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Introduction
Let A denote the class of analytic functions of the form:

f@=z+) a" (zeU:U={zeC:le| <1}). (1)
n=2

o
For h(z) € A, given by h(z) = z+ Y h,z", the Hadamard product (or convolution) of
n=2
f(2) and h(z) is defined by:

(fxh)@ =2+ ahz" = (h x ). 2)

n=2

Definition 1 ([1, 2], and [3] with p 1). Let 77,)(\(,0) O<p<1,k>2 and

o0
] < %) denote the class of functions p(z) = 1+ Y. ¢,z", which are analytic in U and

n=1
satisfy the conditions:

@Hp0) =1,

2 .

R {e*pz)} — pcosi .
(ii)/ { p(l)} p < k7 cos A (r<1,z:re‘96U). (3)
—p
0

We note that:
(i) P,ﬁ‘ 0) = 73,? (k> 2and|Ar| < %) is the class of functions introduced by Robertson
(see [4]), and he derived a variational formula for functions in this class.
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(i) P,?(p) = Pr(p) (0 < p < 1, k > 2) is the class of functions introduced by
Padmanabhan and Parvatham [5] (see also Umarani and Aouf [6]).

(iii) 7),? (0) = Pr(k = 2) is the class of functions having their real parts bounded in the
mean on U, introduced by Robertson [4] and studied by Pinchuk [7].

(iv) Pg (p) =P (p) (0 < p < 1)is the class of functions with positive real part of order
p,0<p<l.

(v) Pg (0) = P is the class of functions having positive real part for z € U.

By the Koebe one-quarter theorem [8], we know that the image of U under every univa-
lent function f € A contains the disk with center in the origin and radius 1/4. Therefore,
every univalent function f has an inverse f ! satisfies:

fHf@) =z@eU)andf(F W) = w (| < ro(f), ro(f) = 1/4). @)
It is easy to see that the inverse function has the form:
Frw) =w—aw? + (261% — a3) w3 — (Sag — 5asas + as) wh 4 (5)

A function f € A is said to be bi-univalent in U if both f and its inverse map g = f ~lare
univalent in U.

Let Y denote the class of bi-univalent functions in U in the form (1). For interesting
examples about the class ), see [9].

The object of this paper is to introduce new subclass of Bazilevi¢ functions [10] for the
class ) with bounded boundary rotation and defined by using convolution as follows:

Definition 2 Let f,h € ), a € C*, > 0,0 < p < 1, k > 2and |A| < 7, then
(f*h)(z) € ) issaid to bein the class M, , kg (f*h) if it satisfies the following conditions:

Fxm@\ 2 xh)' @ ((f*h()
{(1_“)( z >+a(f*h)(z)( z

B
) } € Pi(p) (ze 1) 6)

and

-1 B 1 ’ 1
{(l—a)((f*h) (W)> LM EDTIW) ((f*h) w)

B
A
W (f «h)~L(w) W ) } € Pr(p) (wel).

(7)

We note that by putting different values for h, «, B, k, X, and p, in the above definition, we
have:

(D) Miopkp (f % 15) = Re(pkB) (F € X0 B2 0,0 = p < 1, &k = 2) (see [11),
with y = 1);
(2) Moz,O,p,k,l(f* h) = ﬁa,p,k(f * h) (f:h €d,aeCs0<p<l, k> 2) (see [12]);
(3) My0,021( * ) = Ly o (f * h) (f,h €Y,n=>0,0<p< 1) (see [13] and [14]);
@) Moo (f % 15) = Lo, (D@ (f € X, 12 0,0 < p < 1) (see [15]);
(5) Muopzs (f ¥ 152) = Lop )@ (f € X B 20,0 = p < 1) (see [16]);
() Miopai1 (f X 15 ) = £,()@) (£ € X 0= p < 1) (see [9])
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(7) Map,p2,8 (f X 1%) NPﬂa(O p) (feY, Ba>=0,0<p<1)(see [[17], with
B = 0]);

(8) Miopap (f % %) =Ry(B.0) (€L, F2 0,05 p<1) (see 18)).

Also, we can obtain the following subclasses:

) Mapohs (f % 5) = Fanoks )

ey iama (1)« (19

N ow(Ew) (o
(11)Ma0pkﬁ(f*h) ocpkﬂ(f*h)
INELIG) 2f xh) @ (@)’
{fhez a )( ) +a =@ ( ) € Pr(p)
(f )~ (w) w((f x D W) [+ )’ ‘
and (l—a)( " ) + o T ( " ) € Pe(p) ¢
(111)Ma0p2/3(f*h) apﬂ(f*h)

B . Fxm@\ | 2 =)@ (@)
_{f,hez..n[a—a)( . >+“(f*h)(z)( . >}>

G\ w(FEmTIw) ()’ ,
and N |:(1—oc) (w> +a i) Tw) ( ” > > 003

(iv) Mo oxs(f x ) =

B . (f * h)(2)\?
= {f,hez.(l—a) (Z) +a

Mepiep(f * h)

’ B
z2(f * h)'(2) ((f*h)(z)) 6772“

(f = h)(2) z
G\ w(f T w) (et )
and(l_“)( W >+“ (%) 1(w) ( w )EPk’
(V) Ma00xp0 *h) = Mepp(f *h)

. 8
_ [f,heZ:(l—a)(v f)(z)) T

and (1 —«)

2(f xh)'(2) ((fx @)’
(f*h)(2)< z )Epk

(vi) Ma,0,02,8(f *h) =

-1 B
u ((f*h) (w)) +aw
w

((f )L w))’ <(f*h)‘1(W))’3 el
(f * ) L(w) w “I’

Ma,ﬂ(f * )

. g
_ [f,hezza—a)((f i’)(z)) iy

2(f xh)'(2) ((fxh@))’
(f*h)(z)< z )ep

and (1

-1 B
_a)(gf*h) (w)) e
w

w((f % h) " (w)) ((f*h)%w))’3 ol
(f *x h)~L(w) w ’

Page 3 0of 9



Aouf et al. Journal of the Egyptian Mathematical Society (2019) 27:11 Page 4 of 9

(vii) My pkp(f * 1) =Ty pip(f * h)

h)' h p
e T (L29Y cpi

w((f % h) =L (w))' (f*hrl(w))ﬂ
(f * ) L(w) (

S Pk*(p)};
or

/ B
7‘{&:2’))(;) (7(;‘*};)(;;)) :| — pCosSA —isini

= fez:e’*[

(1 —p)cosi € Pr

. ’ ﬂ
e [z((/]::g(g) (Ln=) } — peosh —isin

d ;
an (1 — p)cosi € P

(viil) M1,0,p,2,8(f * 1) = Fp p(f x h)
= | F D@ (@)
_if,hez.s)t[(f*h)(z) ( . )}>

I R (o) ((f*h>—1(w)>ﬂ
and N F ) Tow) » >pq.

In order to obtain our main results, we have to recall here the following lemma.

Lemmal ([3]withp=1).Ifp(z) =14 ) ¢,2" € 73,?(,0), then

n=1

Il < (1 —p)k cosh. (8)

The result is sharp. Equality is attained for the odd coefficients and even coefficients

respectively for the functions:

_ 3 ol (k+2 1—z B k—2 1+z B
p1(@) =1+ 1 —p)cosre [(4 ><1+z> (4 )(1_2) 1:|,

ol (k+2\ [(1-2 k—2\ (142>
p2(@)=1+01—p)cosie A[( I )<1+z2)_< 1 )(1_Z2>—1]

We note that for A = 0 in Lemma 1, we obtain the result obtained by Goswami et al.
[19] [Lemma 2.1] for the class Py (p).

In this paper, we will obtain the coefficients bounds |a| and |as| for the class
M pi(f * h), which defined in Definition 2.

Coefficient estimates for functions in the class M, , kg (f % h)
Theorem 1 Let f,h € ), o € (C*\{—I,_Tl}, B=>00<p<1 k=2 [A] <7,
S x h given by (2) and ha, h3 # 0.Iff * h belongs to M, o i p(f * h), then:

|ﬂ2|§min{\/ 2k(1 —p)cosr k(1 —p)cosi ©

120 + Bl (B+ 1) |ha)? o+ Bl lhal

and
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k(1 —p)cosr  [k(1 — p)cosi]?

10
1= o il ¥ et Bl (10
The result is sharp.
Proof 1 If (f x h) € Mgy, pkp(f * h), then from Definition 2, we have:
@\ | 2fxh@ (=@ _ N
(l—a)<z ) +a Fr@ < " ) =p), p € P (p) (11)

and

-1 B -1 4 -1 B
(1—a)<(f*h) (w)) +aw((f*h) w)) ((f*h) (w)) _qw), q € Pr(o),

w (f xh~t(w) w
(12)
where p and q have Taylor expansions as follows:
p@) =1+piz+p2® +p3 +..,ze, (13)
qw) =1+ qw + gaw* + gsw® + ..., w € U. (14)

By comparing the coefficients in (11) with (13) and coefficients in (12) with (14), we obtain:

p1= (B +a) axhy, (15)
+2 -1

po= (B +20) aghy + LD (16)

a1 =—(B+a) ahy (17)
and

+2 -1

7> = (B + 20) (2a5h3 — ashs) + W ash3. (18)
Since p,q € 73,;\ (p) and by applying Lemma 1, we have:

|pu] < k(1 = p)cosi (n = 1) (19)
and

44| < k(1 = p)cosi (n = 1). (20)
From (16) and (18) and using inequalities (19) and (20), we obtain:

1 + 2k(1 — A
|as|* < | 2|q2| < (1 = p) cos > (21)
20 + BB + 1] |hy| 2a + Bl (B + 1) |l
Also, from (15) and (19), we obtain:
k(1 — p) cos A
lag| < ——————. (22
2= o+ Bl 1l :

Subtracting (18) from (16), we have:

p2—q2=2Qa+ p) (ashs — a3h3). (23)

Also, we have:

P+ =2+ B adhl. (24)
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After using (23), (24), (19), and (20), and some easily calculations, we obtain:
k(1 — p)cosr  [k(1 — p)cosA]?
2a + Bl 3] | + BI? | 3]

which completes the proof of Theorem 1. The result is sharp in view of the fact that assertion
(8) of Lemma 1 is sharp.

las| < (25)

Remark 1 For h(z) = %, B =a =1, k = 2, and . = 0 in Theorem 1, we obtain the

—z?

result obtained by Srivastava et al. [9] [Theorem 2].

Putting /(z) = 1% in Theorem 1, we obtain the following corollary.

Corollary 1 Let f € ), « GC*\{_L%I}, B=0,0<p<1,k>2and |A| < F.If
J € Fanoxpf) then:

laz| < min \/m, k(1 — p) cos A
- 2e+plB+1)  la+pl

k(1 — p)cosr  [k(1 — p)cosA]?
|20 + B oo+ 81>
The result is sharp.

and

las| <

Putting A = 0 in Theorem 1, we obtain the following corollary.

Corollary 2 Let f,he ), a € (C*\{—l,%l}, B=>0,0<p<1, k>2fxhgiven by
(2) and hy, h3 # 0.Iff xh € Fy ,ip(f * h), then:

120 + B1 (B + 1) lha)?” | + Bl |2

and
gl < KA=p) k(- P’
T Ra+ Bl e+ B2 Ikl
The result is sharp.

Putting A = 0 and k = 2 in Theorem 1, we obtain the following corollary.

Corollary 3 Let f,h € >, o € C*\ {—1,_71}, B >0 0<p <1,fx*hgivenby(2)
and hy, h3 # 0. Iff x h € Fo p p(f * h), then:

] < min 4(1 - p) C2(1-p)
- 120 + B1 (B + 1) |ha)?” | + Bl 2]

and
o < 24=p) | 20—l
T 20+ Bllhsl o+ B |hs]
The result is sharp.

Putting @ = 1 in Theorem 1, we obtain the following corollary.



Aouf et al. Journal of the Egyptian Mathematical Society (2019) 27:11 Page 7 of 9

Corollary 4 Let f,h € ), 8 20,0 < p <1, k =2, [A| < T, f * hgiven by (2)
and hy, h3 # 0. If f x h € F) , 1 p(f * h), then:

|a2| < min 2k(1 — p)cosr k(1 — p)cosh
- Q+B)B+1) > A+

and
3| < k(1 — p)cosr  [k(1 — p)cosr]?
T 2+ B Ihs] (1+ B)? |h3]
The result is sharp.

Putting ¢ = 1, k = 2, and A = 0 in Theorem 1, we obtain the following corollary.

Corollary 5 Let f,h € >, 8>0,0 < p < 1,f x h given by (2) and hy, h3 # 0. If
fxheF,g(f xh), then:

5] < min 41 - p) 21— p)
- Q+B)(B+1) > L+ B

and
2A-p) , 20-p7P
las| = TN
2+ p)lhsl (1 + p)*|hs]
The result is sharp.

Putting p = 0 in Theorem 1, we obtain the following corollary.

Corollary 6 Let f,h € Y, « € C*\ {-1, 3L}, B =0, |A| < &, k > 2, f x h given by
(2) and hy, h3 # 0. If f x h € Mg 18(f * h), then:

lay| < mi 2k cos A k cos A
az| < min ;
? 20 1+ BB+ 1) [ha® Jo+ Bl Il

and
k cos A [k cos A]?
las| = CRTINE
120 + Bl 1h3| |+ BI° |13
The result is sharp.

Putting p = A = 0 in Theorem 1, we obtain the following corollary.

Corollary 7 Let f,h € Y, o € (C*\{—I,_Tl}, B =0, k =2, f*h given by (2)
and hy, h3 # 0. If f x h € My i p(f * h), then:

\y] < mi 2k k
a min ;
2= 20+ B (B+ 1) [hal* le + Bl 2]
and
k2

+ 3 .
12c + Bl 13| | + BI” |h3]
The result is sharp.

las| <

Putting p = A = 0 and k = 2 in Theorem 1, we obtain the following corollary.
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Corollary8 Let f,h € 3, @ € C*\{—1, 5L}, B > 0,fxhgiven by (2) and hy, h3 # 0.If
fxhe Mgg(f *h), then:

4 2

laz| < min ;
’ 20+ Bl (B + D) |ha? Ja+ Bl I

and
las| < P
as| = .
12a + Bl 3| | + BI? |hs]

The result is sharp.

Putting . = 0, « = 1 and /4(z) = 1=; in Theorem 1, we obtain the following corollary.

Corollary9 Let f € ) ,0<p <1 andpB >0.Iff € Rz(p,k,ﬂ), then:

2kQ—p) kA —-p)
C+A B+ 1+p)

las| < min

and
k(—p)  [kQ=p)P
las| = 5
2+p a+p)
The result is sharp.

Remark 2 The results in Corollary 9 correct the results obtained by Orhan et al. [11]
[Theorem 2.11, withy = 1. ].
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