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Introduction
Let H denote the class of normalized analytic functions f (z) having the form:

flz)=z+ arz® + ﬂ3Z3 + ... (1)

in the unit disk &/ = {z € C : |z| < 1}. Also, let S denote the subclass of H univalent in /.
Suppose that S* denote the subclass of S consisting of the functions f(z) which are starlike
in U. A function f(z) € K is said to be convex in U if f(z) € S satisfies the condition that
zf'(z) € S*. If f(2) € H satisfies the geometric condition:

(7 (2)
m
G

for some real B(0 < B < 1), then we say that f(z) belongs to the class S*(8) starlike of
order B, and if f(z) € H satisfies the geometric condition:

Zf// (Z) )

R(1+ >B, zel
( /(@

for some real B(0 < B < 1), then we say that f(z) belongs to the class K(8) convex of

order B (see [1, 2]). Let the function g(z) of the form:

>>,B, zel

g(z)=z+zg+z5+... zel (2)
be in the class $* while the function g(z) of the form:

g(z)=z+z2+z3+... zel (3)
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be in the class K. With reference to (2) and (3), we can write that:

(2) = =z+ Zzl+k°‘ zel, (4)

where we consider the principal value of z¥ for some real @ (0 < a < 2). See Darus and
Owa [3] for some properties of functions fy (z) of the form (4).
Here, we present a more generalized form of (4) such that:

Az xB" 21k
Gan(2) = A+ By =z+ Z( 1) zel (5)
for somereal (0 < @ < 2),—-1 < B < A < 1,n > 0 and ny is given by n; =
Hk n+j71
k- =)
In view of (1) and (5), we introduce a class Hy,, of analytic function f, ,(z) which is a

convolution (or Hadamard product) of f(z) and gy, (f(2) * gu,x(2)) such that:

Bk
fan<z)—z+2< D pmarnz ™ zeu ©)
k=1

In addition, if f ,(z) € Hy,, satisfies the following condition:

<Zfoﬁ 22
Jon(2)
for somereal v (0 < @ < 2),n > 0,and y(0 < y < 1), then f, , belong to the starlike
class Sy, ,,(A, B, y) (of order y). Also, if fy n(2) € Hy,, satisfies the following condition:

, 2w (2)
§)i<1+ - )>y zel (8)
o (2)

for somereal (0 < @ < 2),n > 0,and y(0 < y < 1), then f, , belong to the convex
class K (A, B, y) (of order y). Here, it is noted that fy ,(2) € Hy,u(2) belong to the convex
class Ky,n(A, B, y) & zf, ,(2) belong to the starlike class S}, , (4, B, y).

For the purpose of the present investigation, we shall call to mind the following definitions

>>y zel (7)

and lemmas.

Definition 1 (Subordination principle) For two functions f and g analytic in U, we say
that f is subordinate to g, and write f < g in U or f(z) < g(z), if there exists a Schwarz
Sfunction w(z), which is analytic in U with w(0) = 0 and |w(z)| < 1 (z € U), such that
f(z) = gw(2)). It is known that:

f2) <g(@) = f(0) =g(0) and f(U) C g(U).
Furthermore, if the function g is univalent in U:
f(2) <g2) © f(0) =g(0) and f(U) C g(U). )
Also, we say that g(z) is superordinate to f(z) in U (see [4—6]).
Definition 2 (Subordinating factor sequence) A sequence {bi}y- , of complex numbers

is called subordinating factor sequence if for every univalent function f (z) in K, we have the
subordination given by:

Zakbkzk <f(@) (zel, a3 =1) (see[4-6]). (10)
k=1
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Lemma 1 The sequence {bi}y. ; is a subordinating factor sequence if and only if:
o
E)t{1+22bkzk]>0 (z € U). (11)
k=1
The lemma above is due to Wilf [7]. Interested reader can also refer to [4—6].

Lemma 2 Let s(z) (s(z) # 0) be a univalent function in U. Also, let u # 0 be a complex
number, then we have that:

s’ (z) s'(2) uw—1
m{st/(z) _Zs(z)} > max{o,m( p s(z))}. (12)

Suppose that r (r(z) # 0) satisfies the differential equation:

7O 1w -+ a2
r(z) 5(2)

thenr < s and s is the best dominant (see [8] among others).

QI-wr@H -1 +u ,zel (13)

Lemma 3 Let w be regular in H with (0) = 0. Also, suppose that |w(z)| attains its
maximum value on the circle |z| < 1 at a point zo, then:

200’ (z0) = ocw(20), (14)

where o is any real number and o > 1 (see [8] among others).

Coefficient inequality
In this section, we consider the coefficient inequalities for function f;, ,(z) given by (6)
belonging to both classes S}, , (A, B, ¥) and Ky, (A, B, y) in the unit disk /.

Theorem 1 Let the function fy ,,(z) of the form (6) satisfy the inequality:

- B¢
Z(ka—yﬂ)nkﬁmkm <1l-y. (15)
k=1
Then, fo,(2) € S;,H(A,B,y)foro <y<1l0<a<2-1<B<A<1,0<A<land
n > 0. The equality holds true for fy ,(z) given by:

1-y) e’ Z1+ka

(ka -y + l)nkf—l:

Jan@) =z + (k> 1).

Proof Suppose that the function fy ,(z) given by (6) satisfies (15), then:

k
Yan@ 1‘ _ Yo (= DFkan Brag 12"

Jan(@) 1+ Zi‘;l(—l)"nk%akﬂzk”

00 B|* 00 Bk
Yoy kam B g lzfe Y2 ke B ay | _,
.

<
- 00 Bk 00 Bk -
1= 32 B lappallzite 1= 00 mel2hja)

This shows that fy,,(2) € S}, ,,(A, B, ¥), and this ends the proof. O
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Corollary 1 Let the function fy ,,(z) of the form (6) satisfy the inequality:
0 k

B
Z (kOl + l)nk%|ak+1| <1
k=1

Then, fyn(2) € S% (A, B, 0).

Theorem 2 Let the function f, ,,(z) of the form (6) satisfy the inequality:

c- 18"
D ko 1) (ke =y + D= laga| <1 -, (16)
k=1
Then, fyn(z) € Ky y(A,B,y)for0<y <1,0<a <2 -1<B<A<10<A<land
n > 0. The equality holds true for fy ,(z) given by:

1— im
fon(@ =2+ d=ye AR (SS))
(ko + 1) (ko — y + 1) me B
Proof The proof is similar to that of Theorem 1. O

Corollary 2 Let the function f, ,,(z) of the form (6) satisfy the inequality:

- 1B
> ko + D2 =l < 1.
k=1

Then, fyn(2) € Ken(A, B,0).

Remark 1 Putting A = n = 1 and B = —1 in Theorems 1 and 2, we obtain the results
obtained by Darus and Owa [[3], Theorems 3 and 4].

Next, we present some subordination results.

Some subordination results
Our prime objective here is to establish sufficient conditions for functions belonging to
the analytic class S}, (4, B, y).

Theorem 3 Suppose that the function fy ,(z) is as defined in (6). Let 0 < o <2, n > 0,
o # —1 and p be a non-zero complex number in U such that:

9{{1+Z[1_G(1_2Z”} > max{o,m (’H> (HGZ)}.
1-2(1+02) n 1-z
If

;o Fan@\ L o (107 _ _U+ao)z

holds true, then fo,,(2) € S;, ,(A, B, y).

Proof Suppose that we let:
l1+oz

—. 17)

r@@) =f,,(z) and s(z) =
Then,

% {1 LE@ ZS/(Z)} > max {o, 9N (“_1> (1 +GZ>} — max {o,m (“ - 1s(z)>}
s'(2) 5(2) " 1-—z P
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and

zr' (2)

A=-we@-D+p—=0A-p (. 1) +pu (

Yon®@ )

an(?)

7 (
r(z)

1 (14021 —-2) s(z)
(18)

<A-p ((1 Jr_(jzz) - 1) +u ((IJFG)Z> =1 —p)(s(z) — 1)+MZS ®

Using Lemma 2 in (18), then we obtain the desired result. O

Theorem 4 Let the analytic function fy ,(z) be defined as in (6). Suppose that f ,(z)
satisfies the condition that:

Ny < — .
fa,n(z) 2(1 - 0)
Then, for0 <a <2, n>0ando > 1, fou(2) €S, (A, B,y).

(19)

Proof Setting:
l14+ow(z)

4 —
Jan(@ = ( 1-0@)
Then, w is regular in U, and since 0 # —1, then w(0) = 0. Also, it follows that:

0 {zfoﬁ’,n(z) } —w { 1+ 0)zw' (2) } _° +1
N ] T ld-ew@0+owk)] 20 -1)

Next, we show that | (z)| < 1. So, let there exists a point zg € U such that for |z| < |zo]:

), w(z) # 1.

o #1.

max|w(2)| = |w(z)| = 1.

0

Then, appealing to Lemma 3 and setting w(z9) = €*, zow'(z0) = se¥ and for § > 1,

o > 1, we have that:
{Z e } : { (1 + 0)z00' (20) } { 8e”(1+0) }
N - =N =N . .
1) (1 — w(20)(1 + ocw(z0)) (1—e?)(1+oe)
_ 8(c+1) - (c+1)
T 20 —=1) " 200 -=1)

Therefore,

- {Zfoﬁ’,n(z) } l1+o

> zel
o (2)

= 2(1-o0)
which negates the hypothesis (19).

Hence, we conclude that |w(z)| < 1 for all z € U and:

1
S (@) < < +UZ>, oc#l,zel
’ 1-z
and this obviously ends the proof. O

Application of a subordination theorem

Let EZ,,,(A,B, y) and K”,(A,B, y) denote the classes of functions f,, € H,, whose
coefficients satisfy conditions (15) and (16), respectively. We note that EZ,H(A,B, y) C
SZ’n(A,B, y) and KM(A,B, y) € Kuu(A, B, y). Here, we consider an application of the
subordination result given in Lemma 1 to both classes g;,n (A,B,y) and K, ,,(A, B, y).
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Theorem 5 Let fy ,(2) € E;n(A,B,y). fO<y<l0<a<2-1<B<A<],
0<A<1landn >0, then:
n(a —y +1)|B|
2[na|Bl 4+ (1 — y)(A + n|B)]
for every function gy in K, and:
[na|B| + (1 — y)(A + n|B])]
n(a —y + 1)|B|

(fa,n *goz) (2) < ga(2) (20)

(21)

R (fon (@) > —

The constant factor:
n(e —y + 1)|B|
2 [n|Bl + (1 — y)(A + nlB|)]
in the subordination result (20) is sharp.

Proof Let fy ,, € gz,n (A, B, y) and let g, be any function in K. Then:
n(o —y + 1)|B|

2 [na|B| + (1 — y)(A + n|B|)
nla —y +1)B >

T2 [na|B|(+ a = ,,)()Jx -||- nlB))] (Z * kgl“k“bk“zkaﬂ) '
Thus, by Definition 2, the subordination result (20) will hold true if:

{ n(oe —y + 1)|B| ak}oo
2 [na|B] + (1 — y)(A + n|B|)]

is a subordinating factor sequence, with a; = 1, appealing to Lemma 1, this is equivalent

] (fa,n *ga) (2) < ga(2)

to:

n(a —y + 1)|B] (k=Dya+1
R {1 + X:: GBI+ T =)@ + nB] >0 (zel). (22)

Since ny (ka — y + 1) %{ is an increasing function of k (k > 1), we have that:

o0
n(e —y + 1)|B| (k—=T)a+1
Ni1l+ ayz o
e, ]

[n|B| + (1 — y)(A + n|B)

k=1
ma—y+DIB A > Bl
:m[l_i_Jj/VI MZ +1) (k—l)a—H}
k=2
ne—y+ DB AL B! knan
> _TV_MZ; ((k—l)a—y+1)Ak_1ar “
B n(a —y + 1)|B| Al —y) Ja+l

[nalB[+ (1 — ¥)A+nlB)]  [nalB| + (1 - 7)(A + n[B])]

ne —y + DIB| Ad—-ypy)

- r— r=1—-r>0
[na|B| + (1 — y)(A + n|B])] [na|B| + (1 — y)(A + n|B|)]

(23)

(Izl =r <1,
where M = [na|B| + (1 — y)(A + n|B|)].
Therefore, (22) holds true in U and this obviously proves the inequality (20) while (21)
follows by taking:

g (2) = € Ky

1—2z

Page 6 of 10
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in (20). Now, suppose that we consider the function gy ,(z) of the form:

L—vy a+1

Gan(d) =2 — ————&
o n(a—y—{—l)%l

which belongs to the class §:,n (A, B, y). Then, using (20), we have that:
n(e —y +1)|B]

2 [na|Bl + (1 — y)(A +nl|B))]
which can easily be verified that for 0 <y < 1,0 <a <2, -1 <B<A<1,0<A <1,
n=0and|z] <r:

i ne—y+1)|B| >} 1
min { N ' . _ Loy
{ 1<2[na|B|+(1_y)(A+n|B|)] qon(2) 5 ( )

and this evidently completes the proof of Theorem 5. For various choices of the parame-

z
Gan(2) < 1—= (zel)

ters involved, several interesting results are obtained. Given below are few instances. [J

Corollary 3 Let fy ,(z) € gz,n(l, —1,y). Then:
nlo—y+1)
2na+ (1 —y)A+n)]
for every function gy in K, and:
__leta-na+m
ne—y+1

(fon * &a) (2) < gu(2)

N (fan(2))

The constant factor:
ne—-y+1
2[ne + (1 —y)Q + n)]

is sharp.

Corollary 4 Let f,,1(z) € §Z,1 (1,—=1,y). Then:

(@—y+1)
a— 5D ;y e (fol * ga) (2) < ga(2)
for every function g, in Ky and:
(@ —2y +2)
N z -
1(fo{,l( ))> @—y+1
The constant factor:
(@—y+1
2(x—2y +2)
is sharp.

Corollary 5 [9, 10] Let fi,1(2) € S11(1, —1,y). Then:
2-y)
2(3—2y)
for every function g1 in Ky and:
_B=2y)
-y

(fi1*g1) @) < g1(2)

R (A1) >

The constant factor:

2-v)
2(3—2y)
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is sharp.
Corollary 6 [9-11] Let f11(z) € 3?,1 (1,—-1,0). Then:

1
3 (fi1*g) (@) < g2

for every function g1 in Ky and:
3
N (le (Z)) > —5.

Theorem 6 Let f, ,(z) € Ko u(A,B,y). If0<y <1,0<a <2, —-1<B<A<1land
n > 0, then:
n(a+ (@ —y+ 1B
2 [na(e+1)|Bl+ (1 —y)A+ n(a+1)B|)
for every function g, in Ky and:
o [no(a + DBl + (1 — y)(A + n(a + 1|B])]
n(a + 1) (¢ —y + 1)|B|

1 (fa,n *g(x) (2) < gu(2) (24)

(25)

N (fun(2)

The constant factor:
n@+ D@ -y +DIB|
2[na(a + 1Bl + (1 — y)(A + n(x + 1)|B))]
in the subordination result (24) cannot be replaced by a larger one, and the proof of which
is similar to that of Theorem 3.

Corollary 7 Let fy ,(2) € Ko n(1,—1,y). Then:

ne+1(a—y+1)
2[na(ae+1) 4+ 1 —y)A 4+ n(a + 1))]

for every function g, in Ky and:

(fon * &a) (2) < gu(2) (26)

[na(e+1) + 1A —y)A +nlax+1))]
R (fon(2) > = ne+D@—y+1) ' 27)
The constant factor:
na+D@—y+1)
2na(a+1)+ 1A —y)1 + n(a + 1))]
cannot be replaced by a larger one.
Corollary 8 Let f, 1(z) € Ky1(1,—1,y). Then:
+D@—y+1
@ DOV () @ < 2@ (28)

2[a(@+ 1)+ (1 —y)(a+2)]
Sfor every function g, in Ky and:

@@+ 1)+ (1 —y)(a+2)] (29)
(@+D(@—-y+1)

R (fu1(2)) > —

The constant factor:
(a+D@—-y+1
2[a(@+1) + 1A = y)(a+2)]

cannot be replaced by a larger one.

Page 8 of 10
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Corollary 9 [9, 10] Let fi1(z) € K11(1, —1,). Then:

92—

ﬁ (f1*g1) (@) < g2 (30)
for every function g1 in Ky and:

5—-3y
R(A1() > ———. (31)
(2@) 22-vy)
The constant factor:
2—vy

5—3y

cannot be replaced by a larger one.
Corollary 10 [9, 10] Let fi1(z) € K11(1, —1,0). Then:

2

z (fir*g1) @) < @1(2) (32)
for every function g1 in Ky and:

5

N (A1) > 7 (33)
The constant factor:

2

5

cannot be replaced by a larger one.
For further illustrations on the applications of the subordination result stated in Lemma
1, interested reader can see [4, 6, 8—11].
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