Journal of the Egyptian Mathematical Society (2015) 23, 406-409

(= - )
RS

Egyptian Mathematical Society

Journal of the Egyptian Mathematical Society

www.etms-eg.org
www.elsevier.com/locate/joems

ORIGINAL ARTICLE

Solution of the system of fifth order boundary

@ CrossMark

value problem using sextic spline

Ghazala Akram

Department of Mathematics, University of the Punjab, Lahore 54590, Pakistan

Received 2 December 2012; revised 19 February 2014; accepted 26 April 2014

Available online 4 June 2014

KEYWORDS

Sextic spline;

System of boundary value
problems;

Obstacle problems;
Variational inequalities;

Contact problems AMS CLASSIFICATION:

Abstract A system of fifth order boundary value problems associated with obstacle, unilateral and
contact problems is solved using sextic spline. The results are compared with the method developed
by Ghazala and Siddiqi [1] and it has been observed that the method developed in this paper is bet-
ter than quartic spline method. Two examples are considered for the numerical illustration of the
method developed and the results are encouraging.
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1. Introduction

Variational inequality theory has become an effective and pow-
erful tool for studying the contact, unilateral, obstacle and
equilibrium problems arising in different branches of pure
and applied sciences. Variational inequality theory has proved
to be immensely useful in the study of many branches of math-
ematical and engineering sciences. The general variational
inequalities can be characterized by a system of differential
equations using the penalty function technique, if the obstacle
function is known. This technique was used by Lewy and Stam-
pacchia [2] to study the regularity of the solution of variational
inequalities. The main advantage of this technique is its simple
applicability in solving obstacle and unilateral problems.
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Al-Said [3] developed the solution of system of second
order boundary value problems using quadratic spline. Gao
and Chi [4] solved a system of third-order boundary value
problems associated with third-order obstacle problems using
the quartic B-splines and the method is claimed to be of second
order. Siraj et al. [5] developed the solution of a system of
third-order boundary value problems using nonpolynomial
spline and the method is claimed to be of second order as well.
Siddiqi and Ghazala [6-8] solved the system of fourth order
boundary value problem using cubic nonpolynomial spline,
cubic spline and nonpolynomial spline.

Ghazala and Siddiqi [1] solved fifth order obstacle problem
using quartic spline and it has been observed that the method
developed in this paper is better than quartic spline method.
Noor et al. [9] also solved fifth order obstacle problem using
variation of parameters method, but the exact solution of the
problem given in the paper is not correct. Hence the method
developed by Noor et al. [9] cannot be compared with the
method developed in this paper.

In this paper, sextic spline function is used to develop a
technique for the solution of the following system
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fx), a<x<ec,

YI(x) = § fx) +p(x)g(x) +r, e <x<d, (L1)
Sx), d<x<b,

along with the boundary conditions

y(a) =y(b) =, yV(a)=y"(b)=uw,

o) =y(d) =0, yV(c) = y(d) = u, (1.2)

() =y (d) = as,

where r and o;, i =0,1,...,5 are finite real constants and the
functions f{x) and g(x) are continuous on [a, b] and [c, d],
respectively. Such type of systems arise in connection with con-
tact, obstacle and unilateral problems.

The sextic spline method and the corresponding end condi-
tions are derived in Section 2. Section 3, is devoted to the
application of to a system of fifth order boundary value prob-
lems. In Section 4, two examples are considered for the useful-
ness of the method developed.

y(2)(a) = 04,

2. Sextic spline method

To develop the sextic spline approximation S to the problem
(1.1), the interval [a, b] is divided into k equal subintervals
(s.t k is divisible by 4), using the grid points x; = a + ik;
i=0,1,...,k where h = (b—a)/k.

The restriction S; of S to each subinterval [x;, x;],

i=0,1,...,k—1, is defined as
Si(x) = a;(x — xi)(’ + bi(x — xl»)5 +¢i(x — x,-)4
+di(x — x,~)3 +ei(x x,-)2 +/filx = x;) + g (2.1)
For
Six)=7v.  SY(x)=m
) =i S =m0k (2.2)
(5) _ (3) _
S7(x) =1, S7(xi) =m,

and assuming y(x) to be the exact solution of the system (1.1)
and y; be an approximation to y(x;), obtained by the spline
S(x;).

Applying the second, third and fourth derivative continu-
ities at the knots, i.e. ¥ (x;) = S¥ (x;) for u = 2,3, 4, Siddigi
and Ghazala [10] derived the following consistency relation
which is necessary to find the solution of problem (1.1)

tis + 5Ttis + 302ty + 3024, + 5Tti01 + tisn

-720
= T iy =5y + 10y, — 10y, + 5y, — yials
i=3,4,....k—2, (2.3)

The end conditions corresponding to the system (1.1) with

(1.2) are determined as under
i+3 i+3
1 5
) Y by + oyl + dolyD + 1Y dity =0,
k=i—1 k=i-1
i=ln+1,3n+1,
i+3 i+3
ll Zekyk +(,1/’ly +d1h2y, +h5 Zlklk :0,
k=i-1 k=i-1
i=2,n+2,3n+2,
i+1 i+1
(iif) Z meyy + czhylﬂ)l + dzhsy,(-i)l + I Z ety =0,
k=i-3 k=i-3
i=n—13n—1,4n—1,

(2.4)

where by, dy, ey, I, my, ny, ¢;,d;, i = 0,1,2 are arbitrary parame-
ters to be determined. For the fourth order end conditions,

(bi—17bi7bi+17bi+2,bi+3) = (25, —48,36,-16,3),
(diory diy i1, disr, diys) = (—1,0,0,0, —1),
(er3,eia,ei1,ei,ei11)

_ (198,160 —459,650 417,960 —192,670 36, 200>

12,019 7 12,019 12,019 * 12,019 12,019
(li737li727li717li7 li+1) = (_1707 07 07 _1)7
(n7i—3ami727mi717n7i>mi+1) = (_37 167 _367487 _25)7

(ni737ni727ni717ni7ni+1) = (_170707 07 _1)>

4
(60761762) = (1275679 0’ 12)7

12,019
—2 28,260 -2
(do, dy,dr) = (?»m7?)

3. Applications

To illustrate the implementation of the method developed, the
following fifth order obstacle boundary value problem can be
considered as

_y(S)(x)> (X),

y(x) =¥ (x),

() =f(x)) (%) =¥ (x)) =0,

y(—l)—y(l):}“)( 1) = ([1)=y?(~1)=0, onQ=[-1, 1],
(3.1)

where fis a given force acting on string and (x) is the elastic
obstacle. The problem (3.1) arise in several branches of pure
and applied sciences including transportation, equilibrium,
optimization, mechanics, structural analysis, fluid flow through
porous media and image processing in the medical sciences.
Using the ideas and technique of Lewy and Stampacchia [2],
the obstacle problem (3.1) can be characterized by the following
system of variational inequality problem

WV uy =) —v) =flx), -1<x<l1, (3.2)
y(=)=y1)=0, yO(=1)=y"(1)=)P(-1)=¢, (33)

where € is a small positive constant, y is the obstacle function
and u(¢) is the penalty function defined by

{17 t=0,

3.4
0, 1<0. (34)

u(r) =
Since the obstacle function i is known, it is possible to find
the exact solution of the problem in the interval
—-1/2<x<1/2.
Assuming that the obstacle function y is defined by

-1, —-1<x<-1/2, 1/2<x<1,

_ 3.5
V) {1, “12<x< 1) (3:3)
From Egs. (3.2)-(3.5), the following system of equations can
be obtained as

(5)_{f’ —1<x<-1/2, 1/2<x<1,
T a1y, —12<x<1)2,
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with the boundary conditions

y(=1) =y(=1/2) = y(1/2) = y(1) = 0, (3.7)
(1) = y0(=1/2) =y (1/2) =y (1)
=y(=1) =y (=1/2) =»yP(1/2) = ¢, (3.8)
and the conditions of continuity for y, y") and y® at x = —1/2
and 1/2.
If u(¢) and ¥(x) are taken as
={d =y (39)
t) = .
g 0, 1<0,
14, —1<x<—1/2, 1)2<x<1,
W) = (3.10)
14, —1)2<x<1)2,

then the following system of equations can be obtained as

o £ < -1/2,
1—4y+f,

—-1<x
—1/2<x<1)2.

1/2<x<1,

(3.11)

1/480(1 + 7x + 19x% 4+ 25x% + 16x* + 4x%),
l<x<—1)2,

Y-1) = o(~1/2) =0,

YO (=1) =y (=1/2) =y (=1) =0,

1/2 — ﬁlexp(—Zz/Sx) — Brexp(oyx)cos(aax)

—psexp(osx)cos(aax) + Paexp(azx)sin(ogx)
+Bsexp(ox)sin(ex),
Yo =4 _
—12<x<1)2,
y(=1/2) = y(1/2) =0,
HO(=1/2) = 50(1/2) = y(=1/2) =0,
1/960(—1 + 8x — 2532 + 38x% — 28x + 8x%),
1/2<x<1,
y(1/2) = y(1) = 0,
yI(1/2) = (1) = yP(1/2) = 0,
(4.2)
where

f, = 0.083472402636811683486236902194475814000555110022391306503,
f, =0.197226655875097793394145018248435611353617476770476389696,
B3 = 0.218780476045802273706722229445094829786402746435753855139,
B4 = 0.005598628986902192748619920098904556943240511107281886036,

fs = 0.031624084344408001357285362723625687421220160348823034071,

It is to be mentioned that the system of equations associated
with the obstacle problem (3.1) is a special case of the system
of fifth order boundary value problem (1.1).

4. Numerical examples

Example 1. The following problem is considered, as

s) 1, —1<x<-1/2, 1/2<x<1,
yWix) =
2—4y(x), —1/2<x<1/2,
(4.1)
together with the boundary conditions at x = —1,x =1 and
the conditions of continuity for y,y(" and y? at x=—1/2

and x = 1/2. The analytic solution of the system (4.1) is

Table 1 Maximum absolute errors for problem (4.1).
h The method presented Ghazala and Siddiqi [1]
in the paper

1/14 3.10 x 1077 2.10 x 10~

1/28 6.15x 1078 293 x 1073

1/56 9.20 x 107° 3.85 x 107°

1/112 1.24 x 107° 7.93 x 1077

1/224 1.62 x 10710 6.23 x 107°

al:(l _\/E) o 5+V5

223/5 22'3/5 ? 221/|0 )

oc3:( : +\/§) O‘4:757\/3
223/5 223/5 ? 221/|O

The observed maximum errors (in absolute values) are sum-
marized in Table 1 and it is evident from the Table 1 that the
results presented by the method developed in this paper are
better than those given by Ghazala and Siddiqi [1]. It is con-
firmed from the Table 1 that if /4 is reduced by factor 1/2, then
|E|| is reduced by a factor 1/4, which indicates that the present
method gives second order results.

Example 2. The following problem is considered, as

Table 2 Maximum absolute errors for problem (4.3).

h The method presented Ghazala and Siddiqi [1]
in the paper

1/14 9.29 x 1077 439 x 1074

1/28 1.84 x 1077 6.12 x 1073

1/56 2.76 x 1078 8.05 x 107°

1/112 3.73 x 107° 1.03 x 107°

1/224 4.84 x 10710 1.30 x 1077
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©) 2, —1<x<-1/2, 1/2<x<1,
yWix) =
—1+y(x), —-1/2<x<1/2.
(4.3)
together with the boundary conditions at x = —1, x =1 and

the conditions of continuity for y,y") and y® at x = —1/2
and x = 1/2. The analytic solution of the system (4.3) is

1/240(1 + 7x + 19x2 + 25x° + 16x* + 4x°),
l<x<—1)2,

y(=1) =x(=1/2) =0,

y(=1) = yV(=1/2) = y?(~1) =0,

1 — Brexp(oyx)cos(onx) — Brexp(ozx)cos(asx)
—Pyexp(x)+Paexp(osx)sin(oyx)+psexp (o x)sin(onx),

y(x)=49 —-1/2<x < 1/2,

y(=1/2) = y(1/2) =0,

HO(=1/2) = 90(1/2) =y (-1/2) =0,

1/480(—1 + 8x — 25x + 38x* — 28x* + 8x%),

12<x<1,

y(1/2) =y(1) =0,

y0(1/2) =yD(1) = y(1/2) = 0,

(4.4)

where

developed is better than quartic spline method [1] and sextic
spline method is a powerful mathematical tool for the solution
of system of fifth order BVPs. Numerical examples also illus-
trate the accuracy of the method.
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