077
2pBibg, (14 4p)* = 2]
and
o _AB 4 B)+pBibYg. (L4 ip)
2 = —.
2pBibg, . [(1+2p)* = 2]
The result is sharp.
Proof. First, let u < oy, then
Bb (14 Ap—1)
_ | < PP
pt2 — Hay, | S 2gp+2 (1 +A(p+ 1)
B, Vs
22 pBb |1 (1L
B, Ept1 (1+7p)
o pb (1+/1(p7 1))
T2, \I+HA(p+1)
8p+2 7
X< By+pBh|1 =222 (1 ———— )
{ 1 &1 (142p)°

Let, now oy < 1
obtain

< 0. Then, using the above calculations, we

_pBib <1 +lp— 1)>'

2
dyo — Uad 3
P+ p+1 \2g[)+2 1+A(p+ ])
Finally, if 4 > o, then

S (1)

X{B+P3b[ g””(l)"z >1”
B & (1+7p)°

_ (l—l—/l(p—l))

T 2g,, \I+Alp+1)

24502 T N
ot (14p)°

To show that the bounds are sharp, we define the functions
Kpn(n = 2) by

Apy2 — pety, | <

X {—Bz +pBib

1+

1[; 2(Kpn * 8)'(2) + 222 (Kon % 8)"(2) _1}
blp (1= 2)(Kpn 8)(2) + 22(Kpn % 8)'(2)
=), Ku(0)=0=K,(0) 1,

and the functions F and G0 < g < 1) by

1N 2(Fg)@)+ 220"
' L (0~ )(Fp»2)(@) + iz(Fy v ) () 1]

ey o
~o(F) mo-o=ro-1

and
| 1B =Gy )/ (2) + 422(Gy x8)'(2) _1}
blp (1-2)(Gyxg)(z) + 22(Gp* g) (2)

_ z(z+B) 0
—(p<f 1+ﬂz)’ Gp(0) = 0 = Gy(0) —

Cleary the functions K,,,, Fgand Gg€ S, (g, ¢). Also we
write K, = K.

If u < o1 or u > 05, then the equality holds if and only if £
is K, or one of its rotations. When ¢, < u < o5, then the
equality holds if fis K3 or one of its rotations. If 4 = ¢y, then
the equality holds if and only if fis Fjs or one of its rotations. If
u = o, then the equality holds if and only if f'is Gy or one of
its rotations. This completes the proof of Theorem 2. O

Putting 4 = 0 in Theorem 2, we obtain the following corol-
lary.

Corollary 5. Let ¢(z) =1+ Biz+ B> +...,(B;>0,ic N,
b >0).Iff(z) given by (1.1) belongs to the class S, ,(¢) and p
is a real number, then

”[’ {Bz—i—pB b{l—Z,ug”“}} ifu<s oy,

Ep+1

ﬂp+2*/lai+1 < zp:'j; ifor <p< oy,
2;1%2{—82 +pBib {2ug”“ } } ifuz oy,
where
_{B—B) 4 BB,
1 — )
2pB%bgp+2
and

{(B>+ By) + pB; b}gpﬂ
2PB bgp+2

0y =
The result is sharp.

Remark 2. Putting b = p = 1 and g(z) = =

we obtain the result obtained by Murugusundaramoorthy
et al. [14, Corollary 2.2] and the result obtained by Shanmu-
gam and Sivasubramanian [6, Theorem 2.1 with o = 0].

Putting g(z) = -2
following corollary.
Corollary 6. Let ¢(z) =1+ Biz+ B> +...,(B; >0, i€ N,
b>0). If f(z) given by (1.1) belongs to the class Cp, (@) and
w is a real number, then

2(,,+2 {Bz+PB b[ f:’t?]} ifu<o,

_ 2 P B1b
"%2 ”“p+l‘< 5512)

7(p+2{ Bz+szb[2u”p’§2 H if =0,

ifo'l gﬂgo%
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where
o _{B—B) +pBb}P+ 1)’

‘ 2p°B2b(p + 2) ’
and

o {(B,+B\) +pBb}(p+ 1)
T 20°B2b(p +2) ‘

The result is sharp.

Puttingh = p = 2 = 1 and g(z) = % in Theorem 2, we im-
prove the result obtained by Murugusundaramoorthy et al.
[14, Corollary 2.3] and also improve the result obtained by
Shanmugam and Sivasubramanian [6, Theorem 2.1 with
o =1].

Corollary 7. Let ¢(z) =1+ Biz+ B> +...,(B; > 0,ie N,
b>0). If f(z) given by (1.1) belongs to the class C(¢p) and u is
a real number, then

B+ B —3uBi}  ifu<o,

ay— pa| < 4% if oy S p< o,
H-B,— B +3uB}} if u> o,
where
2(B, — B)) + 2B}
Y
1
and

2(B, + B)) +2B;
0y = LA
3B;
The result is sharp.
Using arguments similar to those in the proof of Theorem

2, we obtain the following theorem.

Theorem 3. Let ¢(z) =1+ Biz+ B> +...,(B;>0,i € N,
b>0) and

_{B: +pBib}g;.
2pB%bgp 2

(1+4p)*
[(1+4p)* = 2]

If f(z) given by (1.1) belongs to the class S; (g, ®) and pis a
real number, then we have

3 (2.14)

(i) If 6; < p< a3, then

+ (1 + /‘Lp)zgi“
2pBib[(1 + 2p)* — Xlg,.n

2
‘ apin — :ua/H» 1

[(1 +p) = 2

8Ep+2 2
(B — By) + pBib | 2=~ |y
U1 e (4 ) "
nglb (1+A(p—1)). (2.15)
2gp+2 1+/1(p+ 1)

(ii) If o3 < u< o, then

N (14+2p)°g,,
2pBb[(1+p)’ = 7)g, 2

2
apio — :uap+1

gin | (17 —AZ]

x{ (Bi+By)+pBbh|1-2 apir |
( 1 2) Pb ‘ugiJrl (1+/1p)2 ‘IH’]‘
B 1 -1
<p b (M) (2.16)
2gp+2 1+}'(p+1)

where o; and o5 are given in Theorem 2.

Remark 3. For different choices of g(z), 4, b, p and ¢(z) in
Theorems 1-3, we will obtain new results for different classes
mentioned in the introduction.
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