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1. Introduction

We study advanced variants of the classical integral Hilbert-
type inequality [1]Z 1
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unless f(x) ” 0 or g(x) ” 0, where k> 1, k0 = k/(k � 1).

Inequality (1) would be false for some f(x), g(x) if p cosec(p/k)
were replaced by any smaller number see [1]. Inequality (1)
with its improvements has played a fundamental role in the

development of many mathematical branches see for instance
[2–4]. We centre our attention on the case when k= k0 = 2

in (1), which takes the following form:Z 1
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fðxÞ; gðxÞ 2 L2½0;1Þ: ð2Þ

Inequality (2) has many generalizations concerning the denom-
inator of the left-hand side see for example [5,6,2,3,7].

Our main goal is to obtain new generalizations of Hilbert-
type inequality (2). In the following section, we state the main

result of this paper of which many special cases can be
obtained.

2. Main results and discussion

In this section, we state and discuss our main theorem together
with its special cases.

For three different parameters r, t, k 2 (0,1], we have the
following general result.

Theorem 2.1. Suppose that 0< a< b and 0 < r, t, k 6 1. Then

for functions f(x), g(x) 2 L2[0,1) the following Hilbert-type
inequality holds:
icense.
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where a ¼ 1� 4rtþt2�r2
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As a special case of Theorem 2.1 when t= r, we have the

following corollary:

Corollary 2.2. Suppose that 0< a < b and 0 < t, k 6 1. Then
for functions f(x), g(x) 2 L2[0,1) the following Hilbert-type
inequality holds:
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Another special case of Theorem 2.1 is when t= r= 1, this
leads to the following corollary (which has been proved in [5]):

Corollary 2.3. Let 0 < a < b and 0< t 6 1, f(x),

g(x) 2 L2[0,1). Then
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Before proving Theorem 2.1, let us state and prove the fol-
lowing two lemmas.

Lemma 2.4. For parameters r, t, k where 0 < t, k 6 1, define
hr,t,k(f) as

hr;t;kðfÞ :¼ f�
ðrþtÞk
4t
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Then hr,t,k(f) is strictly decreasing, i.e., hr,t,k(f) P hr,t,k(1).

The equality holds when f = 1.

Proof. For f 2 (0,1], we have
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Therefore, hr,t,k(f) is strictly decreasing on (0,1]. Hence
hr,t,k(f) P hr,t,k(1). This completes the proof. h

In the light of Lemma 2.4, one can think of the following
lemma:

Lemma 2.5. For 0 < a < b and r, t, k 2 (0,1], define

wr;t;kða; b; xÞ :¼
Z b

a

1

ðxr þ ytÞk
x

y

� �1�ðrþtÞk4

dy; x 2 ½a; b�; ð5Þ

and

wr;t;kða; b; yÞ :¼
Z b

a

1

ðxr þ ytÞk
y

x

� �1�ðrþtÞk4

dx; y 2 ½a; b�: ð6Þ

Then, the following inequalities hold under the condition that
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where a, a0, p, q, p0, q0, W(a,b, r, t,k), W0(a,b, r, t,k) and h(.) are
as defined in Theorem 2.1.

Proof. Putting u ¼ yt

xr
in (5) gives
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where p ¼ ðrþtÞk
4t

, and q ¼ k� ðrþtÞk
4t

. Now applying Lemma 2.4
to the second and third terms in (9) leads to
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which is (7). Similarly, we can prove (8). This completes the

proof. h
3. Proving the main result

Proof of Theorem 2.1. By Cauchy’s inequality, we can estimate
the left-hand side of (3) as follows
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where wr,t,k(a,b,x) and wr,t,k(a,b,y) are as defined in (5) and (6)

respectively. Applying Lemma 2.5 to inequality (10) yields (3)
as required. This compelets the proof. h
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