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Abstract The alternative (G'/G)-expansion method has been further modified by introducing the
generalized Riccati equation to construct new exact solutions. In order to illustrate the novelty and
advantages of this approach, the general Sawada—Kotera (GSK) equation is considered and abun-
dant new exact traveling wave solutions are obtained in a uniform way. These solutions may be
imperative and significant for the explanation of some practical physical phenomena. It is shown
that the modified alternative (G’'/G)-expansion method is an efficient and advance mathematical

tool for solving nonlinear partial differential equations in mathematical physics.
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1. Introduction

The rapid development of nonlinear sciences witnesses a wide
range of reliable and efficient techniques (see for example |1

43]) which are of great help in tackling physical problems even
of highly complex nature. After the observation of soliton
phenomena by John Scott Russell in 1834 [1,25] and since
the KdV equation was solved by Gardner et al. [2] by inverse
scattering method, finding exact solutions of nonlinear evolu-
tion equations (NLEEs) has turned out to be one of the most
exciting and particularly active areas of research. The appear-
ance of solitary wave solutions in nature is quite common.
Bell-shaped sech-solutions and kink-shaped tanh-solutions
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model wave phenomena in elastic media, plasmas, solid state
physics, condensed matter physics, electrical circuits, optical
fibers, chemical kinematics, fluids, bio-genetics, etc. The travel-
ing wave solutions of the KdV equation and the Boussinesq
equation which describe water waves are well-known exam-
ples. Apart from their physical relevance, the closed-form solu-
tions of NLEE:s if available facilitate the numerical solvers in
comparison, and aids in the stability analysis. In soliton the-
ory, there are several techniques to deal with the problems of
solitary wave solutions for NLEEs, such as, Hirota’s bilinear
transformation [3], Backlund transformation [4], improved
homotopy perturbation [5], Darboux transformation [6],
Tanh-function [7], homogeneous balance [8], Jacobi elliptic
function [9,10], F-expansion [11] and Exp-function [12-15].

Recently, Wang et al. [16] established a widely used direct
and concise method called the (G'/G)-expansion method for
obtaining the exact travelling wave solutions of NLEEs, where
G(&) satisfies the second order linear ordinary differential
equation (ODE) G” + AG' + uG = 0, where A and p are arbitrary
constants. Applications of the (G’/G)-expansion method can be
found in the articles [17-26] for better understanding.

1110-256X © 2015 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.
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In order to establish the effectiveness and reliability of the
(G'/G)-expansion method and to expand the possibility of its
application, further research has been carried out by several
researchers. For instance, Zhang et al. [27] presented an
improved (G'/G)-expansion method to seek more general trav-
eling wave solutions. Zayed [28] presented a new approach of
the (G'/G)-expansion method where G(&) satisfies the Jacobi
elliptic equation [G'(¢)]” = e,G*(&) + e,G*(&) + ey, €2, €1, €y are
arbitrary constants, and obtained new exact solutions. Zayed
[29] again presented an alternative approach of this method in
which G(¢) satisfies the Riccatiequation G'(¢) = 4 + BG*(¢),
where A and B are arbitrary constants. Still, substantial work
has to be done in order for the (G'/G)-expansion method to
be well established, since every nonlinear equation has its own
physically significant rich structure. For finding the new exact
solutions of NLEEs, it is important to present various method
and ansatz, but it seems to be more important how to obtain
more new exact solutions to NLEEs under the known method
and ansatz. In the present article, we further modify the alterna-
tive (G'/G)-expansion method (presented by Zayed [29]) by
introducing the generalized Riccati equation mapping, its
twenty seven solutions and constructed abundant new traveling
wave solutions of the general Sawada— Kotera equation which
is a special case of the fifth-order KdV equation (fKdV)

Uy + Uy + Pllhyy + Ptictice + catu, =0, (L.1)

where o, f and y are arbitrary nonzero and real parameters,
and u =u(x,?) is a differentiable function. The fKdV Eq.
(1.1) is an important mathematical model with wide applica-
tions in quantum mechanics and nonlinear optics, furthermore
describes motions of long waves in shallow water under gravity
and in a one-dimensional nonlinear lattice. The general SK
equation is characterized by the values
1

B=2 a=37 (12)
With (1.2), (1.1) reduces to general SK equation:

1
ul + uXXXXX + ’YMMXXX + yuxu)‘x + §y2u2uY = 0' (1'3)

The article is arranged as follows: In Section 2, the modified
alternative (G'/G)-expansion method is discussed. In Section 3,
we apply this method to the nonlinear fifth-order KdV equa-
tion (fKdV) pointed out above; in Section 4, graphical repre-
sentation and in Section 5 conclusions are given.

2. Methodology

Consider the general nonlinear PDE of the type

) =0, (2.1)
where u = u(x, t) is an unknown function, P is a polynomial in
u(x,t) and its partial derivatives in which the highest order
partial derivatives and the nonlinear terms are involved. The
main steps of the modified alternative (G'/G)-expansion
method combined with the generalized Riccati equation map-
ping are as follows:

Step 1: The travelling wave variable ansatz

ulx, t) =u(é), &=x-"Vi, (2.2)

where V' is the speed of the traveling wave, permits us to trans-
form Eq. (2.1) into an ODE:

O(u,u' " u",...) =0, (2.3)

P(u’ Upy Uy Upgy Uy Uyyy - -

where the superscripts stands for the ordinary derivatives with
respect to &.

Step 2: If possible, integrate Eq. (2.3) term by term one
or more times. This yields constant(s) of
integration.

Step 3: Suppose the traveling wave solution of Eq. (2.3)
can be expressed by a polynomial in (G'/G) as

follows:
m G\"
u(é) = ;an (E) , a0 (2.4)
where G = G(¢) satisfies the generalized Riccati equation,
G =r+pG+qG, (2.5)
where a, (n=0,1,2,...,m), r, pand g are arbitrary con-

stants to be determined later. The generalized Riccati Eq.
(2.5) has twenty seven solutions [41] as follows:

Family 1. When p?> — 4gr < 0 and pg#0 (or rg#0), the solu-
tions of Eq. (2.5) are,

1 1
G = % [—p + 4qr — p*tan (5 \4qr —pzf)] ,

1
G, = [p ++/4qr —pzcot<§ 4gr —pzé)} ,

s
2q

G, :% {—p—&- Vagr—p? (tan<\/4qr—[725> :i:sec(\/ 4‘]"—[725))}7

Gy = 72%1 [er Vaqr—p? (cot(\/4q"*]’2§) iCSC(\/ 4‘1’*1725))]’

1 1 1
Gs :@ {—2p+\/4qr—p2 (ran(z 4qr—p2.§> —cot(z‘\/4qr—p2£>ﬂ7

1 (A* — B*)(4qr — p?) — A\/4qr — p*cos <\/4qr —p? f)
G() =— *p+
Asin( 4qr — p? f) +B

1 (4%~ B)(4gr — ) + Av/Aqr — pPcos /4qr — ¢

Gr=5|-pr+
Asin<\/4qr7p2§> +B

where 4 and B are two non-zero real constants and satisfy the
condition 4% — B> > 0.

—2rcos (% \agr — p25>

Gy = )
' \/4qr — psin (% mf) + pcos <% aqr — pch)
G 2rsin (% Vagr —p? f)
" psin (% Vaqr fpzé) +\/(4qr — p*)cos (% VAgr — ng) '
72rcos(\/wcf)
Gy =

V (4qr fpz)sm(\/ﬁlqr - pzé) +pcw<\/4qr - pzé) +/Ggr—p)
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2rsin< 4qr — pzé)

Family 3. When r = 0 and pg#0, the solutions of Eq. (2.5)

G = ) P
! 7psin(\/4qr *1725) +/(4qr 7172)L‘os(\/4qr 7[72&_:) +/(4gr —p?) are,
drsin( /Aar = ¢ ) cos (4 /Agr = p7¢)
Gl2 =

Family 2. When p? — 4gr > 0 and pg#0 (or rg#0), the solu-
tions of Eq. (2.5) are,

1 1
Gi3 = “3 {p+ P — 4qrtanh(§ P’ *411”Cf>]7
1 1
G14272{P+ p274qrcoth(§ p2*4qrf)}a

Gis = f;—q [+ /o2 = ar (ranh (/2 =dqre) & isech(v/p? —4art) ),
Gro— é [+ /07— agr(corh(V/i7—aar) £ esch( v/ —agre) ).

1 1 1
Gy = I {2p+ VP? 74qr<lanh (Z 2 74qr§'> +coth (Z\/pz 74q1‘£>>] ,

1 [ (A* + BY) (0> — 4qr) — A\/p* —4qreosh <\/p2 - 4qr§)_
Gis =5, 17PT )
q Asinh(\/p7=4gr) + B
G 1 [ (B — A*)(p? —dqr) + A \/p2 —d4qrcosh (\/pz — 4qr§)_
=—|-p— )
P72 Asz'nh(\/m.f) +B

where 4 and B are two non-zero real constants and satisfy the
condition B> — 4> > 0.

2rcosh (% Mf)

7 Agrsint (1 /57— 4gré)  peosh (3 /o7 4ar)

2rsinh (% Mf)

GZO

~2psin(}v/Aqr = p¢ ) cos (5 /aar = p7¢) + 2/ lhar — pP)cos? (1 /agr = p2¢) = \/laar = p?).

Gos = —pd
» 7 4ld + cosh(pé) — sinh(pé)]’

__ pleosh(pé) + sinh(p¢)]
gld + cosh(p&) + sinh(p&)]’

where d is an arbitrary constant.

Gy =

Family 4. When ¢#0 and r = p = 0, the solution of Eq. (2.5) is,

1

Gy=——F-,
7 g + ¢

where ¢ is an arbitrary constant.

Step 4: To determine the positive integer m, substitute
Eq. (2.4) along with Eq. (2.5) into Eq. (2.3)
and then consider homogeneous balance
between the highest order derivatives and the
nonlinear terms appearing in Eq. (2.3).

Step 5: Substituting Eq. (2.4) along with Eq. (2.5) into Eq.
(2.3) together with the value of m obtained in step
4, we obtain polynomials in G' and G~ (i =0, 1,
2,3,...) and vanishing each coefficient of the
resulted polynomial to zero, yields a set of alge-
braic equations for a,, r, p, ¢ and V.

Step 6: Suppose the value of the constants
a,, v, p, g and V can be determined by solving
the set of algebraic equations obtained in step 4.
Since the general solutions of Eq. (2.5) are
known, substituting a,, r, p, ¢ and V into Eq.
(2.4), we obtain new exact traveling wave solu-
tions of the nonlinear evolution Eq. (2.1).

3. Some new traveling wave solutions of GSK equation

In this section, the modified alternative (G'/G)-expansion
method is employed to construct some new traveling wave
solutions of the general Sawada—Kotera (GSK) equation
which is a very important nonlinear fifth-order KdV equation
(fKdV) in mathematical physics and engineering. Let us con-

G21 = ’
\/P? — dqreosh (% V- 4qré) — psinh (% V- 4qré>

2rcosh (\ /p*— 4qr§>

Gn= )

” \/p* —4qrsinh ( N 4qr£> — pcosh ( N/ 4qr£) +iy/p*—4qr

2rsinh ( VP — 4qré>

G23 = . = )

—psinh (\/ P —4qr f) +v/p - 4‘1"50-”1(\/ P —4qr 5) +\/p?—4qr sider the general Sawada—Kotera equation:
4rsinh (;‘1 V- 4qrf> cosh G P> — 4qrg“>
Gy =

—2psinh (% P2 — 4qré> cosh (i \/172——44;’&) +2/p? — 4qrcosh’ (ﬁ N/ 4qrcf) — /P - igr
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Uy + Uyyxxx T YUl xxx + VUxUxx + _Vzuzux =0. (31)

Now, we use the wave transformation Eq. (2.2) into Eq. (3.1),
which yield:

Vil + u" + yuu

n !0

1
+ypdd + gy2u2u' =0. (3.2)
Integrating Eq. (3.2) with respect to &, we get

. 1
C— Vu+u™ + yud + Eﬂ/zu3 =0. (3.3)
According to step 4, the solution of Eq. (3.3) can be expressed
by a polynomial in (G'/G) as follows:

Q) =ao+ ¢ var(? 2+ + &y #0
u = dy ay G [25) G e Ay G 3 apy
(3.4)

where a;, (i=0,1,2,...,m) all are constants to be determined
and G = G(¢) satisfies the generalized Riccati Eq. (2.5). Con-
sidering the homogeneous balance between the highest order
derivatives and the nonlinear terms in Eq. (3.3), we obtain
m=2.

Therefore, solution of Eq. (3.4) takes the form

4 N 2
u(€) =ap +a (%) +a (%) ,  @#0. (3.5)

By means of Egs. (2.5), (3.5) can be rewritten as,

u(é) =ap+ a)(p +rG" + qG) + ar(p + rG™! +qG)2. (3.6)
Substituting Eq. (3.6) into Eq. (3.3), the left hand side of this
equation is converted into polynomials in
G and G (i=0,1,2,3,...). Setting each coefficient of these
polynomials to zero, we obtain a set of simultaneous algebraic
equations for ay, a;, a», p, q, r and V as follows:

G/ 0 G/ 1 G/ 2 G/ 12
CO(E) +C1<E> +Cz<5> +"'+C12<E> =0.

Solving the over-determined set of algebraic equations by
using the symbolic computation software, such as, Maple,
we obtain

5(p* — 4qr 30 30
g 204 3 30
Y b Y
V:p4 — 8p2qr + 16qzr27
10 p® — 12p*qr + 48p*¢*r* — 64¢°r3
3 y ’

C= (3.7)
where p, ¢ and r are arbitrary constants.Now on the basis of
the solutions of Eq. (2.5), we obtain some new types of solu-
tions of Eq. (3.1).

Family 1. When p? — 4¢gr < 0 and pg#0 (or rg#0), the peri-
odic form solutions of Eq. (3.1) are:

20A% 30,
=+ P

< 2Asec? (AE) )730
y s

2A2se(AE) \°
—p + 2Atan(A¢) y < ) ’

u1 —p + 2Atan(A&)

¢=x—16A% and p, ¢ and r are

where A =1\/4qr — p?,

arbitrary constants.

208 30p ( 2NescA(AE) \ 30 [ 24es?(AS) :
2Ty Ty \wr2Acor(AY)) Ty \p+2Acor(Ad))
e 20A> 30p [ 4A%sec(2AE)(1 + sin(2AE))
} Y y \—pcos(2AE) + 2Asin(2AE) £ 2A
30 4A%sec(208)(1 £5in(2A8) 1\’
7 \—pcos(2AE) + 2Asin(2AE) £2A) 7
e 204 30p [ 4A’csc(2A8)(1 + cos(2A9))
! y y \wsin(2A&) + 2Acos(2AE) £ 2A
30 [ 40%esc2A)(1 £ cos(2A8)) 1\
y \psin(2AE) + 2Acos(2AE) £2A) 7
b 204 30p 2A%csc(AE)
Ty y \wsin(AE) + 2Acos(A)

30 2A%cse(AE) )2

y \psin(A&) 4+ 2Acos(AE)

204> 30p 4AA2{\/A2 ~ B2cos(2AE) — Bsin(2A¢) — A}{Asm(zA@ + B}
T T {420 (208) — A — B — 2ABsin(2A£)}{pAsin(2A£) +24Acos(2AE) + pB — 2AV A% — BZ}
20 4AN VAT Beos(208) — Bsin(2A8) — A} {Asin(2A%) + B} ’
7 {APcos?(2A¢) — 4> — B> — 2ABsin(2A§)}{pAsin(2Aé) +24Acos(2AE) + pB — 2AV A* — Bz} 7
2047 30p 44N { VAT = Breos(208) + Bsin(2AE) + A} {Asin(2A¢) + B
T T (o an) —a B 24Bsin(2A8) }{pAsin(2A¢) — 24Aco5(2A8) + pB — 2V A~ B}
30 44N VI~ Feos(208) + Bsin(2AS) + A HAsin(2A¢) + B} ’
7 \{A4%cos*(2A¢) — A* — B> — 2ABsin(2Af)}{pAsin(ZAﬁ) — 24Acos(2AE) + pB — 2AV A* — Bz} 7
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where 4 and B are two non-zero real constants and satisfy the
condition 4> — B* > 0.

where @ =1\/p? —4gr, ¢ =x—16Q"t and p, ¢ and r are arbi-
trary constants

s :20A2 ~30p ( A sec(AE){pcos(AE) + 2Asin(AE)} ’) 200 30p 2QPcsch?(Q¢) 30 [ 2Q2esch? (Q€)
v 7 \2(p* —2qr)cos*(AL) + 4Apsin(AS) cos(AL) 4 4A7 e = 9 +2Qcoth(QF)) 7 \p+2Qcoth(QF)
30 ( A’sec(AE){pcos(AE) + 2Asin(AE)} )2
1A= 2qr)“’sz(M) +4Apsin(A)cos(AL) +44°) 202 30p [ 4@sech(2Q8)(1 F isinh(208))
i i Ms =TT, (pcosh(ZQf) + 2Qsinh(29F) £ iZQ)
20A° 30 2A%csc(AE in(AE) —2Acos(A
B S ) (ot s
R ' 5 y \pcosh(2QE&) + 2Qsinh(2Q¢E) £+ i2Q
30 20" cse(AE){psin(AE) —2Acos(AE)}
y \2(p? —2qr)cos*(AE) +4Apsin(Aé)cos(AE) — p? , ,
; 20Q°  30p (p4Q csch(2QE)(1 £ cosh(2Q¢)) )
16 = — - - p
" _&Az 30p (2A sec(2AE) {1 £5in(2A&) H{ pcos(2AE) + 2Asin(2AE) :|:2A}> v 7 smh(2Qg) + 2QCOSh(2Q§) +£2Q
0= 7 \2(p% —2qr)cos?(2A&) + 2A{1 £ sin(2AE) }{2A £ peos(2Aé) } 30 [ 4Q%esch(2Q¢)(1 £ cosh(29¢)) )2
30 2N sec(2A8) {1 +sin(2AE) }{pcos(2AE) +2Asin(2AE) +2A} b sinh(2Q&) + 2Qcosh(2QE) £2Q
y <2(p 2 —2qr)cos? (2AE) 4 2A{1 £ 5in(2A& }{2Aipcox(2Ac)})
_20A  30p (2A°csc(2AE){ —psin(2AE) + 2Acos(2AE) £2A} P 20Q°  30p < Qsech(2E)2) )
U= P (2qr — p*)cos(2AE) — 2pAsin(2AE) £ 2qr v 7 \2{cosh?(Q¢/2) — 1} {p+ Q(tanh(QE/2) + coth(Q£/2))}
30 (2A%csc(2AE){— psin(2A&) + 2Acos(2A) £ 24} ﬁ( _ P seck (2¢/2) i )i
_ 7 (24 —7)cos(2A8) — 2pAsin(0AE) - 2ar , y \2{cosh®(2&/2) — 1}{p+ Q(tanh(QE/2) + coth(2E/2))}
30p 440°{ 4 — Bsinh(20¢) — VA + Feosh(202) }
U = ———
7\ {Asinh(2Q¢) + B}{pAsznh(ZQé) +24Qcosh(208) + pB — 20\ 4> + BZ}

4A92{A — Bsinh(2Q¢) — /A + B%osh(zgg)}

2

30 200
y ({Asmh(zgcf) + B}{pAsinh(ZQé) +24Qcosh(2QE) + pB — 20\ 4> + BZ}) y

4A92{A — Bsinh(2Q8) + VA + Bzcosh(29g“)}

30p
Uyg = ———
v ({As[nh(%’)f) + B} {pAs[nh(ZQé) +2A4Qcosh(2Q¢E) + pB +2Qv/ A* + B2}>

4A92{A — Bsinh(2Q¢) + /A* + B2cosh(2Q£)}

2

30 202°
7 \{Asinh(2Q¢) + B} {pAsinh(Zng) +24Qcosh(2Q¢) + pB + 20/ A> + Bz} v

. 20A*  30p A ese(AE){psin(AE) — 2Acos(AE)}
2=

A (2(,;2 2qr)cos2(2Aé)+4pAsin(Aé)cos(Aé)fp2>

30 ( 2N cse(AE){psin(AE) — 2Acos(AE)} >2
7 \2(p* — 2qr)cos?(2AE) + 4pAsin(A&)cos(AE) — '

Family 2. When p? — 4gr > 0 and pg#0 (or rg#0), the soli-
ton and soliton-like solutions of Eq. (3.1) are:

200Q° 30p
y Y

Uz =—

20%sech?(QE) \ 30 ( 2@sech’(Q¢) \
+2Qtanh(QE) y \p+2Qtanh(Q¢)

where 4 and B are two non-zero real constants and satisfy the

condition B> — 4 > 0.
202 30p @ sech(Q%)
Uy = y y 2Qsmh(9€) peosh(Q¢)
30 Qsech(QE) ’
7 \2Qsinh(QE) — peosh(Q¢)
202 30p ( 2Qesch(€2)
2 = . y \2Qcosh(QE) — psinh(QE)

30 ( Qesch(Q¢) )2
y \2Qcosh(QE) — psinh(QE)) ’
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Fig. 4 Soliton corresponding to solution uy; for p =3, ¢ =2,
Fig. 1  Soliton corresponding to solution u; forp=¢=2,r=3 r=1andy=>5.
and y = 5.

Fig. 2 Soliton corresponding to solution us forp=¢=1,r=2
and y = 5. Fig. 5 Soliton corresponding to solution uy; for p=0, ¢ =1,
r=0,y=5and ¢, = 1.

U3 = —

y + y \2Qcosh(2Q&) — psinh(2Q¢&) +2Q

30 [ 4QPcsch(2Q8){1 £ cosh(2Q¢)}
oy <ZQcosh(ZQé) — psinh(2Q¢) + 29) ’

202> 30p ( 4Qesch(2Q8){1 + cosh(2Q¢E)} )

200Q°  30p ( 2Q%cseh(QE) >

= y v \2Qcosh(Q¢&) — psinh(Q¢)

30 2Q%csch(QE) :
y \2Qcosh(Q¢&) — psinh(QE) ) -

Family 3. When r = 0 and pg#0, the solutions of Eq. (3.1)

are,
e — 200 N 30p (p(cosh(pf) — sinh(p¢)) )
® Y y \d+ cosh(p&) — sinh(p&)
Fig. 3 Soliton corresponding to solution u;3 for p =3, ¢ =2, 30 ( p(cosh(p<) — sinh(pf)) :
r=1andy=>5 y \d+ cosh(p&) — sinh(p¢)) ’
o 20Q°  30p (p4stech(2Q£){1 F isinh(2Q¢)} ) 200%  30p pd
- y y \pcosh(2Q&) — 2Qsinh(2QE) F i2Q e = y Ty (d+ cosh(pé) + sinh(pf))

30 <P4925ech(295){1 F isinh(2Q¢)} )2 30 pd

2
—y \peosh(2QE) — 2Qsinh(2Q¢E) F 2Q Pl (d—l— cosh(p&) + sinh(pij)) '
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Family 4. When ¢##0 and r = p = 0, the solution of Eq. (3.1)
is,

o () 8y
7 7 v \gta) v \g+a)’

where ¢; is an arbitrary constant.

4. Graphical presentation

Graph is a powerful tool for communication and describes
lucidly the solutions of the problems. Therefore, some
graphs of the solutions are given below. The graphs readily
have shown the solitary wave form of the solutions (see
Figs. 1-5).

5. Conclusion

Alternative (G'/G)-expansion method has been modified by
introducing the generalized Riccati equation mapping and
abundant exact traveling wave solutions of the general Saw-
ada—Kotera equation with the help of symbolic computation
are obtained. It is important to point out that the obtained
solutions have not been reported in the previous literature.
The new type of traveling wave solutions found in this article
might have significant impact on future research. We assured
the correctness of our solutions by putting them back into
the original Eq. (3.1). This article is only an imploring work
and we look forward the modified alternative (G'/G)-expan-
sion method may be applicable to other kinds of NLEEs in
mathematical physics.

Acknowledgment

The authors are highly grateful for the valuable comments
made by the unknown referees’ and editor which really
improved the quality of presented work.

References

[1] M.A. Wazwaz, Partial Differential Equations and Solitary
Waves Theory, Springer Dordrecht Heidelberg, London, New
York, 2009.

[2] C.S. Gardner, J.M. Greene, M.D. Kruskal, et al, Phys. Rev.
Lett. (19) (1967) 1095-1099.

[3] R. Hirota, Exact solution of the KdV equation for multiple
collisions of solitions, Phys. Rev. Lett. (27) (1971) 1192—1194.

[4] C. Rogers, W.F. Shadwick, Backlund Transformations,
Academic Press, New York, 1982.

[S] M.A. Jafari, A. Aminataei, Improvement of the homotopy
perturbation method for solving nonlinear diffusion equations,
Phys. Scr. (82) (2010) 015002, 5p.

[6] Zhagqilao, Darboux transformation and multi-soliton solutions
for some (2 + 1)-dimensional nonlinear equations, Phys. Scr. (82)
(2010) 035001, 5p.

[71 M. Malfliet, Solitary wave solutions of nonlinear wave
equations, Am. J. Phys. (60) (1992) 650-654.

[8] M.L. Wang, Exact solutions for a compound KdV-Burgers
equation, Phys. Lett. A (213) (1996) 279-287.

[9] S. Liu, Z. Fu, S. Liu, Q. Zhao, Jacobi elliptic function expansion
method and periodic wave solutions of nonlinear wave
equations, Phys. Lett. A (289) (2001) 69-74.

[10] A.T. Ali, New generalized Jacobi elliptic function rational
expansion method, J. Comput. Appl. Math. (235) (2011) 4117—
4127.

[11] Y.B. Zhou, M.L. Wang, Y.M. Wang, Periodic wave solutions to
coupled KdV equations with variable coefficients, Phys. Lett. A
(308) (2003) 31-36.

[12] J.H. He, X.H. Wu, Exp-function method for nonlinear wave
equations, Chaos, Solitons Fract. (30) (2006) 700—708.

[13] M.A. Abdou, A.A. Soliman, S.T. Basyony, New application of
exp-function method for improved Boussinesq equation, Phys.
Lett. A (369) (2007) 469-475.

[14] M.A. Akbar, N.H. Ali, Exp-function method for Duffing
equation and new solutions of (2+ 1) dimensional dispersive
long wave equations, Prog. Appl. Math. 1 (2) (2011) 30-42.

[15] H. Naher, F.A. Abdullah, M.A. Akbar, New traveling wave
solutions of the higher dimensional nonlinear partial differential
equation by the exp-function method, J. Appl. Math. 2012
(2012) 14 (Article ID 575387).

[16] M.L. Wang, X. Li, J. Zhang, The (G'/G)-expansion method and
traveling wave solutions of nonlinear evolution equations in
mathematical physics, Phys. Lett. A (372) (2008) 417-423.

[17] A. Bekir, Application of the (G'/G)-expansion method for
nonlinear evolution equations, Phys. Lett. A (372) (2008) 3400
3406.

[18] H. Naher, F.A. Abdullah, M.A. Akbar, The(G'/G)-expansion
method for abundant travelling wave solutions of Caudrey—
Dodd-Gibbon equation, Math. Prob. Eng. (2011) (Article 1D
218216, 11p. http://dx.doi.org/10.1155/2011/218216, 2011).

[19] M.A. Akbar, N.H. Ali, E.M.E. Zayed, Abundant exact traveling
wave solutions of the generalized Bretherton equation via the
improved (G'/G)-expansion method, Commun. Theor. Phys.
(57) (2012) 173-178.

[20] G.R. Kol, C.B. Tabi, Application of the (G’'/G)-expansion
method to nonlinear blood flow in large vessels, Phys. Scr. (83)
(2011) 045803, 6p.

[21] E.M.E. Zayed, K.A. Gepreel, The(G'/G)-expansion method for
finding traveling wave solutions of nonlinear PDEs in
mathematical physics, J. Math. Phys. (50) (2009) 013502—
013513.

[22] EM.E. Zayed, The(G'/G)-expansion method and its
applications to some nonlinear evolution equations in the
mathematical physics, J. Appl. Math. Comput. (30) (2009) 89—
103.

[23] S. Zhang, J. Tong, W. Wang, A generalized (G'/G)-expansion
method for the mKdV equation with variable coefficients, Phys.
Lett. A (372) (2008) 2254-2257.

[24] J. Zhang, X. Wei, Y. Lu, A generalized (G'/G)-expansion
method and its applications, Phys. Lett. A (372) (2008) 3653
3658.

[25] R. Abazari, The(G'/G)-expansion method for Tziteica type
nonlinear evolution equations, Math. Comput. Model. (52)
(2010) 1834-1845.

[26] X. Liu, L. Tian, Y. Wu, Exact solutions of the generalized
Benjamin—-Bona—Mahony equation, Math. Prob. Eng. (2010)
(2010) 5, http://dx.doi.org/10.1155/2010/796398 (Article ID
796398).

[27] J. Zhang, F. Jiang, X. Zhao, An improved (G’'/G)-expansion
method for solving nonlinear evolution equations, Int. J.
Comput. Math. (87) (2010) 1716-1725.

[28] EEM.E. Zayed, New traveling wave solutions for higher
dimensional nonlinear evolution equations using a generalized
(G'/G)-expansion method, J. Phys. A: Math. Theor. (42) (2009)
195202-195214.


http://refhub.elsevier.com/S1110-256X(14)00090-X/h0015
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0015
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0015
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0015
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0020
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0020
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0025
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0025
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0030
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0030
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0030
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0035
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0035
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0035
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0040
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0040
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0040
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0045
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0045
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0050
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0050
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0055
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0055
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0055
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0060
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0060
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0060
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0065
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0065
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0065
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0070
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0070
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0075
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0075
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0075
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0080
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0080
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0080
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0085
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0085
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0085
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0085
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0090
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0090
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0090
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0090
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0095
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0095
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0095
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0095
http://dx.doi.org/10.1155/2011/218216
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0220
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0220
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0220
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0220
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0220
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0105
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0105
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0105
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0105
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0110
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0110
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0110
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0110
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0110
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0115
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0115
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0115
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0115
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0115
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0120
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0120
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0120
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0120
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0125
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0125
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0125
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0125
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0130
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0130
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0130
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0130
http://dx.doi.org/10.1155/2010/796398
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0140
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0140
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0140
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0140
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0145
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0145
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0145
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0145

Modified alternative (G'/G)-expansion method to general Sawada—Kotera equation of fifth-order 423

[29] E.M.E. Zayed, The (G'/G)-expansion method combined with
the Riccati equation for finding exact solutions of nonlinear
PDEs, J. Appl. Math. Inform. 29 (1-2) (2011) 351-367.

[30] H.T. Chen, H.Q. Zhang, Improved Jacobin elliptic function
method and its applications, Chaos Solitons Fract. (15) (2003)
585-591.

[31] S. Liu, Z. Fu, S. Liu, Periodic solutions for a class of coupled
nonlinear partial differential equations, Phys. Lett. A (336)
(2005) 175-179.

[32] Y.H. He, Y. Long, S.L. Li, Exact solutions of the Drinfel’d—
Sokolov—Wilson equation using the F-expansion method
combined with exp-function method, Int. Math. Forum. (5)
(2010) 3231-3242.

[33] G.X. Guo, L. H. Wu, Darboux transformation and explicit
solutions for Drinfel’d-Sokolov—Wilson equation, Commun.
Theor. Phys. (53) (2010) 1090-1096.

[34] X.Q. Zha, H.Y. Zhi, An improved F-expansion method and its
application to coupled Drinfel’d-Sokolov—Wilson equation,
Commun. Theor. Phys. (50) (2008) 309-314.

[35] W.M. Zhang, Solitary solutions and singular periodic solutions
of the Drinfeld-Sokolov—Wilson equation by variational
approach, Appl. Math. Sci. 5 (38) (2011) 1887-1894.

[36] M Inc, On numerical doubly periodic wave solutions of the
coupled Drinfel’d—Sokolov—Wilson equation by the decomposition
method, Appl. Math. Comput. (172) (2006) 421-430.

[37] V. Marinca, N. Herisanu, Explicit and exact solutions to cubic
Duffing and double-well Duffing equations, Math. Comput.
Model. (53) (2011) 604-609.

[38] X.J. Yang, Advanced Local Fractional Calculus and Its
Applications, World Science Publisher, 2012, ISBN-13: 978-1-
938576-01-0.

[39] J.H. He, Asymptotic methods for solitary solutions and
compactons, Abstr. Appl. Anal. (2012) (2012) 130, http://
dx.doi.org/10.1155/2012/916793 (Article ID 916793).

[40] H. Naher, F.A. Abdullah, The basic (G'/G)-expansion method
for the fourth order Boussinesq equation, Appl. Math. 3 (10)
(2012) 1144-1152.

[41] H. Naher, F.A. Abdullah, The modified Benjamin—Bona—
Mahony equation via the extended generalized Riccati
equation mapping method, Appl. Math. Sci. 6 (111) (2012)
5495-5512.

[42] H. Naher, F.A. Abdullah, A. Bekir, Abundant traveling wave
solutions of the compound KdV-Burgers equation via the
improved (G'/G)-expansion method, AIP Adv. 2 (4) (2012),
042163-042163.

[43] H. Naher, F.A. Abdullah, New traveling wave solutions by the
extended generalized Riccati equation mapping method of the
(2+ 1)-dimensional evolution equation, J. Appl. Math. 2012
(2012) 18 (Article ID: 486458).


http://refhub.elsevier.com/S1110-256X(14)00090-X/h0150
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0150
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0150
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0150
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0155
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0155
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0155
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0160
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0160
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0160
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0165
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0165
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0165
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0165
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0170
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0170
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0170
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0175
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0175
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0175
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0180
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0180
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0180
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0185
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0185
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0185
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0190
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0190
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0190
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0190
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0195
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0195
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0195
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0195
http://dx.doi.org/10.1155/2012/916793
http://dx.doi.org/10.1155/2012/916793
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0205
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0205
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0205
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0205
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0210
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0210
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0210
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0210
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0215
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0215
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0215
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0215
http://refhub.elsevier.com/S1110-256X(14)00090-X/h0215
http://refhub.elsevier.com/S1110-256X(14)00090-X/h5210
http://refhub.elsevier.com/S1110-256X(14)00090-X/h5210
http://refhub.elsevier.com/S1110-256X(14)00090-X/h5210
http://refhub.elsevier.com/S1110-256X(14)00090-X/h5210

	Modified alternative (G'/G)-expansion method to 
	1 Introduction
	2 Methodology
	3 Some new traveling wave solutions of GSK equation
	4 Graphical presentation
	5 Conclusion
	Acknowledgment
	References


