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Introduction

The problem of edge coloring appeared with the four-color problem. In 1880, Tait wrote
the first paper dealing with the problem of edge coloring. Tait proved that only three colors
are used to color the edges of every 3-connected planar graph. An s-edge coloring, s is a
positive integer, is a way to color edges with s colors. The chromatic index y  (x) is the
minimum number of different colors needed to color edges such that any two adjacent
edges are colored by different colors (for more details, see [1, 3-5, 7-9, 11-14]). K nig

has proved, in 1916, that y * (x) = A(x) for every bipartite graph. %(x) is the most number of
colors that any graph can be edge-colored with, this was given by Shannon. Moreover, Viz-
ing obtained for any simple graph A(x) + 1=y " (x). Omai et al. [10] determined the AVD-
chromatic index for the powers of paths. Further, Lehner [6] established a result state that
if every non-trivial automorphism of a countable graph G with distinguishing index D " (G)
moves infinitely many edges, then D * (G) < 2. Grzesik and Khachatrian [2] proved that k;,
m, n 18 interval colorable iff ged(m + 1, n+ 1) = 1.

The above discussions motivate us to design a new algorithm to calculate the chromatic
index of the graph. The main objective of our algorithm is to find a coloring that uses the smal-
lest possible number of distinct colors. Some examples are given in support of our algorithm.

The main results
In this article, a new algorithm, RF coloring algorithm, will be designed to evaluate chro-
matic index of loopness graph. RF coloring algorithm is introduced as follows:

Consider a graph G of order n and size m. List its vertices as vy, vy, v, ..., v, and its
edges as ej, €, €3, ..., €,
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Stepl. Write the incidence matrix of the graph G

ai ai e A1y
o a1 an Ao
I(G) - : : ‘. :
7 7979} Aym

Step2. In this step, we constitute the RF coloring matrix from the incidence matrix as
follows:
(a) In the first row of the RF matrix, put

0 if ayn = 0
ay, =
1if al — 1

After that put

0 if aijp — 0
tlﬁ{2 = 1 if aijp = 176111 =0
2 if a;n — adip = 1

In the same way, for entry aj;, where 1 <;j<m, put
0 if ay; = 0

afj =
* * * .
max{au,alz, "'7“1(;‘-1)} +1 if a;;=1

(b) Any column k has the entry aj, = & put

h if (,ll'kzl

Ajje =
0 if Aik — 0

where 1<i<n and 1<k<m.

(c) Now start from the second row put

ay =0 if ay =0
. . A
mm({aii : a{fO,}\{aﬁl-,a; : a;j¢0,a:j¢0}) if ay=1lag=1, {“T;‘ : aL-#O}\{a;j,q;j : a§j¢0¢a§j}¢o

A
ok kL x * * : _ _ L% x % L x 1
max({alj,azj,asi : a”¢0,a2/.¢0¢as/.,}) +1 if ay=1lag=1, {“1;‘ : ﬂlﬁo}\{“z;aﬂs,' : a2j¢0¢usl} =%

where 1</<m,1<j<mand 1<s<n.
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(d) Any column [ has the entry a3, = f put

f if a;] = 1
Ay =
0 if ay=0

(e) Again repeat steps (c) and (d) to complete the RF coloring matrix

* *
ay;  dpp Am
as as ay

RCI(G) = 2 2 2m
* * *
anl anZ anm

Step3. The greatest number in the RF coloring matrix is the chromatic index of the
graph G and the value of entry aj; is the color of the edge e; where a;;=0.

In the following, we give examples solved by the new algorithm:

Examplel. Let G be a graph shown below (Fig. 1).

The chromatic index of the graph G will be calculated by using the RF coloring algo-
rithm as follows:

Since a;; =1

1 1 10 Sincea;; =1 1 ap=1 1 2
P =1 P T, =2
@y 3 P h| %
0 0 0 1

Fig. 1 The graph G
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Colr
1 2 3 7 Sncano[l 2 3 07 puarmy [1 2 3 0
: Putal, = 0 gt =0
Since a1; = a1y = a3 = 1Putaj; =3 ut diy % =ay (1)
0

—

Column 2 Column3
Puf:;r:iz. rtr 2 3 0 Putoalggn vy
”22:12)2:0 1 2 @3:12)3:0
0 0
LO O
_ 2" row
1 2 30 Since a1 1 2 30
1 2 0 then ay, = max{1,2,3}\{1,2} =3 1 2 0 3
0 0 3 - 0 0 3
LO O O 0O 0 O
Column 4
pata~3 [1 2 30
ﬂZs_:)O 1 2 0 3
0O 0 3 O
1 2 0 3

Then, the RF coloring matrix is given by

0
RCI(G) = :
3

3
0
3
0

—_ O =
N O NN

From the above matrix, we find the chromatic index y ' (G) of the graph G is equal to
3.
Example2. Given a graph G, shown in Fig. 2.

v,

Fig. 2 The quartic graph
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Applying the RF coloring algorithm step by step to evaluate the colors of edges and
chromatic index as shown in the sequence of matrices below:

1 01011000UO0TO00 1 0 2 0
110100 0 0 1 0 0 Ofrnersirst 0
1(G)=011000110000 row 2
0001 10O0O0O0T1T1TTO0 0
00 00 OO0OO0OT1TT1TT1TTUO01 0
000 O0OT11TT1O0O0O0T1T1 0 i
10 2 0 3 4 0
130200 4
The third row 0 3 2 000 0
00 0 2 3 0 0
00 0 0 0 O 4
0 0 0 0 0 4 0
1020340000 0 0 102 03 400000
130200004 0 0 0|rerouen|l 3020000 400
0320001500 0 O row 03 200O015U0UO00O0
00023 0U0O0 0 i 00 02 3 00O0TO0T1STS
0 0 0 0 0O O0O O0 S5 4 00 00O O O0OO0OS5 410
00 0 0 0 410 O 0O 00 0 O0 4 10005
10 2 0 3 4 00 0 O0O0TUDO0
13 02 00O0O0 4000
0 32000150000 The fifthrow
00023000UO0T1TG50
000 O0O0OUOSG 5410 2
00 0 0 0 410005 2
Hence, the RF coloring matrix is given by
1 0 2 0 3 4 0 0 0 0 0 0
5 3 3 5 9o o 9 2 8 9% o o
0
RCI(G) =
() 0 0 0 2 3 0 0 0 0 1 5 0
0 0 0 0 0 0 0 5 4 1 0 2
0 0 0 0 0 4 1 0 0 0 5 2

It is clear from the RF coloring matrix that the chromatic index of the graph G is 5,
i.e, x " (G) =5 and the color of ey, e, e;¢ is 1, the color of e3, ey, €15 is 2, the color of e,
es is 3, the color of eg, ey is 4, and the color of eg, e;; is 5.

In the following section, we reprove some theorems by using RF coloring algorithm

Theorem 1 Let S,, be a star graph of order n. Then, x ' (S,) =n -1, where x ' (S,) is the
chromatic index of S,,.

Proof Let S,, be a star graph of order n as shown in Fig. 3.

By applying the RF coloring algorithm, we found the RF coloring matrix is given by

1 2 3 n-1
1 00 0
RCI(S,)=|0 2 0 0
0 00 .. n-l

The greatest number in the RF coloring matrix is # - 1, then the chromatic index of
S, equals n - 1.

2 if niseven
Theorem 2 Let C, be a cycle graph of order n. Then x'(C,) = ,
3 if nmisodd

where x ' (C,,) is the chromatic index of C,.

Page 5 of 8



Salama Journal of the Egyptian Mathematical Society (2019) 27:18 Page 6 of 8

oV

Fig. 3 A cycle graph C,

Proof Let C,, be a cycle graph of order n. Applying the RF coloring algorithm, we will
stop when the RF coloring matrix will become

10 0 .. 002
2 0 0 0 0
2 1 0 0 0
RCI(C,) = Do : :
00 0 .. I 00
00 0 ... [ moO

. 00 0 0 m 2 |

Now we want to evaluate the values of / and » and we have two cases:

*

Case 1. When n is even then [ is the entry in Ay 1) (n-2)

, i.e,, [ =2. Since a?n—l)(n—Z) =2
and a;,, = 2 then m = 1; hence, the RF coloring matrix is

10 0 .. 002
1 2 0 0 00
0 2 1 0 00
RCI(C,) = I R
00 0 2 00
00 0 .. 2 10
. 00 0 .. 01 2 |

and the chromatic index of C, from the RF coloring matrix is 2, i.e, y ' (C,) = 2.
Case 2. When n is odd then [ is the entry in Al 1)(n-2)r 1€ [=1. So, m =3 because

Aly1)nz) = 1 and a; = 2; hence, the RF coloring matrix in this case is given by

10 0 .. 002
1 2 0 0 00
02 1 .. 000

RCI(C,) = Do A ,
00 0 1 00
00 0 .. 1 30

. 00 0 .. 0 3 2 |

and the chromatic index of C, equals 3, i.e, y ' (C,) = 3.



Salama Journal of the Egyptian Mathematical Society (2019) 27:18 Page 7 of 8

Fig. 4 The graph corresponding to the time table problem
A

One of the most famous applications on edge coloring of a graph is the timetable; let
us give an example and solve it by our new algorithm as follows:
In a particular faculty of science, the Mathematics department has five teachers ¢y, £,

t3, L4, t5. The teaching assignments of the five teachers are given by the array:

| Year Il 'Year Il 'Year IV Year
Y; Y5 Y3 Yy

t 1 2 _ _

17} 1 1 1 _

f3 1 _ _ 2

7 1

ts 1 1

We want to find the minimum period timetable. To solve this problem, first we draw
the graph corresponding to this problem, see Fig. 4
By applying the RF coloring algorithm, we find the RF coloring matrix is given by:

coocorRocOOR
cCooNvOoO oo oM
cCowoooOo oW
coocoNOoOONO
CoOoCcOoOWOoOOo WO
coorRr OO0 RO
Coocwoowo o
O~ oCcOoOoCOrR OO
MO oo OO OO
co~oOOROOO
coNnvOoOONO OO
WO OO OoO WO OO

It is clear from the RF coloring matrix above that we have a 3-period timetable given by:

Period | Period I Period Il
t Yy Yy Y
t Y5 Y3 Y
t3 Yy Y Vs

f4 — J— Y3
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The main results (Continued)

ts Y Ya

Conclusion

In the present manuscript, we have designed a new algorithm to find the chromatic
index to color the edges of a graph. It has been found that some classical results are
successfully established by our new algorithm. The new introduced algorithm has been
successfully applied to a real-life example where a correct result has been obtained. It
has a great scope for further research in the field of graph theory, computer program-
ming, and algebraic-specific structures.
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