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Introduction

In recent years, scientists, engineers, and mathematicians have shown great interest in
uncertainty as it found many fields like decision-making, engineering, environmental sci-
ence, social sciences, and medical science. Probability theory, fuzzy set theory [1], rough
set theory [2, 3], and other mathematical tools have been used successfully to describe
uncertainty. Each of these ideas has its inherent difficulties as pointed out in [4, 5]. Con-
sequently, Molodtsov proposed a novel concept for modeling vagueness and uncertainty
called soft set theory.

Theory of soft sets has enough parameters, so that it is free from abovementioned diffi-
culties. It deals with uncertainty and vagueness on the one hand while on the other it has
enough parametrization tools. These qualities of soft set theory make it popular among
researchers and experts working in diverse areas. Some applications of soft set theory can
be seen in [6—8]. Research on soft set theory is growing rapidly [9-13]. In [14], we pre-
sented soft sets on a complete atomic Boolean lattice as a generalization of soft sets and
obtained the lattice structure of these soft sets.

Rough set theory, introduced by Pawlak [3] in the 1980s, is a powerful machine learn-
ing tool that has applications in many areas [15, 16]. Rough set theory was proposed as a
formal tool for modeling and processing incomplete information in information system.
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Pawlak rough set is mainly based on equivalence relation. But in practical, it is very dif-
ficult to find an equivalence relation among the element of a set. So, some other general
relations such as tolerance one and dominance ones are considered to define rough set
models. Equivalence relations can be replaced by tolerance relations [17], similarity rela-
tions [18], and binary relations [19]. The properties of the rough approximations in more
general setting of complete atomic Boolean lattice were studied by Jarvinen in [20]. All
these proposals share the common feature that they deal with approximations of concepts
in terms of granules.

The major criticism on rough set theory is that it lacks parametrization tools. In order
to make parametrization tools available in rough sets, a major step is taken by Feng et al. in
[21]. They introduce the concept of soft rough sets, where instead of equivalence classes
parameterized subsets of a set serve the purpose of finding lower and upper approxima-
tions of a subset. In [22], Xueling and Jianming apply rough soft sets to BL-algebras. In
[23, 24], the concept of bipolar soft rough set and bipolar soft rough relation are proposed
In [25], Shabir introduced a new approach to soft rough sets called modified soft rough
set (MSR-set) and studied some of their basic properties. In [14], we defined two pairs of
soft rough approximation operators on a complete atomic Boolean lattice Band gave their
properties. These operators suffer from unexpected properties such as soft upper approx-
imation of non zero element might be equal zero and soft upper approximation of any
element might not greater than this element. To resolve this problem, we introduce the
notion of modified soft rough set on a complete atomic Boolean lattice and its application
in decision making was analyzed.

This paper is arranged as follows, in “Preliminaries” section, some basic concepts of
soft sets and rough sets on a complete atomic Boolean lattice are discussed. Also, we dis-
cuss the notion of soft rough set on a complete atomic Boolean lattice. The purpose of
“Modified soft rough sets (MSR-sets) on a complete atomic Boolean lattice” section is to
generalize soft rough set theory by introducing the notion of modified soft rough approx-
imation operators on a complete atomic Boolean lattice B. Moreover, we study their
properties and introduce a new rough set model, which is an improvement of Jarvinen’s
model [20]. We study the relations between soft rough approximations on B [14] and
current approximations. Also, we introduce the deviation of some properties of the pre-
vious soft model [14] and our new model supported by counter examples. In “Relation
between MSR sets and rough sets on a complete atomic Boolean lattice” section, we intro-
duce the notion of Boolean lattice information system. Also, the relationship between
the Boolean lattice information system and soft set on a complete atomic Boolean lat-
tice is discussed. Also, the concept of approximations of Boolean lattice information
system with respect to another Boolean lattice information system is studied and we
introduce an applicable example to illustrate this notion. In the last section we intro-
duce the concept of modified soft rough topology and we apply it and its base in diabetes
mellitus(DM).

Preliminaries
We assume that the reader is familiar with the usual lattice-theoretical notation and

conventions, which can be found in [26, 27].

Lemma 1 [26] Let B = (B, <) be a complete lattice, S, T C Band {X;:i €I} C g (B)
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(i) IfSC T, then\/SC\/ T
i) VSUT) =NV NT).
Gi)) \/ (UWXiziel) =V {VX el

Lemma 2 [26] Let B = (B, <) be a Boolean lattice, then for all x, y € B
(i) 0 =1landl =0,
(ii) x' =x,
(iii) xVvy) =x' Ay, and (xny) =« VY,
(iv) x<yiffxny =0.

Lemma 3 [20] Let B = (B, <) be a complete Boolean lattice. Then for all {x; : i € I} C B
andy € B

A \x) =\ 0 Ax)
iel iel
and

v (A=) =\ v

iel iel

Definition 1 [20] Let B = (B, <) be an ordered set and x, y € B, we say that x is covered
by y (or that y covers x), and write, x < y if x < y and there is no element z in B with
x<z<y

Definition 2 [20] Let B = (B, <) be a lattice with a least element 0. Then a € B is called
an atom if 0 < a. The set of atoms of B is denoted by A(B). The lattice B is called atomic if
every element of B is the supremum of the atoms below it, that isx = \/ {a € A(B) : a < x}.

Definition 3 [14] Let B = (B, <) be a complete atomic Boolean lattice and E be a set of
parameters. Let A be a non empty subset of E. A soft set over B, with support A, denoted by
fa on B is defined by the set of ordered pairs

Ja={(e.fale)) e € A, fale) € B},
oris a function fy : A — Bs.t

fae) #0 V ec AC Eandfa(e) =0if e & A.

In other words, a soft set over B is a parameterized family of elements of B. For each e € A,
f(e) is considered as e-approximate element of f4

Definition 4 [14] Let B = (B, <) be a complete atomic Boolean lattice. Let A C E and let
fa be a soft set over B. The complement of fa, denoted by (f4)€ is defined by (f4)¢ = (f¢, A),
where f€ : A — B is a mapping given by f(e) = f(e)’ for every e € A.

Definition 5 [14] Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a
soft set over B.

(i) fais called full, if \/ ,c4f (€) = 1;
(ii) fa is keeping infimum, if for any e1, ex € A, there exists e3 € A such thatf(e1) Af (e2) =

f(e3);
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(iii) fa is keeping supremum, if for any ey, ex € A, there exists e3 € A such that f(e1) Vv

Sf(e2) = f(e3);
(iv) f is called partition of B if

(1) \/eEAf(e) = 1)
(2) Foreveryeec A, f(e) #0,

(3) Foreveryey, ey € Aeither f(e1) = f(ez) or f(e1) Af(ez) = 0.

Definition 6 [14] Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a

soft set over B. For any element x € B, we define a pair of operators x”,x" : B — B as
follows:

=\V{beAB):JecAstb<f(e) and f(e) <x},
N=\/{beAB):Jec Asthb <f(e) and f(e) Ax # O}.

The elements x" and x" are called the soft lower and the soft upper approximations of x
over B. Two elements x and y are called soft equivalent if they have the same soft upper and
soft lower approximations over B. The resulting equivalence classes are called soft rough

sets over B.

Example 1 Let B={0,a,b,c,d, e, f, 1} and let the order < be defined as in Fig. 1.

The set of atoms of a complete atomic Boolean lattice B = (B, <) is {a,b,c}. Let A =
{e1, e, e3,} and f4 be a soft set over B defined as follows: f(e1) = a, f(e2) = b, and f(e3)
d. So, f4 is not full. Many odd situation occurs. For example,

Ifx=c#0,thenx’ =x" =0. Alsoifx = e, thenx = aVv b =d # e Moreover ¢ £ x"
orc £ x" foranyx € B

In order to avoid these situations, we introduced in [14] the notion of full soft sets on B.
Moreover the concept of soft postive, soft negative and soft boundary are meaningful in the
case of full soft sets.

In the following, we show that negative element of any x € B cannot be avoided.

Proposition 1 Let f4 be a soft set over B which is not full. Then there exists at least
b € A(B) such that b < neg(x) = (x") forall x € B.

Proof Since fy is not full, i.e., \/ f(a) £ 1.So3becAB)stb £ f(a)Va € A. Let
x € Bstbh < x. If b < x™, then EaeAstb < f(a) and f(a) A x # 0 which is a
contradiction. Hence b £ x”. By a similar argument when b £ x it can be shown that
b £ x". Therefore b < 1 —x" = (x")'. O

Modified soft rough sets (MSR-sets) on a complete atomic Boolean lattice

Some properties of generalized soft rough model

In this section, we will generalize the soft rough model on a complete atomic
Boolean lattice B by defining modified soft rough sets on B. Also, we will present
some properties of modified soft rough approximation operators on B, and intro-
duce a new soft rough model on B, which is an improvement of previous
models [14, 20].
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¢

Fig. 1 The complete atomic Boolean lattice B

Definition 7 Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a soft set
over B. Let ¢ : A(B) —  (A) be another map defined as ¢(b) = {a € A : b < f(a)}. Then
the pair (A(B), ¢) is called MSR-approximation space on B and for any element x € B,
lower MSR-approximation on B is defined as

x; =\{acAB):a<x,p(@) £ob)YbecAB) stb £ux),
and its upper MSR-approximation over B is defined as

x$ =\/{a € AB) : p(a) = ¢(b) for some b € A(b) s.t b < x}.
Ifx, # x,, Then x is said to be MSR-element on B.

Remark 1 Lower MSR-approximation of x over B can be defined as x(z =\V{aeAB):
p(a) # b)Y be AB) s.t b £ x} because if we let p(a) # (b)Y b e A(B)s.tb £ x and
a % x, then by hypothesis ¢(a) # ¢(a) which is impossible.

Lemma 4 Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a soft set
over B. Let (A(B), ¢) be a MSR-approximation space on B. Then forall c € A(B) andx € B

() c<xy<=c=<xand pc) Zpb)VbeAB)stb £x
ii) c< x@ < ¢(c) = p(b) forsomeb € A(B)s.tb < x.
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Proof i) (=) Suppose that ¢ < x(z = \V{@geAB :a<x,¢p() #
ob)Vbe AB)stb £x}. Soc < «x If p(c) # ob) Yb € AB) st b £ «x,
then ¢ A x(\; = ¢ AN V{ageAB):a<x,p(a) #¢pb) VbeAB)stb£ux}=

Vi{anc:aeAB),c<x,p(a) #¢b)VY b e AB) s.t b £ x}. Since ¢p(c) # ¢(b), then
c#a,ie,cAha=0. Hencec < (xg)’, a contradiction.

(<) Suppose that ¢ < «x and ¢(c) # @eMb)VDb € AB)stb £ x then
c < \V{aeAB):a<x,¢pla) # pb)Vb £ x} = x(z. Condition (ii) can be proved
similarly. O

Proposition 2 Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a soft
set over B. Let (A(B), ) be a MSR-approximation space on B. If p(a) = ¢(b) for some
a,b € A(B), then for any x € Beither a,b < x) or a,b £ x;,.

Proof If a < x@, then ¢(a) = ¢(c) for some ¢ € A(B) s.t ¢ < x. Since ¢(a) = ¢(b), then
@(b) = ¢(c), ¢ < x. This implies that b < x7). O

Proposition 3 Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a soft
set over B. Let (A(B), ¢) be a MSR-approximation space on B. Then for all x € B

(i) x, <x=x,
. \/ . _ /\
(ii) 0, =0=0g

vee AV _ 1A
(iii) l,=1=15

Proof (i) Assume that b € A(B), st b < xl, then b < x. For the other inclusion, let
b e A(B) s.t b < x. Then ¢(b) = ¢(b) for some b < x. Thus b < x@.
(it) O; = V{aeAB) :a<0,¢p@) #pb)Vbe AB) st b £0} = 0. Also, 0@ =
\/ {a € AB) : (a) = p(b) for some b € A(B) s.t b < 0} = 0. Claim (iii) can be proved
similarly. O

Proposition 4 Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a soft
set over B. Let (A(B), ¢) be a MSR-approximation space on B. Then for all x,y € B

(i)  The mappings ; : B—> Band ) : B—> B are order preserving.
(ii) The mappings ; : B—> Band j : B—> B are mutually dual.

Proof (i) Assume that x < yand a < x;f. Letb € A(B)s.tb £ y.Sincex < y,thenb % .
Since a < x(Z, then ¢(a) # ¢(b).Soa < yg and we get x(\,f < yl. Now let b < x(?, that is
@(b) = ¢(c) for some c € A(B) s.t ¢ < x. Since x < y, then ¢(b) = ¢(c) for some c € A(B)
s.tc < y. Thus b < y,. Consequently, x; < y,,.

(ii) We must show that x;) = ((x/)l)/ and ((x,)g)/ = x(z. Leta € A(B) s.ta < ((x/)(\,f)/,
then a £ (x/)(\,f. So, either a £ x or p(a) = ¢(b) for some b € A(B) s.tb < (x/)/ = x, that
isa < x@. Conversely, Let a < x{;, then ¢(a) = ¢(b) for some b € A(B) s.t b < x. Thus
az x)y thatisa < ((x))). Sox) = ((*)}) .

Leta € A(B) sta < ()}, thena % (x)). Hence, p(a) # @(b) forallb € A(B) st
b < x. Thatis a < x because otherwise, if 2 < x, then ¢(a) # @(a), a contradiction.
Thus, a < «x, ¢(a) # @) forall b € AB) st b < x and consequently, a < x(\;.
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Conversely, let a € A(B) s.ta < x;, then a < x and ¢(a) # ¢(b) for all b € A(B) s.t
b<x.Thusa £ (x/){;, iea < ((x/)g)/. So ((x/)g)/ = xz.

Forall S C B, we denote S = {x, : x € S} and S} = {x;, : x € S}. O

Proposition 5 Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a soft
set over B. Let (A(B), ¢) be a MSR-approximation space on B, then

i) ForallS C B, \/S$ = (VS)Q and /\S$ > (/\S)Q.

ii) ForallS C B, ASy = (AS)y and VS < (VS),.

(iii) (B)), <) is a complete lattice; O is the least element and 1 is the greatest element of
(B}, 2).

(iv) (B, <) is a complete lattice; 0 is the least element and 1 is the greatest element
of(By, <).

(v) The kernal (H);f = {(xy) : xl = y;f} of the map ; : B —> B is a congruence on the
semi lattice (B, A) such that the @;—class of any x has a least element.

(vi) The kernal ®), = {(x,y) : x, = y,,} of the map |; : B —> B is a congruence on the
semi lattice (B, V) such that the ©)-class of any x has a greatest element.

Proof (i) Let S € B. The mapping ;:B —> B is order preserving, which implies that
\/S$ < (vS)Q and /\S$ > (/\S)Q. Let b € A(B) and assume that a < (\/S)Q. So, p(a) =
¢ (b) for some b € A(B) s.t b < VS. So, p(a) = ¢(b) for some b € A(B) and x € S s.t
b<x.So{a e AB): ¢(a) = ¢(b) forsome b € A(B) s.t b < VS}

C U, la e AB) : p(a) = ¢(b)forsome b € A(B) s.t b < x}. Then

(\/S)Q =\ {a € AB) : (a) = ¢(b) for some b € A(b) s.t b < VS}

<V, {a € AB) : p(a) = ¢(b) for some b € AB) s.t b < x})

= \/xgs(\/{a € A(B) : p(a) = ¢(b) for some b € A(b) s.t b < x}) (by Lemma 1)

=\Vix, :xeSh=\S,

(ii) Let S € B. The mapping ;:B — B is order preserving, which implies that (/\S)(Z <
AS(Z and VSg < (VS)Z. Leta € AB) sta < /\S(Z = A{xg :x€S8). So,a < xand
p(a) # o) forall b € AB) st b £ x for every x € S. Hence ¢(a) # ¢(b) for all
beAB)sthb £ AS.Infactif b £ AS,thenIx € Ss.tb £ x. So, p(a) # ¢(b). Therefore
b< (/\S)g. Consequently, /\S(Z < (/\S)g. Assertions (iii) and (iv) follow easily from (i), (ii)
and Proposition 3(i). The proof of (v) and (vi) follow by (i) and (ii). O

The inequalities in Proposition 5 may be proper. This can be seen in the following

example.

Example 2 Let B = {0,a,b,c,d,e,f,1} and let the order < be defined as in Fig. 1. Let
A = {e1, e, e3,} and f4 be a soft set over B defined as follows:
fler) = 0, f(e2) = ¢ and f(e3) = d. Then the map ¢ of MSR-approximation space
(A(B), @) on Bwill be p(a) = {e3}, p(b) = {e3}, and ¢(c) = {e2}.
Ifwetakex = eandy = f. Thenx Vv y = 1 and (xV y), = 1. Also, x; = ¢, y, = cand
x, vy, =c Thus (x \/y)(\,f>#x¥ VY,
Nowx, =avbVve=1y; =aVvbVvc=L1Sox,; Ay, =1 On the other hand

9
xANy=eAf=cand(xAy), =0. Thusx{’}/\y2>#(x/\y)$,
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Proposition 6 Let B = (B, <) be a complete atomic Boolean lattice and let fn be a soft
set over B. Let (A(B), ¢) be a MSR-approximation space on B. Then, (B, >) = (BQ, <)

Proof We show that x$—> (x/)(j is the required dual order isomorphism. It is obvious
that x$—> (x/)g is onto (BY, >). We show that x$—> (x/); is order embedding. Suppose
that x{,} < y@ .Thenforalla € A(B),a < x{,} implies a < y@. So, for all 2 € A(B) such that
@(a) = ¢(c) for some ¢ € A(B) s.t ¢ < x implies p(a) = ¢(b) for some b € A(B) s.tb < y.
Suppose that (y,);ff(x,);. So there exists a € A(B) such that a < (y,)(\,f and a £ (x/);f.
Hence a < y and ¢(a) # ¢(b) forallb € A(B)sth < (y) = y.Alsoa % (x)) implies
either a £ x’ or p(a) = ¢(c) for some ¢ € A(B) s.tc < (x/)/ = x, a contradiction. Hence
(y/)v < (x/);f. On the other hand, assume that (y/)v < (x/);f and x(ﬁ £ y(ﬁ. So there exists
a € A(B) such thatg < x{,} anda % yg. So ¢(a) = ¢(b) for some b € A(B) s.t b < x. But
¢(a) # ¢(c) forallc € A(B)s.tc <y.Soa < (y/); anda £ (x/)(z, a contradiction. O

Proposition 7 Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a soft
set over B. Let (A(B), ¢) be a MSR-approximation space on B. Then for all x € B

) (xy)y =%,
ii) (x(ﬁ)g = x@.
iii) (x(z )Q = x;f
) (xp), =%,

Proof i) (x;); =\{a€cAB) :a< x; yo(a) #ob)VbeAB)stb £ x;}. By Propo-
sition 3 x; < x which gives x < (x;f)/. Soif b < «,then b < (x;f)/. Therefore
(xg)y =V{a€AB):a<x, 9@ #pb)VbeAB)stb£xt=x,.
ii)By Proposition 3 x(ﬁ < (x@)g. For the reverse inclusion, let a < (x{;)@, then ¢ (a) = ¢(b)
forsomeb € A(B)s.th < x(’;, that is ¢(b) = ¢(c) for some ¢ € A(B) s.t ¢ < x. This implies
that ¢(a) = ¢(c) for some ¢ € A(B) s.t ¢ < x. Hence a < x(? and therefore (x{,})(g < x{’}.
Hence (x{,}){; = x@.
iii)x(z < (xg)g by Proposition 3. For the converse assume that a < (&Z)So So ¢(a) = ¢(b)
for some b € A(B) st b < x(;. Hence ¢(b) # ¢(c) forall c € A(B) s.tc¢ < x . Since
@(a) = ¢(b), then ¢(a) # ¢(c) forall c € A(B) s.t ¢ < x . Since ¢(a) = ¢(a), thena £
iiea<x.Soa < xg. Hence (xé)(/; < x(; and we conclude that (xl)g = xZ'
iv)By Proposition 3 (x(g)(z < x@. Conversely, if a % (xg);, then either a £ x{; or
¢(a) = ¢(b) forsome b € A(B) s.t b < (x(?)/. Ifa £ x;}, then we get our required result.
In later case, p(a) = ¢(b) for some b € A(B) s.tb < (x{,})/. So ¢ (b) # ¢(z) for all z € A(B)
s.t z < x. Therefore p(a) # ¢(z) forallz € A(B) s.tz < x. Also,a < x because if a i x,
then a < x. So ¢(a) # ¢(a), a contradiction. Hence a < (xl)(z. Thatisa % ((x/)g)/ = x@

by Proposition 4(ii). O

Relations between soft rough approximations on B and current approximations
The following proposition shows a relation between soft lower approximation operators
over a complete atomic Boolean lattice B and lower MSR-approximation over B.

Proposition 8 Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a soft

set over B. Let (A(B), ¢) be a MSR-approximation space on B. Then for any x € B, x¥ < x(z.

Page 8 of 17
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ProofLetb € A(B)s.tb <x.ThenJaec Astb <f(a) <x Soa € ¢(b)andb < x.
Ifb £ xg, then ¢(b) = ¢(c) for c € A(B) s.t ¢ £ x. Since a € ¢(b) and p(b) = ¢(c), then
a € ¢(c) which implies that ¢ < f(a) < x. Hence ¢ < x which is a contradiction. Therefore
xV < x;. O

The following example shows that the relation < between x,; and ¥ may be proper.

Example 3 Let B = {0,a,b,c,d,e,f,1} and let the order < be defined as in Fig. 1. Let
A = {e1, e, e3,} and f4 be a soft set over B defined as follows:
fler) = a, f(ezx) = 0, and f(e3) = e Then the map ¢ of MSR-approximation space
(A(B), @) on Bwill be p(a) = {e1, e3}, ¢(b) = ¢, and ¢(c) = {es).

Letx =d. Thenxz =aVvVb=dandx" =a. Thusxv<¢x

| <

In the following proposition we study a necessary and sufficient condition for x(z <x
to be hold for any x € B.

Proposition 9 Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a soft
set over B. Let (A(B), ¢) be a MSR-approximation space on B. Then for any x € B, xl <xV
iffforeveryb € AB)Je c As.tf(e) = \/{a € AB) : p(a) = ¢(b)}.

Proof (=) Assume that x(z < x” foranyx € B.Letb € A(B) andx = \/{a € A(B) :
(@) = p(b)}. So x(\; = \/{a € A(B) : 9(a) = ¢(c) for somec € AB) ¢ < x} = \/{a €
A(B) : ¢(a) = ¢(b)} = x. Since b < x = x(\,f and x; < «xV,then b < xV. Therefore 3e € A
st b < f(e) and f(e) < x. Also, for all a € A(B) s.ta < x, we have ¢(a) = ¢(b), thus
e € ¢(b) = ¢(a). So a < f(e) and therefore x < f(e). Consequently, f(e) = x = \/{a €
A(B) : p(a) = p(b)}.

(&) Letx € Band b € AB)s.tbh < x;. So for every a € A(B), if p(a) = ¢(b), then
a < x.Hence \/{a € AB) : p(a) = ¢(b)} < x. By assumption, Ie € As.tf(e) = \/{a €
A(B) : p(a) = ¢(b)}. Hence b < f(e) and f(e) < x. Therefore b < x¥ and consequently,
x(\’f <xV. O

Remark 2 In general, there is no relation between x;, and x". If x = e in Example 1, then

" =dandxy =e £ d.

A

In Propositions 10 and 11 and Corollary 2 we show that there is a relation between x;;

and x” if some specific conditions hold.

Proposition 10 Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a soft
set over B. Let (A(B), ¢) be a MSR-approximation space on B. Then fy is full iff x@ <"
for every x € B.

Proof (=) Assume that f4 is fulland x € B. Leta € A(B) s.ta < x{;, then3 b € A(B)
stb < xand p(a) = ¢(b).Sinceb <1 =1\/ f(e),thenTe € Astb < f(e). Hence
b < f(e) Axand thus f(e) Ax # 0. By, b §f(ee)€,Awe have e € ¢(b) = ¢(a) and therefore
a < f(e). Consequently, x$ < x".

(<) Suppose that x$ < x” for every x € B, we show that 1 < \/eEAf(e). Let a € A(B),



Mustafa Journal of the Egyptian Mathematical Society (2019) 27:15 Page 10 0of 17

thena < a$ < a”. Therefore e € As.tf(e) Aa # 0and thus a < f(e) because a € A(B).
Consequently, f4 is a full soft set over B. O

Corollary 1 Let B = (B, <) be a complete atomic Boolean lattice and let fy be a soft set
over B. Let (A(B), ) be a MSR-approximation space on B. Then fy is full iff x < x" for
everyx € B.

Proof (=) Assume that fj is full and x € B. Then x < x@ < x” (by Propositions 3
and 10).
(<) Assume that x < x” for everyx € B.Let b € A(B), thenb < b" < \/{f(e):ec A
andf(e) Nb # 0} = \/{f(e) :e € Aand b < f(e)}. Therefore 3e € Astb < f(e) and
consequently, f is full. O

Proposition 11 Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a
soft set over B. Let (A(B), ¢) be a MSR-approximation space on B. Then x™ < x(ﬁ for every
x € Biff for every e1, ey € A, f(e1) Af(e2) = 0 whenever f(e1) # f(e2).

Proof (=) Assume that x* < x{,} for every x € B. Letej,ex € A, if f(e1) A f(ex) # O,
then3b € A(B)s.tb < f(e1) Af(ez). Since b < f(e1), thenf(e1) < \/{f(e) : b <f(e)} =
V{f(e):bAfle) #0} = b < by = \/{a € A(B) : p(a) = ¢(b)}. On the other hand
we show that \/{a € A(B) : ¢(a) = ¢(b)} < f(e1).Letc € AB)s.tc < \/{a € A(B) : p(a)
= @¢(b)}, then ¢(c) = ¢(b) and thus e; € ¢(b) = ¢(c). Therefore ¢ < f(e;) and conse-
quently, f(e1) = \/{a € A(B) : p(a) = ¢(b)}. Similarly, by b < f(e2), f(e2) = \{a €
A(B) : ¢(a) = ¢(b)} and hence f(e1) = f(e2) -

(<) Assume that for every ej,ex € A, f(e1) A f(e2) = 0 whenever f(e1) # f(ez). Let
x € Banda € A(B)s.ta < x",then3Je; € As.ta < f(e1) and f(e1) A x # 0. So, 3
be AB)s.tb < f(e1) Ax. We show that p(a) = {ex € A : f(e2) =f(e1)}. If f(ex) # f(er),
then f(e1) A f(e2) = 0 by assumption. Thus a £ f(e2) because a < f(e;) and therefore
er & p(a). So p(a) C {ex € A : f(e2) = f(e1)}. On the other hand, if f(e2) = f(e1), then
a < f(ez) and hence ey € ¢(a). Consequently, p(a) = {ex € A : f(e2) = f(e1)}. Similarly
we can show that ¢(b) = {ey € A : f(e2) = f(e1)} and thus ¢(a) = ¢(b). Since b < x, then
a< x$. O

Corollary 2 Let B = (B, <) be a complete atomic Boolean lattice and let fy be a soft set
over B. Let (A(B), ¢) be a MSR-approximation space on B. Iff (e) # O for every e € A, then
fa is a partition soft set iff x"* = x;, for every x € B.

Proof Obvious. O

Deviation of some properties of the previous soft rough approximations and the current
approximations

In this section we will introduce the deviations of some properties of soft rough approxi-
mations on a complete atomic Boolean lattice B [14] and the current approximations.
On accounting of Proposition 3, 5, 6, and 7[parts (ii) and (iv)], there are deviations
between some of the properties of lower and upper approximations on B and MSR lower
and upper approximations on B, as follows
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Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a soft set over B. Then
forallx € B

(i xZa"

() 17 #1#1"

(iii) Forall S C€ B, ASY # (AS)Y.
(iv) (M) £an.

V) &) £«

(vi) Ingeneral (BY,>) % (B", <)

The following counter example support our claims about the above deviations.

Example 4 Let B = {0,a,b,c,d,e,f,1} and let the order < be defined as in Fig. 1. Let
A = {e1, ey, e3,}.
(1) Let f4 be a soft set over B defined as follows:
f(e1) = a,f(ex) = b, f(e3) = d and f(es) = 0. So f4 is not full. Let x = f, thenx™ = d # f.
So,x £ x". Also, 1) =d =1" # L
(2) Let f4 be a soft set over B defined as follows:f (e1) = a, f(e2) = f, f(e3) = e and f(es) =
0. So f4 is not keeping infumum. Let S = {f, e}, then AS = f Ae = cand (AS)Y =¥ = 0.
Also, S = {f, e} and hence NSY = f hne=c £ 0= (AS)". Let x = a, then x" = e and
@) =e"=1Le=ua"Alsox¥ =aand (x") " =e £ a=x".
Letx = aand y = f; then x* = e and y" = 1. Therefore x* < y". On the other hand
yY =a £ f =«". Hence (BY,>) & (BN, <).

Remark 3 (1)It is mentioned that in order to prove thatx < x" and 1YV =1 = 1" in [14]
we employed a strong condition on soft set f4 over a complete atomic Boolean lattice to be
full. However in proving x < x$ and 1; =1= 1(2 in Proposition 3 no such condition is
required.
(2) Also to prove that for all S C B, ASn = (AS)Y in [14] we employed a strong condition
on soft set f4 over a complete atomic Boolean lattice to be keeping infimum. However in
proving /\S(Z = (/\S)(\,f in Proposition 5 no such condition is required.
(3) Finally to prove that (x¥)" = xV, )" = x" and (BY,>) = (B, <) we employed
a strong condition on soft set f4 over a complete atomic Boolean lattice to be a partition.
However in proving (WZ)Q = xz s (xg){; = x@ and (B),>) = (BS, <) in Propositions 6 and
7 no such condition is required.
(4) It is clear that MSR-element over a complete atomic Boolean lattice satisfies all
the basic properties Jarvinems approximations [20]. Thus, MSR-element over a complete
atomic Boolean lattice provides a good combination of roughness and parametrization.

Relation between MSR sets and rough sets on a complete atomic Boolean lattice
In the following, we introduce the notion of Boolean lattice information system and we
show that every soft sets on a complete atomic Boolean lattice induces a Boolean lattice

information system and vice versa.

Definition 8 Let B = (B, <) be a complete atomic Boolean lattice and A be a finite
set of attributes. The pair (A(B),A,V,g) is called lattice information system, if g is an
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information function from A(B) x AtoV =) V, where V., = {g(b,e) : b € A(B),e €
ecA
A} is the values of the attribute set e.

Definition 9 A lattice information system (A(B),A,V,g) is called Boolean lattice
information system if V.= {0, 1}.

Definition 10 Let B = (B, <) be a complete atomic Boolean lattice and let S = f4 be a
soft set over B. Then f4 induces a Boolean lattice information system Iy = (A(B),A, V, g),
wheregs : A(B) x A —> V ={0,1}, Forany b € A(B) and e € A,

1ifb<f(e),

gs(b;e) = 0 lfb ff(E)

Definition 11 Let B = (B, <) be a complete atomic Boolean lattice and I = (A(B),
A, V,g) be a Boolean lattice information system. Then ST = ff{ is called a soft set over B
induced by 1, whereff{ :A—> Bandfore e A, fl(e) = v{b € AB) : g(b,e) = 1}.

Proposition 12 Let B = (B, <) be a complete atomic Boolean lattice and S = f4 be a
soft set over B. Let Iy = (A(B), A, V, gs) be a Boolean lattice information system induced by
S and S% =flf be a soft set over B induced by I;. Thenff = f3.

Proof By Definition 11, for any e € A,flf (&) =Vv{beAB) : g;(b,e) =1}.
By Definition 10, for any b € A(B) and e € A,

1if b < f(e),

&w&%:iOHbff@)

This implies that gs(b,e) = 1 < b < f(e). So, forany b € A(B) e € A, f(e) = f5(e).

Proposition 13 Let B = (B,<) be a complete atomic Boolean lattice and I =
(A(B), A, V,g) be a Boolean lattice information system. Let S = fl‘{ be a soft set over B
induced by I and Iy = (A(B),A, V,gy) be a Boolean lattice information system induced by
Sl ThenI = Iy.

Proof By Definition 10, for any b € A(B) and e € A,

1if b < fl(e),

0 if b £ fl(e)

By Definition 11, for any e € A, fl(e) = Vv{b € AB) : g(be) = 1}. Since I =
(A(B),A, V,g) be a Boolean lattice information system, then g(b,e) = 0if b £ f!(e). This
implies that

gl (b) e) = {

1if b <fle),
0 if b £ fl(e)

So forany b € A(B) and e € A, ga(b,e) = g(b,e). Hence gz = g and Consequently,
I=1y. O

g(b,e) = {
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Definition 12 Let B = (B, <) be a complete atomic Boolean lattice and let S = f4 be a
soft set over B. Let Iy = (A(B), A, V, gs) be a Boolean lattice information system induced by
S. Then I induces a mapping W : A(B) —> B as follows; for every a, b € A(B)

a=<ysb) & VeecAgilae) =gb,e)

In [14], we define a mapping induced by a soft set f4 on a complete atomic Boolean
lattice B as follows

Definition 13 [14] Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a
soft set over B. Define a mapping yr : A(B) — B by

a<yrb) & JecA sta=f(e)and b <f(e)

forevery a,b € A(B). Then Yy is called the mapping induced by f on B.

Definition 14 [14] Let B = (B, <) be a complete atomic Boolean lattice and let f4 be a
soft set over B. Let yrr : A(B) — B be the mapping induced by fa on B. We define a pair of
soft approximation operators ¥/ ,°f : B — B as follows s

xf =\/{beAB) : yr(b) < x}, and
x% =\/{b e AB) : Y (b) Ax # O},

The elements x*/ and ¥/ are called the soft lower and the soft upper approximations
of x with respect to the mapping vy induced by f4 respectively. Two elements x and y are
called equivalent if they have the same soft upper and lower approximations with respect
to the mapping vy induced by f4 on B. The resulting equivalence classes are called soft
rough sets with respect to the mapping v/ induced by f4 on B.

Proposition 14 Let B = (B, <) be a complete atomic Boolean lattice and S = f4 be a
partition soft set over B. Let Iy = (A(B), A, V,gs) be a Boolean lattice information system
induced by fa. Then

a<Yub) & a<ypb)VabeA®B)

Proof (=) Leta,b € A(B) s.ta < y5(b). ThenV e € A, g;(a,e) = gs(b,e). Sincea < 1
and f4 be a partition soft set, then 3 e € As.ta < f(e). So g(b,e) = gs(a,e) = 1 and
therefore b < f(e). Consequently, a < ¥7(b).

(&)Leta,b € A(B) sta < Ys(b). ThenI ey € Asta =< f(e1) and b < f(e1). So
gs(a,e1) = gs(b,e1). Forevery ey, € A —{e1}, iff(e1) = f(e2), thena < f(ez) and b < f(e2)
and thus gi(a,e2) = 1 = go(b,e2). If f(e1) # f(ea), then f(e1) A f(e2) = 0 because fy is
a partition. Since a < f(e;) and b < f(e1), thena % f(e2) and b £ f(ez) and therefore
g(a,e2) = 0= gg(b,ez). So, gs(a, e) = gs(b, e) Ve € A and consequently a < (D). [

Proposition 15 Let B = (B, <) be a complete atomic Boolean lattice and let S = f4 be a
soft set over B. Let (A(B), ¢) be a MSR-approximation space on B and Iy = (A(B),A, V, g)
be a Boolean lattice information system induced by S. Then

(i) Va,be AB)a = ¥s5(b) & ¢a) = p(b).



Mustafa Journal of the Egyptian Mathematical Society (2019) 27:15 Page 14 of 17

(i) VxeBx) =x], wherex; =\/{b € A(B) : Y5(b) < x).
(iii) Vx € B, x$ = x5, where x> = \/ {b € AB) : Ys(b) Ax # 0}

Proof i)(=) Leta,b € A(B) s.ta < ¥s(b). So gs(a,e) = gs(b,e) Ve € A. Lete € ¢(a), so
a < f(e) and hence g;(a,e) = 1. Therefore g;(b,e) = 1 and thus b < f(e). Consequently,
e € p(b). So p(a) € ¢(b), similarly we can show that ¢(b) C ¢(a).

(<) Leta,b € AB) stg(a) = p(b). Lete € A, if gg(a,e) = 1, then a < f(e) and hence
e € p(a) = (). Also, b < f(e) and so gs(b,e) = 1. If gi(a,e) = 0, then a £ f(e) and
hence e € ¢p(a) = ¢(b). Therefore b £ f(e) and thus gs(b,e) = 0. So gs(a,e) = gs(b,e) VY
e € A and consequently, a < ¥5(d).

ii) Lete € Band b € A(B) s.tbh < x(z. We show that y5(b) < x. Leta € A(B) s.ta < y(b),
then ¢(a) = ¢(b) by i). But b < xgj implies that ¢(b) # ¢(c) VY ¢ € A(B) s.t ¢ £ x. Since
¢(a) = ¢(b), then a < x and therefore ¥;(b) < x. This implies that x;f < xSV.

Conversely, Let b € A(B) s.tbh < x). So ¥s(b) < x.Leta € A(B) s.ta £ x, thusa £ ¥(b).
Therefore g(a) # ¢(b) by i) and so b < x,. Consequently, xy < X

iii) Letx € Band b € A(B) s.t b < x{,}, then3a € A(B) sta < x and p(a) = ¢(b). So
a < Y(b) by i) and therefore (b)) A x # 0. Consequently, b < st.

Conversely, let b € A(B) s.tb < st, then Y(b) Ax # 0. Thus 3a € A(B) s.ta < x and
a < Ys(b). Thus ¢(a) = ¢(b) by i) and therefore b < x@. O

In the following, we introduce the concept of Boolean lattice information system with
respect to another Boolean lattice information system. We study upper and lower MSR-
approximations of soft set on a complete atomic Boolean lattice with respect to another
soft set.

Definition 15 Let B = (B, <) be a complete atomic Boolean lattice and let f4, be a soft
set over B. Let (A(B), ) be a MSR-approximation space on B where ¢ : A(B) —> P(A1) is
defined as ¢(b) = {a € A : b < f(a)}. Let g4, be another soft set over B. For any e € Ay,
lower and upper MSR approximations of ga, over B are denoted by (gAz)¥ and (gAZ)Q
defined as

gy =\V{acAB) :a<gle),p@ #¢ob)VbeAB)sth £gle)Vee A,
g(e)@ =\ {a € AB) : p(a) = ¢(b) for some b € A(b) s.t b < g(e)} Ve € As.

In order to understand this concept consider the following example:

Example 5 Let B = {0,a,b,c,d, e, f, 1} representing 8 patients, where 0 denotes patient
who drink mineral water only, a denotes patient who drink coffee, b denotes patient who
drink cola, ¢ denotes patient who drink tea, d denotes patient who drink caffeine lig-
uids, e denotes patient who drink antioxidant liquids, f denotes patient who drink cold
liquids and 1 denotes patient who drink all liquids. So, the order < can be defined as
in Fig. 1.

Let A1 = {e1, ey, e3,}, where e denotes temperature, ey denotes headache and es denotes
stomach problem and let fa, be a soft set over B representing the diagnosis of doctor M,
defined as follows:

f(e1) = b, f(ex) = eand f(e3) = b. Then the Boolean lattice information system of fa, can
be given by Table 1, where 1 and 0 denote yes and no respectively.
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Table 1 Lattice information system of the soft set f4

€ €2 €3
a 0 1 0
b 1 0 1
c 0 1 0

Then the map ¢ of MSR-approximation space (A(B), ) will be p(a) = {es}, (b)) =
{e1, e3}, and ¢(c) = {ea}.

Let Ay = {e1, e, e3, e} and ga, be another soft set over B representing the diagnosis of doc-
tor N, where Ay = {e1, €3, 3, e4} and ey represents cough, defined as follows:

gle1) =d, gle2) = b, g(e3) = cand g(ey) = e. So lower MSR-approximations of ga, over B
are g(el);f =b, g(ez)g = b, g(eg)g =0 andg(e;;)},f = a. Also, upper MSR-approximations
of ga, over B areg(el){; =avbvc=1, g(ez){; =b, g(eg)g =aVc= eundg(e;;)@ =e
So, for example the patient a will be diagnosed cough by doctor N.

Application
In this section, we introduce the concepts of modified soft rough topology based on the

notion of modified soft lower and upper approximations

Proposition 16 Let U be the universe,X € U B = o (U) and F4 be a soft set over U.
Then, the collection Té(X) = {U, ¢, X, X, yy9(X) = X — X}, forms a topology on U
called the modified soft rough topology on U w.r.t X.

Proposition 17 Let r;ﬂR(X) be a modified soft rough topology on U w.rt X. Then the
collection Bé(X) = {U, X/, Bndy,(X)} forms a base for T (X).

Proof Obvious O

Now, we will apply the concept of soft rough topology in Diabetes mellitus (DM),

commonly referred to as diabetes, is a group of metabolic diseases in which there are
high blood sugar levels over a prolonged period. Symptoms of high blood sugar include
frequent urination, increased thirst and increased hunger. If left untreated, diabetes
can cause many complications. Acute complications can include diabetic ketoacidosis,
nonketotic hyperosmolar coma or death. Serious long-term complications include heart
disease, stroke, chronic kidney failure, foot ulcers, and damage to the eyes.
Consider the following information table (Table 2) giving data about 6 patients as a ran-
dom representative. The rows of the table represent the attributes (the symptoms for Dia-
betes) and the columns represent the objects (the patients). Let U = {p1, p2, p3, P4, V5, Ps}
and A = {ej (Frequent Urination), ex(Increased Hunger), e3(Increased Thirst)}. Let F4 be
a soft over U given by Table 2 and (U, ¢) be a MSR-approximation space.

Let X = {p1,ps,ps} be the set of patients having diabetes. Then, we have
X;/ = {PI:P4>P5};X$ = {P11P4»I95} andBnd(ﬂ(X) = ¢. Therefore TgR ={U, o {PI,PAL,PS}}
is a modified soft rough topology on U and its soft basis ,BgR X)) ={U, o, {p1,ps,p5}}-

If the attribute frequent urination is removed, we have X(Z = {pa, p5}, XQ = {p1,P3, P4 P5}
and Bnd,(X) = {p1,ps}. Therefore, 15 (X) = {U, $, {pa, ps}, {p1,p3, pa- 5}, {P1,p3}} is a
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Table 2 Tabular representation of the soft set F4

p1 p2 p3 P4 ps Pe
e 1 0 0 1 1 0
e 1 1 1 0 0 1
es 0 1 0 1 1 1
Diabetes 1 0 0 1 1 0

modified soft rough topology on U and its soft basis ﬂfR(X) —e1 = {U,{psps}, {p1,p3}} #
B (0.

Again, if the attribute increased hunger is removed, we have X ;)/ = {p1,pasps})
X(Z\ = {p1,pa, ps} and Bnd,(X) = ¢. Therefore, ‘L';'DR(X) = {U, ¢, {p1, ps, p5}} is a modified
soft rough topology on U and its soft basis ,BS‘pR(X) —e ={U, P, {p1,pa,ps5}} = ,BER X).
Finally, if the attribute Increased Thirst is removed, we have X(Z = {p1,pa,ps5}
X;)\ = {p1,p4,ps5} and Bnd,(X) = ¢. Therefore T;R(X) = {U, ¢, {p1,pa, ps}} is a modified
soft rough topology on U and its soft basis ,BS(/)R(X) —e3=1{U, ¢,{p1,pa-ps5}} = ﬂprR X).
Therefore, Core(SR?)(X) = {e1}, i.e., frequent urination is the key attribute that has close
connection to disease diabetes.

Algorithm:
Step 1: Given a finite universe U, a finite set A of attributes represent the data as an
information table, rows of which are labeled by attributes (C),columns by objects and
entries of the table are attribute values.
Step 2: Find the lower MSR approximation, upper MSR approximation and the soft MSR-
boundary region of X C U.
Step 3: Generate the soft rough topology t;pR (X) on U and its soft basis /ngoR(X).
Step 4: Remove an attribute x from conditions of attributes (C) and find the lower and
upper MSR approximations and the MSR-boundary region of X on C — (x).
Step 5: Generate the soft rough topology ng on U and its soft basis ,B;/JR(X) — X.
Step 6: Repeat steps 4 and 5 for all attributes in C.
Step 7: Those attributes in C for which ﬂfR X)) —x # ﬂgR(X) forms the Core(SR?)(X).

Conclusion

Lattice is a very important structure in mathematics. In [14], we introduced the concept
of soft sets on a complete atomic Boolean lattice B. We combine soft set and rough set
by introducing the concept of soft rough set on B. Some shortcoming became the part
of soft rough sets on B. In this paper, we introduced the concept of Modified soft rough
sets(MSR) on a complete atomic Boolean lattice. Some important properties of MSR on B
have been discussed. Similar results which require some strong conditions for their proof
in soft rough sets on B can be proved in MSR sets without these conditions. Furthermore,
we used the modified soft rough approximation operators to introduce the concept of
modified soft rough topology and apply this concept in diabetes mellitus.
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