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Introduction

The notion of contact geometry has evolved from the mathematical formalism of classical
mechanics [1]. Two important classes of contact manifolds are K-contact manifolds and
Sasakian manifolds [2]. An odd dimensional analog of Kaehler geometry is the Sasakian
geometry. Sasakian manifolds were firstly studied by the famous geometer Sasaki [3] in
1960 and for long time focused on this. Sasakian manifolds have been extensively studied
under several points of view in [4—8] and references therein.

The notion of local symmetry of a Riemannian manifold has been weakened by several
authors in many ways to a different extent. As a mild version of local symmetry, Takahashi
[9] introduced the notion of local ¢-symmetry on a Sasakian manifold. Generalizing the
idea of p-symmetry, De et al. [10] introduced the concept of ¢-recurrent Sasakian man-
ifold. The notion of generalized recurrent manifolds was initiated by Dubey [11] and in
[12] Shaikh et al. introduced the notion of generalized ¢-recurrent Sasakian manifolds.
Extending the notion of generalized ¢-recurrent, Shaikh and Hui [13] introduced the con-
cept of extended generalized ¢-recurrent manifolds. In [14], Shashikala and Venkatesha
studied generalized projective ¢-recurrent Sasakian manifold. The extended generalized
@-recurrent property in Sasakian manifold was considered by Prakasha [15] and gave
some important results.

A Riemannian manifold is called generalized recurrent if its curvature tensor R satisfies
the condition

VR=AQ®R+BQ®P, (1)
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where A and B are two non-vanishing 1-forms defined by A(-) = g(-, 1), B(:) = g(-, 2)
and the tensor P is defined by

PX,Z =g(Y,2)X — g(X,2)Y, 2)

for all X,Y,Z € TM and V denotes the covariant differentiation with respect to the
metric g. Here, y; and y» are vector fields associated with 1-forms A and B respectively.
Especially, if the 1- form B vanishes, then (1) turns into the notion of recurrent manifold
introduced by Walker [16]. A Riemannian manifold is called generalized ¢-recurrent if its
curvature tensor R satisfies the condition

P2(VwR) (X, Y)Z) = AW)RX, Y)Z + BIW)P(X, Y)Z, (3)

for all X,Y,Z € TM, where P defined as in (2). Suppose the vector fields X, ¥ and Z
are orthogonal to &, then the relation (3) reduces to the notion of locally generalized ¢-
recurrent manifolds.

A Riemannian manifold is called a generalized Ricci-recurrent manifold [17] if its Ricci
tensor S of type (0,2) is not identically zero and satisfies the condition

VS=A®S+B®g, (4)

where A and B are non-vanishing 1-forms defined in (1). In particular, if B = 0, then (4)
reduces to the notion of Ricci-recurrent manifold introduced by Patterson [18].

A Riemannian manifold is called a super generalized Ricci-recurrent manifold if its
Ricci tensor S of type (0,2) satisfies the condition

VS=nQ®S+pRg+ven®n, (5)

where 7, p, and v are non-vanishing unique 1-forms. In particular, if p = v, then (5)
reduces to the notion of quasi-generalized Ricci-recurrent manifold introduced by Shaikh
and Roy [19].

Recently, Shaikh and Patra [20] introduce a generalized class of recurrent manifolds
called hyper generalized recurrent manifolds. In [19], Shaikh and Roy introduce a gen-
eralized class of recurrent manifolds called quasi generalized recurrent manifolds. The
present paper deals with the study of both hyper generalized ¢-recurrent and quasi gen-
eralized g-recurrent property in Sasakian manifolds. The paper is organized as follows:
The “Preliminaries” section is concerned with some preliminaries about Sasakian man-
ifolds. In the “Hyper generalized ¢-recurrent manifold,” we introduce an extended form
of hyper generalized recurrent manifolds called hyper generalized ¢-recurrent manifolds.
We study some geometric properties of this in Sasakian manifold and obtained some
interesting results. We construct a proper example of a hyper generalized ¢-recurrent
Sasakian manifold which is neither ¢-symmetric nor g-recurrent in the “Example of
hyper generalized ¢-recurrent Sasakian manifold” section. In the “Quasi generalized ¢-
recurrent manifold” section, we introduce a generalized class of g-recurrent manifold
called quasi generalized ¢-recurrent manifold and we study this property in Sasakian
manifold and obtained some interesting results. Also, the existence of quasi generalized
@-recurrent Sasakian manifold is ensured by a proper example in the last section.
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Preliminaries

In this section, we provide some general definition and basic formulas on contact metric

manifolds and Sasakian manifolds which we will use in further sections. We may refer to

[21-23] and references therein for more details and information about Sasakian geometry.
A (2n+1)-dimensional smooth connected manifold M is called almost contact manifold

if it admits a triple (¢, £, ), where ¢ is tensor field of type (1, 1), £ is a global vector field

and 7 is a 1-form, such that

P’X=-X+n0§ nE =1 @£=0, nop=0, (6)

for all X,Y € TM. If an almost contact manifold M admits a (¢,&,n,g), g being a

Riemannian metric such that

g(@X,0Y) =g(X,Y) — n(X)n(Y), (7)

then M is called an almost contact metric manifold. An almost contact metric manifold
M(p,&,1,8) withdn(X,Y) = (X, Y), ® being the fundamental 2-form of M(¢p,&,7,g)
and is defined by ® (X, Y) = g(X, ¢Y), is a contact metric manifold and g is the associated
metric. If, in addition & is a Killing vector field (equivalentely, 71 = %ngo = 0, where
L denotes Lie differentiation), then the manifold is called K-contact manifold. It is well
known that [2], if the contact metric structure (¢, &, n,g) is normal, that is, [ ¢, 9] +2dn ®
& = 0 holds, then (¢, &, n,g) is Sasakian. An almost contact metric manifold is Sasakian if

and only if
(Vxp)Y =g(X, V)§ —n(V)X, (8)

for all vector fields X and Y on M, where V is Levi-Civita connection of g. A Sasakian
manifold is always a K-contact manifold. The converse also holds when the dimension is
three, but which may not be true in higher dimensions [24]. On any Sasakian manifold,
the following relations are well known;

Vx§ = —¢X, (Vxm(Y) = g(X, ¢Y), )
RX,Y)§ = n(Y)X —n(X)Y, (10)
R(E,X)Y =g(X,Y)§ —n(Y)X, (11)
NRX, Y)Z) = g(Y, Z)nX) — gX, Z)n(Y), (12)
SX,8) =2m(X)  (or Q& = 2né), (13)
S(@X,9Y) = SX,Y) = 2nn(X)n(Y), (14)

for all X, Y € TM, where R, S, and Q denotes the curvature tensor, Ricci tensor and Ricci

operator respectively.

Definition 1 A (2n+1)-dimensional Sasakian manifold M is said to be n-Einstein if its
Ricci tensor S is of the form

SX,Y) =ag(X,Y) + bn(X)n(Y),

for any vector fields X and Y, where a and b are constants. If b = 0, then the manifold M is

an Einstein manifold.
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Hyper generalized ¢-recurrent Sasakian manifold

Recently, the authors [20] studied hyper generalized recurrent manifolds and obtained
several interesting results. By observing this work, we extend the notion called hyper gen-
eralized p-recurrent manifolds. In this section, we study hyper generalized ¢-recurrent
Sasakian manifolds.

Definition 2 A Sasakian manifold M is said to be a hyper generalized ¢-recurrent
Sasakian manifold if its curvature tensor R satisfies the condition

0?2 (VwR)(X,Y)Z) = A(W)R(X,Y)Z + B(W)H (X, Y)Z, (15)

forall X,Y,Z € TM, where A and B are two non-vanishing 1-forms such that A(X) =
2(X, p1), BX) = g(X, p2) and the tensor H is defined by
HX,Y)Z = S(Y, 2)X — S(X, 2)Y + g(Y, Z)QX — g(X, Z)QY, (16)

forall X,Y,Z € TM. Here, p1 and py are vector fields associated with 1-forms A and
B respectively. Especially, if the 1-form B vanishes, then (15) turns into the notion of ¢-
recurrent manifold.

Now we prove the following;

Theorem 1 Let M be a hyper generalized ¢-recurrent Sasakian manifold.

(i) Ifthe scalar curvature is zero everywhere on M, then M is Ricci recurrent.
(if) If the scalar curvature is non-zero everywhere on M, then M is generalized Ricci
recurrent.

Proof Let us consider hyper generalized ¢-recurrent Sasakian manifold. In view of (6),
Eq. (15) gives
—(VwBR X, Y)Z+n(VwR)(X,Y)Z) §
=AW)RX,Y)Z+B(W)H(X,Y)Z, (17)

this can be written as

—¢ (VwR)(X, Y)Z,U) + n (VwR)(X, Y)Z) n(U)
=AW)R(X,Y,Z,U) + B(W)g(H(X, Y)Z, U). (18)

Let {ei}izﬁl+1 be an orthonormal basis of the manifold. Plugging X = U = e¢; in (18) and
taking summation over i, 1 <i < 2n + 1, and then using (16), we get
2n+1

—(VwSY,2) + Z n (VwR)(ei, Y)Z) n(e;) = (AW) + (2n — 1)B(W))
i=1

S(Y,Z) + rB(W)g(Y, Z). (19)
The second term of left hand side in (19) reduces to
2n+1
D n((VwR)(e, V)Z) =g (VwR)(E,Y)Z,E). (20)

i=1
Using (9), (10) and the relation g (VwR)(X, Y)Z,U) = —g (VwR) (X, Y)U, Z), we get

g((VwR)(§,Y)Z,8) = 0. (21)

Page 4 of 14
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By virtue of (20) and (21), it follows from (19) that
(VwSHY,2) =T(W)S(Y,Z) + ¥ (W)g(Y, 2), (22)

where T(W) = —(AW)+ 2n—1)B(W)) and (W) = —rB(W). In the above
equation, we have hyper generalized ¢-recurrent Sasakian manifold is Ricci recurrent
(respectively generalized Ricci recurrent) if the scalar curvature is zero (respectively
non-zero) everywhere on M. This completes the proof. O

Theorem 2 A hyper generalized ¢-recurrent Sasakian manifold M with non vanishing
scalar curvature is an Einstein manifold and moreover the associated vector fields p, and
02 of the 1-forms A and B respectively are co-directional.

Proof Taking Z = £ in (22) and then using first term of (13), we obtain

(Vw9 (Y, &) = —{2nA(W) + (r + 2n(2n — 1))B(W)} n(Y). (23)
At this point, we note that

(VS (Y, §) = VS, 8) + S(VwY,§) + S(Y, Vw§). (24)
In view of (9) and first term of (13) in (24), it follows that

(VwS)(Y,§) =2ng(Y, W) — S(Y, o W). (25)
Comparing (23) and (25), we get

2mg(Y, W) — S(Y, W) = — (2nA(W) + (r + 21n(2n — 1)B(W)} n(Y). (26)
Again taking ¢Y instead of Y in (26) and using (6), (7) and (14), we have

S(Y, W) =2ng(Y,W). (27)

Substituting Y by £ in (26), we get

r+2ni2n—1)

] B(W). (28)
Contracting (27) over Y and W, we get

r=2n2n+1). (29)
In view of (28) and (29), we have

A(W) = —4nB(W). (30)

From (27) and (30), the theorem follows. O

It is well known that a Sasakian manifold is Ricci-semisymmetric if and only if it is an
Einstein manifold. In fact, by Theorem 2, we have the following;

Corollary 2.1 A hyper generalized ¢-recurrent Sasakian manifold with non vanishing
scalar curvature is Ricci-semisymmetric.

Next, in a Sasakian manifold it can be easily verify that

(VwR)(X, Y)§ = g(W,0Y)X — g(W,9X)Y + R(X, Y)pW. (31)
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By virtue of (12), it follows from (31) that
n(VwR)(X, Y)§) = 0. (32)
It is well known that in a Sasakian manifold the following relation holds [8];
RX, Y)pZ = g(pX,2)Y — g(Y, Z)pX — g(9Y,2)X
+9gX,2)pY + oR(X, Y)Z, (33)
forany X, Y,Z € TM. In view of (31) and (33), it follows that
(VwR)(X, Y)§ = g(X, W)pY —g(Y, W)pX + ¢R(X, Y)W. (34)
In view of (32) and (34), we obtain from (17) that
—AW)RX, Y)§ — B(W) {2n(Y)X — 2n(X)Y + n(Y)QX — n(X)QY}
=g(X, W)Y — g(Y, W)pX + oR(X, Y)W. (35)
In view of (10), (27) and (30), the above equation becomes
PR, VYW = g(Y, W)pX — g(X, W)pY. (36)
Operating ¢ on both sides of (36) and using (6), we get
RX, YW =g(Y, W)X —g(X,W)Y. (37)
Hence, we can state the following;

Theorem 3 A hyper generalized ¢-recurrent Sasakian manifold of non vanising scalar
curvature is a space of constant curvature +1.

Example of a hyper generalized ¢-recurrent Sasakian manifold

In this section we give an example of a hyper generalized ¢-recurrent Sasakian manifold.
We consider three-dimensional manifold M = {(x, Y,2) € R3, (x, ¥,2) # (0,0, 0)}, where
(x,9,2) are the standard coordinate in R, Let Ej, E», E3 be three linearly independent
vector fields in R? which satisfies

[E1, E2] = E3, [E1,E3] = —Ey, [Ey Es3] =2E;.
Let g be the Riemannian metric defined by

g(Ev,E1) = g(Ey, Ep) = g(E3,E3) =1,

g(Er, Ep) = g(E1, E3) = g(Ey, E3) = 0.

Let n be the 1-form defined by n(W) = g(W, E;) for any W € TM. Let ¢ be the (1,1)
tensor field defined by

@El = 0, §0E2 = Eg, (pE3 = —Eg.
Then using the linearity of n and g we have
nE) =1 ¢"W=-W+nW)E,
geW,ol) =g(W,U) — n(W)n(l),

for any U, W € TM. Now for E; = &, the structure (¢, &, n,g) defines an almost contact
metric structure on M. Using the Koszula formula for the Riemannian metric g, we can
straightforwardly calculate
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Ve E1 =0, VgE =0, VgE3=0,
Ve, E1 = —E3, VgEy =0, VgE3=E,
VggEl = E, VEgEZ = —FE, VESEg =0.

From the above, it follows that the manifold under consideration is a Sasakian manifold
of dimension 3. Using the above relations, we can straightforwardly calculate the non-
vanishing components of the curvature tensor R as follows:

R(ELEZ)EI - _EZ’ R(ELEZ)EZ == E]: R(ElyEg)El = _E31
R(Ey,E3)E3 = E1, R(E3,E3)Ey = E3, R(Ey, E3)E3 =—E3

and the components which can be obtained from these by the symmetry properties. From
the above, we can simply calculate the non-vanishing components of the Ricci tensor S

and Ricci operator Q as follows:

S(E1,E1) =2, S(Eo,Eo) = S(E3,E3) =0,
QE; =2E1, QE; =QE3=0.

Since {E1, E3, E3} forms a basis of the three-dimensional Sasakian manifold, any vector
field X, Y, Z € TM can be written as

X =a1E1 + b1Ey + ¢1E3,
Y = axEq + boEs + cyEs,
Z = a3E1 + bsEy + c3Es,

where a;, b, ¢; € R (the set of all positive real numbers), i = 1,2, 3. Now

R(X, Y)Z = [b3(a1by — b1as) + c3(aicy — c1a2)] E1+[az(braz — ai1by) (38)
+ c3(c1by — b1co)] Ey + [az(c1az — aicp) + ba(bicy — c1b2)] E3,

and

H(X,Y)Z =[2(a1by — biaz)b3 + 2(aicy — c1a2)c3] E1 + [2(azby — baay)asz] Ez

(39)
+ [2(az2c1 — cpa1)as] Es.
In view of (39), we have the following;
(VE,R)(X, Y)Z =[2(cab1 — bac1)b3] E1+[ 2(a1b2 — biaz)c3
+ 2(c1by — bico)az] Ex + [2(azb1 — byay)bs3] E, (41)
(VE;R)(X, Y)Z =[2(b1ca — baci)c3] E1 + [2(a1co — craz)c3] Eo
+ [2(azc1 — c2a1)b3 + 2(c1b2 — bicy)as] Es. (42)

From (41) to (42), we have

¢* (VER(X,Y)Z) = piEy + qiE3  for i = 1,2,3, (43)
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where

pP1 =0, q1 =0,

VU] — viu
p2 =2[(bray — a1by)cs + (bicy — c1br)as], qa=2(bya; — 612191)bs=1M

Vou1 — Vily

p3(v3uy — vius)

p3 =2(c1az — aic)es, q3 = 2[(caa1 — azc1)bsz + (bicy — c1by)az] = ——————
Voul — vVily

and

u1 =[b3(arby — braz) + c3(aica — c1a2)], up = [az(biay — a1by) + c3(c1b2 — bic)],
uz =[asz(cras — aica)+b3(bica — c1ba)], vi = [2(a1b2 — biaz)bz+2(aica — c1a2)cs],
vy =[2(a2b1 — baar)az], vz = [2(axc1 — caa1)az].

Let us now consider the components of the 1-forms as

A(E1) =0, B(E1) =0,

2V1 QU]
A =——L" | By =228 (44)
Vol — Vil Vo1 — ViU
3V1 3U1
AEB) =— —D | By =8
Vo1 — Vil VU1 — ViU
where vou; — viuy # 0. From (15), we have
9> (VER(X, Y)Z) = A(E)R(X, Y)Z + B(E)H(X, Y)Z, (45)

for i = 1,2,3. In view of (39), (40), (43) and (44), it can be easily shown that the manifold
satisfies the relation (45). Hence the manifold under consideration is a hyper generalized
@-recurrent Sasakian manifold, which is not ¢-recurrent. This leads to the following;

Theorem 4 There exists a three-dimensional hyper generalized ¢-recurrent Sasakian
manifold, which is neither ¢-symmetric nor ¢-recurrent.

Quasi generalized ¢-recurrent Sasakian manifold

In the paper [19], the authors studied quasi generalized recurrent manifolds and obtain
some interesting results. Motivated by this work, we extend the notion called quasi gen-
eralized g-recurrent manifolds. In this section, we study quasi generalized ¢-recurrent
Sasakian manifolds.

Definition 3 A Sasakian manifold M is said to be quasi generalized ¢-recurrent
manifold if its curvature tensor R satisfies the condition

9> (VwR)(X,Y)Z) = C(W)R(X, Y)Z + DIW)F(X,Y)Z, (46)

forall X,Y,Z € TM, where C and D are two non-vanishing 1-forms such that C(X) =
g2(X, n1), D(X) = g(X, ua) and the tensor F is defined by
FX,Y)Z =g(Y,2)X —g(X,2)Y + n(¥)n(Z)X — n(X)n(2)Y
+g(Y, 2)n(X)§ — g(X, 2)n(Y)§, (47)
forall X,Y,Z € TM. Here |11 and iy are vector fields associated with 1-forms C and

D respectively. Especially, if the 1-form D vanishes, then (46) turns into the notion of ¢-
recurrent manifold.
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Note: In view of (46) and (47), we say that locally quasi generalized ¢-recurrent Sasakian
manifold is a locally generalized ¢-recurrent manifold.
We begin this section with the following:

Theorem 5 A quasi generalized ¢-recurrent Sasakian manifold M is an Einstein man-
ifold and moreover the associated vector fields 1 and po of the I-forms C and D
respectively are co-directional.

Proof Using the same steps as in the proof of Theorem 1, we get the relation

—(VwS)(Y,2) = C(W)S(Y, Z) + D(W)(2n + 1)g(Y, Z)
+D(W)2n — D)n(Y)n(2). (48)

Again using the same steps as in the Theorem 2, we get the equations

SY,W) =2ng(Y,W), and (49)
1 —4n?
cow) = —" pw), (50)
2n
for all Y, W. This completes the proof of the theorem. O

Equation (48) leads to the following:

Theorem 6 A quasi generalized ¢-recurrent Sasakian manifold is a super generalized
Ricci-recurrent manifold.

From (48), it follows that
—dr(W) = rC(W) + 2n(2n + 3)D(W). (51)
This leads to the following:

Theorem 7 [n a quasi generalized ¢-recurrent Sasakian manifold, the 1-forms C and D
are related by the Eq. (51).

Corollary 7.1 In a quasi generalized ¢-recurrent Sasakian manifold with non-zero
constant scalar curvature, the associated 1-forms C and D are related by

rC(W) +2n(2n + 3)D(W) = 0.

Now suppose that quasi generalized ¢-recurrent Sasakian manifold is quasi generalized
Ricci-recurrent [19]. Then from (48) we have 2n + 1 = 21 — 1, which is not possible.
Therefore we can state the following;

Theorem 8 A quasi generalized ¢-recurrent Sasakian manifold can not be a quasi
generalized Ricci-recurrent manifold.

In view of (46) and (6), we obtain

VwR) (X, Y)Z = n((VwR)(X, Y)Z)§ — C(W)R(X,Y)Z — D(W)F (X, Y)Z. (52)

Page 9 of 14
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From (52) and second Bianchi identity we get
CW)RX,Y,Z,U)+ DIW)F(X,Y,Z,U) + CX)RY, W, Z,U)
+DX)FY,W,Z,U)+ CHRW,X,Z,U)+ DY)F(W,X,Z,U) = 0. (53)
Contracting the above relation over Y and Z and using (47), we get
CW)S(X, U) +DW) {(2n + Dg(X, U) + (2n — HnX)n(U)} (54)
— CQOS(W, U) — DX) {21 + Dg(W, U) + (2n — Dn(W)n(U) }
— CR(W, X)U) + D(X) {g(W, U) + n(W)n(LD) } — DIW){g(X, U)
+ XD} + DE) {n(X)g(W, U) — n(W)g(X, L)} = 0.

Again contracting (54) over X and U and using (50) , we get

S(W, u2) = Bg(W, u2) + yn(W)n(ua), (55)
2
where g = 5 + % and y = %. Hence we can state the following;

Theorem 9 In a quasi generalized g-recurrent Sasakian manifold, the Ricci tensor S and
vector field j1o are related by the Eq. (55).

Definition 4 [25] Let M be an almost contact metric manifold with Ricci tensor S. The
x-Ricci tensor and x-scalar curvature of M are defined repectively by

2n+1 2n+1
SX,Y) = ) RX,enpengY), and r*= ) S*ee). (56)
i=1 i=1

Definition 5 [26] An almost contact metric manifold M is said to be weakly ¢-Einstein if
X, Y)=Bg?X,Y), X, YeTM,
for some function B. Here S denotes the symmetric part of S*, that is,
1 k k
SIXY) =5 (XY +5 (Y, X)}, X,YeTM,

we call §%, the @-Ricci tensor on M and the symmetric tensor g% is defined by g?(X,Y) =
g(0X,pY). When B is constant, M is said to be -Einstein.

In a Sasakian manifold we know the following relation
(VwR) (X, Y)E =g(W,9Y)X —g(W,9X)Y + R(X, Y)pW. (57)
Using (57) and the relation g (VwR)(X,Y)Z,&) = —g (VwR)(X, Y)&,Z) in (52), we
have
(VwR)(X, Y)Z =g(W, pX)g(Y, 2)§ —g(W,9Y)g(X, 2)§ — g(R(X, Y)pW,2)§
—C(W)RWX,Y)Z -DW)F(X,Y)Z, (58)
from which it follows that
g(VwR (X, Y)Z,U) = g(W,X)g(Y, Z)n(U) — g(W, pY)g(X, Z)n(U)
+gRX, Y)Z,oW)n(U) — C(W)gR(X, Y)Z, U)
—D(W)g(F(X, Y)Z, U). (59)

Page 10 of 14
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Replacing Z by ¢Z in the foregoing equation, we obtain
(VwR)Y(X, Y)oZ, U) = g(W,pX)g(Y, pZ)n(U) — g(W, pY)g(X, pZ)n(U)
+gRX, V)oZ, o W)n(ll) — C(W)g(RX, Y)Z, U)
— D(W)g(F(X, Y)pZ, U). (60)
Since gRX,Y)pW,U) = gRX,Y)W,pl) and g((VwR)(X,Y)pZ U) =
g((VwR)(X, Y)Z, pU), using these equation in (60), we get
E(VwR(X,Y)Z, pU) = g(W,0X)g(Y,pZ)n(U) — g(W, ¢Y)g(X, pZ)n(U)
+2RX, V)oZ, oW)nll) — C(W)g(R(X, Y)Z, pU)
— D(W)g(F(X, Y)pZ, U). (61)
Contracting (61) over Y and Z and using (47), we get
(VwS) (X, pU) = — g(pX, oW)n(U) + S* (X, W)n(U)
— CW)SX, pU) + D(W)g(X, pU). (62)

In view of (48), we have

2 2)D(W
ST, W) =g(pX, W) — %g%wu)- (63)

Substituting U = & in (63), we get
ST X, W) = g(pX, oW). (64)

From (64) and Definition 5, we conclude that it is ¢-Einstein. Hence we can state the
following;

Theorem 10 A quasi generalized ¢-recurrent Sasakian manifold is an ¢-Einstein
manifold.

In view of (7) and (64), we have the following;

Theorem 11 A quasi generalized ¢-recurrent Sasakian manifold is an x-n-Einstein
manifold.

Example of a quasi generalized ¢-recurrent Sasakian manifold
In this section, we give an example of a quasi generalized ¢-recurrent Sasakian manifold.
We take the three-dimensional manifold M = {(x, y,2) €R3:z > 0}, where (x,y,z) are
the standard coordinates in R3 . Let E;, Es, E3 be linearly independent global frame on M
given by
Elzi, 5223—2)/3, 323.
ay ay 0z 0z

Let g be the Riemannian metric defined by
g(Ey, E1) =g(Ea, Ep) = g(E3,E3) = 1,
g(Er, Ez) = g(Er, E3) = g(Ey, E3) = 0.

Let n be the 1-form defined by n(W) = g(W, E3) for any W € TM. Let ¢ be the (1,1)
tensor field defined by

@Ey = —Ey, @Ey;=E;, ¢E3=0.
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Then using the linearity of  and g we have
nEs) =1 ¢*W=-W+n(W)Es,

for any U, W € TM. Then for E3 = &, the structure (¢, &, n,g) defines an almost contact
metric structure on M. Let V be the Levi-Civita connection with respect to the metric g.
Then we have

[E1,E3] = —2E3, [E1,E3] =0, [Ep E3]=0.
Using the Koszula formula for the Riemannian metric g, we can easily calculate
Ve, E1 =0, Vg Ey=—E3, Vg E3=E,,

VEZEl = E?n VEzEZ =0, VE2E3 = —FE,
Ve, E1 = Ej, VgEy=—E1;, VgE3=0.

From the above, it follows that the manifold under consideration is a Sasakian mani-
fold of 3-dimension. Using the above relations, we can easily calculate the non-vanishing
components of the curvature tensor R as follows:

R(E1,Ey)Ey = 3E3, R(Ey,E3)Er = —E3, R(Ey,Ep)E; = —3E;,
R(E1,E3)E3 = E1, R(Ey,E3)Ey = —E3, R(Es,E3)Ez =E

and the components which can be obtained from these by the symmetry properties. Since
{E1, Ep, E3} forms a basis of the three-dimensional Sasakian manifold, any vector field
X,Y,Z € TM can be written as

X =a1E1 + b1Ey + 1E3,
Y = axE1 + byEy + ¢2E3,
Z = a3E1 + b3Ey + c3E3,

where a;, b;, ¢; € RT (the set of all positive real numbers), i = 1,2, 3. Now
R(X,Y)Z = [(aica — c1a2)c3 + 3(braz — a1by)b3] E1+[ (bicy — c1b2)c3 (65)
+ 3(a1b2 — braz)az) Ez — [(caa1 — aacy)asz + (coby — bac1)b3] Es,
and

F(X,Y)Z = [(a1by — a2b1)b3 + 2(a1ca — axc1)c3] E1+[ (braz — baai)as
+2(b1ca — bac1)c3] Ex + 2 [(cra2 — caa1)as + (c1by — cob1)b3] E3.

In view of (65), we have the following:

(VE.R) (X, Y)Z = 4[(a1by — braz)(a3E3 — c3E1) + (aica — c1a2)(a3Ey — b3E1)],  (67)
(VE,R)(X,Y)Z = 4[(a1by — b1az)(b3E3 — c3E3) — (b1cy — c1b3)(a3Ez + b3E1)],  (68)
(VE,R)(X,Y)Z = 0. (69)

From (67)-(69), we have

(pz((VEiR) X, Y)Z) = oiEr + BiEx fori=1,2,3, (70)
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where

B1(vaur + uzvy)
a1 =4[ c3(a1by—braz)+b3(aicy — crax)|=—————, P1=—4az(aicy — c1a2),
V3Uy + Uzvy

Ba(vzu1 + uzvy)

ay = 4bz(bicy—c1by) =
usvy + vsuo

o =4[ c3(a1by — braz) + az(bica — c1b2)],
o3 = 01 ,33 = 01
and

uy=[(aicy — c1az)c3+3(braz — a1ba)bs], uy = [(bicy — c1by)c3+3(a1by — braz)as],
uz=|[(coa1 — asxc)az+(cab1 — bac1)b3], vi = [(a1by — azb1)b3+2(aicy — azc1)cs],
va=[(braz — baar)az+2(bicy — bac1)c3], vz =2[(craz — caa1)az+(c1by — c2b1)b3].

Let us now consider the components of the 1-forms as

CEy=—LY py =P
v3ug + Uzva v3uy + usvy
Bavs Bauz
CE) =————, DE)=—""—", (71)
V3uy + Usvy V3o + uUsvy

C(E3) =0, D(E3) =0,
where v3uy + usvy # 0. From (46), we have
§02((VE,-R)(X: Y)Z) = C(E)R(X,Y)Z + D(E))F(X,Y)Z, (72)

for i = 1,2, 3. In view of (65), (66), (70), and (71), it can be easily shown that the manifold
satisfies the relation (72). Hence, the manifold under consideration is a quasi generalized
p-recurrent Sasakian manifold, which is not g-recurrent. This leads to the following:

Theorem 12 There exists a three-dimensional quasi generalized ¢-recurrent Sasakian
manifold, which is neither ¢-symmetric nor g-recurrent.
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