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Abstract This article presents some spectral Petrov–Galerkin numerical algorithms based on using

Chebyshev polynomials of third and fourth kinds for solving the integrated forms of high odd-order

two point boundary value problems governed by homogeneous and nonhomogeneous boundary

conditions. The principle idea behind obtaining the proposed numerical algorithms is based on

constructing trial and test functions as compact combinations of shifted Chebyshev polynomials

of third and fourth kinds. The algorithms lead to linear systems with specially structured matrices

that can be efficiently inverted. Some numerical examples are illustrated for the sake of demonstrat-

ing the validity and the applicability of the proposed algorithms. The presented numerical results

indicate that the proposed algorithms are reliable and very efficient.
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1. Introduction

Chebyshev polynomials have become increasingly crucial in
numerical analysis, from both theoretical and practical points

of view. It is well-known that there are four kinds of Cheby-
shev polynomials, and all of them are special cases of the more
widest class of Jacobi polynomials. The first and second kinds

are special cases of the symmetric Jacobi polynomials (i.e.,
ultraspherical polynomials), while the third and fourth kinds
are special cases of nonsymmetric Jacobi polynomials. In liter-

ature, there is a great concentration on first and second kinds
of Chebyshev polynomials TnðxÞ and UnðxÞ and their various
uses in numerous applications, (see for instance, [1–3]).
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However, there are few articles concentrate on the other two
types of Chebyshev polynomials namely, third and fourth
kinds VnðxÞ and WnðxÞ, either from theoretical or practical

points of view and their uses in various applications, (see,
for example, [4–6]). This motivates our interest in such polyno-
mials. The interested readers in Chebyshev polynomials of

third and fourth kinds are refereed to the excellent book of
Mason and Handscomb [7].

If we were asked for ‘‘a pecking order’’ of these four Cheby-

shev polynomials TnðxÞ;UnðxÞ;VnðxÞ and WnðxÞ, then we
would say that TnðxÞ is the most important and versatile.
Moreover TnðxÞ generally leads to the simplest formulae,
whereas results for the other polynomials may involve slight

complications. However, all four polynomials have their role.
For example, UnðxÞ is useful in numerical integration (see,
Mason [8]), while VnðxÞ and WnðxÞ can be useful in situations

in which singularities occur at one end point (+1 or -1) but not
at the other (see, Mason and Handscomb [7]).

Due to their great importance in several applications, high

even-order and high odd-order boundary value problems have
been investigated by a large number of authors. Theorems
which discuss the conditions for the existence and uniqueness

of solutions of such problems are contained in a comprehen-
sive survey in a book by Agarwal [9].

Spectral methods (see, for instance, Boyd [1] and Canuto
et al. [10]) are a class of techniques used extensively in applied

mathematics and scientific computing to numerically solving
ordinary and partial differential equations. The numerical
solution is written as an expansion in terms of certain ‘‘basis

functions’’, which may be expressed in terms of various
orthogonal polynomials. Spectral methods have advantage
that they take on a global approach while finite element meth-

ods use a local approach, and for this reason, spectral methods
have excellent error properties, and converge exponentially.

The study of odd-order equations is of mathematical and

physical interest. As an example, third-order equation contains
a type of operator which appears in many commonly occurring
partial differential equations such as the Kortweg-de Vries
equation. Also, fifth-order boundary value problems are of

interest as they arise in the mathematical modelling of visco-
elastic flows (see, [11,12]). Abd-Elhameed in [13] and Doha
and Abd-Elhameed in [14] have constructed efficient spec-

tral-Galerkin algorithms using compact combinations of ultra-
spherical polynomials for solving the differentiated forms of
elliptic equations of high odd-order boundary value problems.

Recently, in the two papers of Abd-Elhameed et al. in [15] and
Doha et al. in [16], some algorithms for solving numerically the
differentiated and integrated forms of third and fifth-order dif-
ferential equations based on a dual Petrov–Galerkin method

using two new families of general parameters generalized
Jacobi polynomials, are analyzed.

Of the important high-order differential equations are the

singular and singularly perturbed problems (SPPs). These
kinds of problems usually appear in quantum mechanics, opti-
mal control, etc. The presence of small parameter in these

problems prevents one to obtain satisfactory numerical solu-
tions. It is a well-known fact that the solutions of SPPs have
a multi-scale character, that is, there are thin layer(s) where

the solution varies very rapidly, while away from the layer(s)
the solution behaves regularly and varies slowly. The existence
and uniqueness of singularly purturbed boundary value
problems was discussed by Howers [17], Kelevedjiev [18],
and Roos et al. [19].

As an alternative approach to differentiating solution

expansions is to integrate the differential equation q times,
where q is the order of the equation. An advantage of this
approach is that the resulted algebraic system contains a finite

number of terms and hence they are cheaper in solving than
those obtained by the differentiated forms. Doha et al. in
[16] followed this approach for solving the integrated forms

of third- and fifth-order elliptic differential equations. More-
over, Doha and Abd-Elhameed in [4] obtained new formulae
for the repeated integrals of Chebyshev polynomials of third
and fourth kinds and they used these formulae for solving

the integrated forms of sixth-order boundary value problems.
The main objective of the present article is to develop some

efficient spectral algorithms based on shifted Chebyshev third

and fourth kinds-Galerkin methods for solving the integrated
forms of high odd-order differential equations.

The contents of this article are organized as follows. In Sec-

tion 2, some properties and relations of Chebyshev polynomials
of third and fourth kinds and their shifted ones are presented.
In Section 3, we discuss some algorithms for solving the inte-

grated forms of high odd-order elliptic differential equations
governed by homogeneous and nonhomogeneous boundary
conditions using shifted Chebyshev third kind Petrov–Galerkin
method (SC3PGM). In Section 4, we are concerned with the

same equations but by using shifted Chebyshev fourth kind
Petrov–Galerkin method (SC4PGM). Section 5 is concerned
with discussing the condition numbers resulted from the appli-

cation of the two proposed algorithms in Sections 3 and 4. In
Section 6, we present three numerical examples including com-
parisons with some other methods aiming to exhibit the accu-

racy and the efficiency of our proposed algorithms. Some
concluding remarks are presented in Section 7.

2. Some properties of third and fourth kinds of Chebyshev

polynomials and their shifted ones

2.1. Chebyshev polynomials of third and fourth kinds

Chebyshev polynomials ViðxÞ and WiðxÞ of third and fourth
kinds are polynomials in x, which can be defined by one of

the two following equivalent forms (see, [7]):

ViðxÞ ¼
cos iþ 1

2

� �
h

cos h
2

¼ 22i

2i

i

� �P
ð�1

2;
1
2Þ

i ðxÞ;

and

WiðxÞ ¼
sin iþ 1

2

� �
h

sin h
2

¼ 22i

2i

i

� �P
ð12;�

1
2Þ

i ðxÞ;

where x ¼ cos h, and P
ða;bÞ
i ðxÞ is the Jacobi polynomial of

degree i. It is clear that

WiðxÞ ¼ ð�1Þi Við�xÞ: ð1Þ

The polynomials ViðxÞ and WiðxÞ are orthogonal on

ð�1; 1Þ with respect to the weight functions
ffiffiffiffiffiffi
1þx
1�x

q
and

ffiffiffiffiffiffi
1�x
1þx

q
,

respectively, i.e.,
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Z 1

�1

ffiffiffiffiffiffiffiffiffiffiffi
1þ x

1� x

r
ViðxÞ VjðxÞ dx ¼

Z 1

�1

ffiffiffiffiffiffiffiffiffiffiffi
1� x

1þ x

r
WiðxÞ WjðxÞ dx

¼
p; i ¼ j;

0; i–j;

�
and they may be generated by using the two recurrence
relations

ViðxÞ ¼ 2x Vi�1ðxÞ � Vi�2ðxÞ; i ¼ 2; 3; . . . ;

with the initial values

V0ðxÞ ¼ 1; V1ðxÞ ¼ 2x� 1;

and

WiðxÞ ¼ 2x Wi�1ðxÞ �Wi�2ðxÞ; i ¼ 2; 3; . . . ;

with the initial values

W0ðxÞ ¼ 1; W1ðxÞ ¼ 2xþ 1:

The following special values are of important use later:

Við1Þ ¼ 1; Við�1Þ ¼ ð�1Þi ð2iþ 1Þ;
Wið1Þ ¼ 2iþ 1;Wið�1Þ ¼ ð�1Þi:

Also, for all m P 1, we have

DmViðxÞ ¼
ffiffiffi
p
p
ðiþmÞ!

2m ði�mÞ!

1
Cðmþ1

2Þ
; if x ¼ 1;

ð�1Þiþm ð2 iþ1Þ
2C mþ3

2ð Þ ; if x ¼ �1;

8<
:

and

DmWiðxÞ ¼
ffiffiffi
p
p
ðiþmÞ!

2m ði�mÞ!

ð2 iþ1Þ
2C mþ3

2ð Þ ; if x ¼ 1;

ð�1Þiþm

C mþ1
2ð Þ ; if x ¼ �1:

8><
>:

The following theorem is needed in obtaining the desired
spectral numerical solutions.

Theorem 1. If the m times repeated integration of ViðxÞ is
denoted by

I
ðmÞ
i ðxÞ ¼

Z Z
� � �
Zzfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{m times

ViðxÞdx dx . . . dx
zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{m times

;

then

I
ðmÞ
i ðxÞ ¼

X2m
k¼0

Gk;i;m Viþm�kðxÞ þ rm�1ðxÞ; ð2Þ

where

Gk;i;m ¼
m!

2m

ð�1Þ
k
2 i�k

2ð Þ!
k
2ð Þ! m�k

2ð Þ! mþi�k
2ð Þ! ; k even;

ð�1Þ
kþ1
2 i� kþ1

2ð Þð Þ!
k�1
2ð Þ! m�ðkþ12 Þð Þ! mþi�ðk�12 Þð Þ! ; k odd;

8>><
>>: ð3Þ

and rm�1ðxÞ is a polynomial in x of degree at most ðm� 1Þ.

(For the proof of Theorem 1, see Doha and Abd-Elhameed

[4]).
Theorem 1 with the aid of relation (1), enables one to get

immediately the following corollary.

Corollary 1. The m times repeated integration of WiðxÞ is given
by
J
ðmÞ
i ðxÞ ¼

X2m
k¼0

Gk;i;m Wiþm�kðxÞ þ qm�1ðxÞ;

where

Gk;i;m ¼ ð�1Þk Gk;i;m; ð4Þ

qm�1ðxÞ is a polynomial in x of degree at most ðm� 1Þ and
Gk;i;m is as defined in (3).
2.2. Shifted Chebyshev polynomials of third and fourth kinds

The shifted Chebyshev polynomials of third and fourth kinds
are defined on ½a; b�, respectively as

V�i ðxÞ ¼ Vi

2 x� a� b

b� a

� �
; W�

i ðxÞ ¼Wi

2 x� a� b

b� a

� �
: ð5Þ

All results of Chebyshev polynomials of third and fourth
kinds, can be easily transformed to give the corresponding
results for their shifted ones. The orthogonality relations of

V�i ðxÞ and W�
i ðxÞ on ½a; b� with respect to the weight functionsffiffiffiffiffiffi

x�a
b�x

p
and

ffiffiffiffiffiffi
b�x
x�a

q
, are given by

Z b

a

ffiffiffiffiffiffiffiffiffiffiffi
x� a

b� x

r
V�i ðxÞ V�j ðxÞ dx ¼

Z b

a

ffiffiffiffiffiffiffiffiffiffiffi
b� x

x� a

r
W�

i ðxÞ W�
j ðxÞ dx

¼
ðb� aÞ p

2
; i ¼ j;

0; i–j:

�
ð6Þ

Based on (5) and with the aid of formula (2), we have the
following theorem.

Theorem 2. If the m times repeated integration of V�i ðxÞ is

denoted by

I
ðmÞ
i ðxÞ ¼

Z Z
� � �
Zzfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{m times

V�i ðxÞdx dx . . . dx
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{m times

;

then

I
ðmÞ
i ðxÞ ¼

b� a

2

� �m X2m
k¼0

Gk;i;m V�iþm�kðxÞ þ �rm�1;

where Gk;i;m is defined as in (3) and �rm�1ðxÞ is a polynomial in x
of degree ðm� 1Þ at most.
3. Solution of high odd-order differential equations by using

shifted third kind Chebyshev polynomials

In this section, we are interested in using SC3PGM to solve the
integrated forms of high odd-order elliptic linear differential

equations governed by the homogeneous and nonhomogene-
ous boundary conditions.

3.1. High odd-order two point boundary value problems

Let us consider the following one dimensional high odd-order
differential equations:

ð�1Þnþ1yð2nþ1ÞðxÞ þ
X2n
k¼0

lk yðkÞðxÞ ¼ fðxÞ; x 2 ða; bÞ; n P 1;

ð7Þ
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governed by the homogeneous boundary conditions

yðmÞðaÞ ¼ yðmÞðbÞ ¼ yðnÞðaÞ ¼ 0; m ¼ 0; 1; . . . ; n� 1; ð8Þ

where flk; k ¼ 0; 1; . . . ; 2ng are known constant coefficients.

It is to be noted here that the main differential operator in
(7) is not symmetric, so it is convenient to use a Petrov–Galer-
kin method. The difference between the Galerkin and Petrov–

Galerkin methods, is that the test and trial functions in Galer-
kin method are the same, however, in case of Petrov–Galerkin
method, the trial functions are chosen to satisfy the boundary
conditions of the differential equation, and the test functions

are chosen to satisfy the dual boundary conditions.
Now, the integral equation of (7)–(8) is:

ð�1Þnþ1 yðxÞ þ
P2n

k¼0lk

R ð2nþ1�kÞ
yðxÞðdxÞð2nþ1�kÞ

¼ FðxÞ þ
P2n

k¼0dk V�kðxÞ; x 2 ða; bÞ;

yðmÞðaÞ ¼ yðmÞðbÞ ¼ yðnÞðaÞ ¼ 0; m ¼ 0; 1; . . . ; n� 1;

FðxÞ ¼
R ð2nþ1Þ

fðxÞðdxÞð2nþ1Þ;

9>>>>>>=
>>>>>>;
ð9Þ
where

Z ðmÞ
yðxÞðdxÞm ¼

Z Z
� � �
Zzfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{m times

yðxÞdx dx . . . dx
zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{m times

:

If we define the following spaces

SN ¼ span V�0ðxÞ;V�1ðxÞ;V�2ðxÞ; . . . ;V�NðxÞ
	 


;

UN ¼ f/ðxÞ 2 SN : /ðmÞðaÞ ¼ /ðmÞðbÞ ¼ /ðnÞðaÞ ¼ 0;

m ¼ 0; 1; . . . ; n� 1g;

WN ¼ fwðxÞ 2 SN : wðmÞðaÞ ¼ wðmÞðbÞ ¼ wðnÞðbÞ ¼ 0;

m ¼ 0; 1; . . . ; n� 1g;

then the spectral shifted Chebyshev third kind Galerkin proce-
dure for solving (9) is to find ynN 2 UN such that

ðð�1Þnþ1 ynNðxÞ;wðxÞÞw1

þ
X2n
k¼0

lk

Z ð2nþ1�kÞ
ynNðxÞðdxÞ

ð2nþ1�kÞ;wðxÞ
� �

w1

¼ FðxÞ þ
X2n
k¼0

dk V�kðxÞ;wðxÞ
 !

w1

; 8 wðxÞ 2 WN; ð10Þ

where ðyðxÞ;wðxÞÞw1
¼
R b

a
w1 yðxÞ wðxÞ dx, is the scalar inner

product in the weighted space L2
w1
ða; bÞ and w1 ¼

ffiffiffiffiffiffi
x�a
b�x

p
.

3.2. The choice of trial and test functions

First we consider the case ½a; b� ¼ ½�1; 1�, and we aim to con-
struct suitable basis functions and their dual basis. For this
purpose, we set

/i;nðxÞ ¼ ViðxÞ þ
X2nþ1
k¼1

pk;iViþkðxÞ; x 2 ½�1; 1�;

i ¼ 0; 1; 2; . . . ;N� 2n� 1; n P 1; ð11Þ

wi;nðxÞ ¼ ViðxÞ þ
X2nþ1
k¼1

qk;iViþkðxÞ; x 2 ½�1; 1�;

i ¼ 0; 1; 2; . . . ;N� 2n� 1; n P 1: ð12Þ
The coefficients fpk;ig and fqk;ig are chosen such that
/i;nðxÞ 2 Uiþ2nþ1 and wi;nðxÞ 2 Wiþ2nþ1, respectively. The

ðnþ 1Þ boundary conditions /ðmÞi;n ð�1Þ ¼ 0; m ¼ 0; 1; 2; . . . ; n,

and the n boundary conditions /ðmÞi;n ð1Þ ¼ 0; m ¼ 0; 1; 2; . . . ;

n� 1, lead respectively to the following system of ð2nþ 1Þ
equations:

X2nþ1
k¼1

ð�1Þkð2iþ 2kþ 1Þðiþ kþmÞ!
ðiþ k�mÞ! pk;i ¼

�ð2iþ 1ÞðiþmÞ!
ði�mÞ! ;

m ¼ 0; 1; 2; . . . ; n;X2nþ1
k¼1

ðiþ kþmÞ!
ðiþ k�mÞ! pk;i ¼

�ðiþmÞ!
ði�mÞ! ; m ¼ 0; 1; 2; . . . ; n� 1:

The determinant of the above system of equations is different
from zero, hence the coefficients fpk;ig can be uniquely deter-

mined to give

p2k;i ¼
ð�1Þk

n

k

� �
ðiþ 1Þkð2iþ 4kþ 2nþ 3Þ

ðiþ nþ 2Þkð2iþ 2nþ 3Þ ;

k ¼ 1; 2; . . . ; n; 0 6 i 6 N� 2n� 1;

p2kþ1;i ¼
ð�1Þk

n

k

� �
ðiþ 1Þkð2iþ 4k� 2nþ 1Þ

ðiþ nþ 2Þkð2iþ 2nþ 3Þ ;

k ¼ 0; 1; . . . ; n; 0 6 i 6 N� 2n� 1;

where ðzÞk denotes the Pochhammer symbol, i.e., ðzÞk ¼
CðzþkÞ
CðzÞ .

Similarly, it can be easily verified that the coefficients fqk;ig can
be uniquely determined to give

q2 k;i¼
ð�1Þk

n

k

� �
ðiþ1Þk

ðiþnþ2Þk
; k¼ 1;2; . . . ;n; 06 i6N�2n�1;

q2 kþ1;i¼
ð�1Þkþ1

n

k

� �
ðiþ1Þk

ðiþnþ2Þk
: k¼ 0;1; . . . ;n; 06 i6N�2n�1;

Now, if x in (11) and (12) is replaced by 2 x�a�b
b�a

� �
for x 2 ½a; b�,

and if we define the following basis functions:

/i;n

2 x�a�b

b�a

� �
¼/�i;nðxÞ; wi;n

2 x�a�b

b�a

� �
¼w�i;nðxÞ; x2 ½a;b�;

then it is clear that the basis and dual basis functions given by

/�i;nðxÞ ¼ V�i ðxÞ þ
X2nþ1
k¼1

pk;iV
�
iþkðxÞ;

and

w�i;nðxÞ ¼ V�i ðxÞ þ
X2nþ1
k¼1

qk;iV
�
iþkðxÞ;

satisfy the boundary conditions (8), i.e. /�i;nðxÞ 2 Uiþ2nþ1 and
w�i;nðxÞ 2 Wiþ2nþ1, respectively. From now on, it would be con-

venient to write the basis functions /�i;nðxÞ and their dual basis
w�i;nðxÞ in the two alternative forms:

/�i;nðxÞ ¼
X2nþ1
k¼0

pk;iV
�
iþkðxÞ; ð13Þ

w�i;nðxÞ ¼
X2nþ1
k¼0

qk;iV
�
iþkðxÞ; ð14Þ
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where the coefficients pk;i and qk;i are given respectively by:

pk;i¼

ð�1Þ
k
2

n
k
2

� �
ðiþ1Þk

2
ð2iþ2kþ2nþ3Þ

ðiþnþ2Þk
2
ð2iþ2nþ3Þ ; k¼ 0;2; . . . ;2n;

ð�1Þ
k�1
2

n
k�1
2

� �
ðiþ1Þk�1

2
ð2iþ2k�2n�1Þ

ðiþnþ2Þk�1
2
ð2iþ2nþ3Þ ; k¼ 1;3; . . . ;2nþ1;

8>>>>>>><
>>>>>>>:

ð15Þ

qk;i¼

ð�1Þ
k
2

n
k
2

� �
ðiþ1Þk

2

ðiþnþ2Þk
2

; k¼ 0;2; . . . ;2n;

ð�1Þ
kþ1
2

n
k�1
2

� �
ðiþ1Þk�1

2

ðiþnþ2Þk�1
2

; k¼ 1;3; . . . ;2nþ1:

8>>>>>>><
>>>>>>>:

ð16Þ

It is obvious that the basis functions /�i;nðxÞ and w�i;nðxÞ are lin-
early independent. Therefore, we have

UN ¼ span /�i;nðxÞ : i ¼ 0; 1; 2; . . . ;N� 2n� 1
n o

;

and

WN ¼ span w�i;nðxÞ : i ¼ 0; 1; 2; . . . ;N� 2n� 1
n o

:

Now, the variational formulation (10) is equivalent to

ð�1Þnþ1 ynNðxÞ;w
�
i;nðxÞ

� �
w1

þ
X2n
k¼0

lk

Z ð2nþ1�kÞ
ynNðxÞðdxÞ

ð2nþ1�kÞ;w�i;nðxÞ
� �

w1

¼ FðxÞ þ
X2n
k¼0

dk V�kðxÞ;w
�
i;nðxÞ

 !
w1

; 0 6 i 6 N� 2n� 1:

ð17Þ

The constants dk; 0 6 k 6 2n, would disappear if we take
i P 2nþ 1 in (17), then we have

ð�1Þnþ1 ynNðxÞ;w
�
i;nðxÞ

� �
w1

þ
X2n
k¼0

lk

Z ð2nþ1�kÞ
ynNðxÞðdxÞ

ð2nþ1�kÞ
;w�i;nðxÞ

� �
w1

¼ FðxÞ;w�i;nðxÞ
� �

w1

; 2nþ 1 6 i 6 N: ð18Þ

Let us denote

An ¼ anij

� �
2nþ16i;j6N

;

anij ¼ ð�1Þ
nþ1 /�j;nðxÞ;w

�
i;nðxÞ

� �
w1

;

B2nþ1�m;n ¼ b2nþ1�m;nij

� �
2nþ16i;j6N

;

b2nþ1�m;nij ¼
R ð2nþ1�mÞ/�j;nðxÞðdxÞð2nþ1�mÞ;w�i;nðxÞ� �

w1

;

Fn ¼ Fn
0;F

n
1; . . . ;Fn

N�2n�1
� �T

Fn
i ¼ FðxÞ;w�i;nðxÞ

� �
w1

;

ynNðxÞ ¼
XN�2n�1
k¼0

cnk/
�
k;nðxÞ;

cn ¼ cn0; c
n
1; . . . ; cnN�2n�1

� �T
:

Now Eq. (18), can be transformed into the following linear
system
An þ
X2n
m¼0

lm B2nþ1�m;n

 !
cn ¼ Fn; ð19Þ

where the nonzero elements of the matrices An and
B2nþ1�m;n ð0 6 m 6 2nÞ are given explicitly in the following

theorem.

Theorem 3. If the trial and test functions /�i;nðxÞ and w�i;nðxÞ
are chosen as in (13) and (14), respectively, and if

we set anij ¼ ð�1Þ
nþ1 /�j�2n�1;nðxÞ;w�i;nðxÞ
� �

w1

, and b2nþ1�m;nij ¼R ð2nþ1�mÞ/�j�2n�1;nðxÞðdxÞð2nþ1�mÞ;w�i;nðxÞ� �
w1

; 0 6 m 6 2n,

then

UNþ2nþ1 ¼ spanf/�0;nðxÞ;/
�
1;nðxÞ; � � � ;/

�
N;nðxÞg;

WNþ2nþ1 ¼ spanfw�0;nðxÞ;w
�
1;nðxÞ; � � � ;w

�
N;nðxÞg;

and the nonzero elements of the matrices An and
B2nþ1�m;n ð0 6 m 6 2nÞ are given explicitly by:

anii ¼
pða� bÞði� 2nÞnð2i� 2n� 1Þ
2ði� nþ 1Þnð2i� 2nþ 1Þ ; ð20Þ

anij¼ð�1Þ
nþ1ðb�aÞ p

2

� �X2nþ1
k¼0

pk;j�2n�1 qj�i�2n�1þk;i; j¼ iþ s;sP 1;

ð21Þ

b2nþ1�m;nij ¼ p
b� a

2

� �2n�mþ2 X2nþ1
k¼0

X2nþ1
‘¼0

pk;j�2n�1 q‘;i

Gj�iþk�‘�m;j�2n�1þk;2nþ1�m; j ¼ iþ s;

m� 2n� 1 6 s 6 6n�mþ 3; 0 6 m 6 2n; ð22Þ

where Gk;i;m; pk;i and qk;i are as defined in (3), (15) and (16)

respectively.

Proof. The basis functions /�i;nðxÞ and their dual functions

w�i;nðxÞ are chosen such that /�i;nðxÞ 2 UNþ2nþ1 and w�i;nðxÞ 2
WNþ2nþ1 for i ¼ 0; 1; . . . ;N. Moreover, it is clear that

f/�i;nðxÞg06i6N and fw�i;nðxÞg06i6N are linearly independent and

the dimension of both UNþ2nþ1 and WNþ2nþ1 is equal to
ðNþ 1Þ. Hence,

UNþ2nþ1 ¼ spanf/�0;nðxÞ;/
�
1;nðxÞ; . . . ;/�N;nðxÞg;

and

WNþ2nþ1 ¼ spanfw�0;nðxÞ;w
�
1;nðxÞ; . . . ;w�N;nðxÞg:

To prove (20) and (21), we make use of the two formulae
(13) and (14), to get

anij ¼ ð�1Þ
nþ1X2nþ1

k¼0

X2nþ1
‘¼0

pk;j�2n�1 q‘;i V�j�2n�1þkðxÞ;V�iþ‘ðxÞ
� �

w1

;

which in turn, with the aid of the orthogonality relation (6),
yields

anij¼ð�1Þ
nþ1ðb�aÞ p

2

� �X2nþ1
k¼0

pk;j�2n�1 qj�i�2n�1þk;i; j¼ iþ s;sP 1:
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If we make use of relations (15) and (16), then anij can be

evaluated to give relations (20) and (21). To prove relation
(22), we have for 0 6 m 6 2n

b2nþ1�m;nij ¼
Z ð2nþ1�mÞ

/�j�2n�1;nðxÞðdxÞ
ð2nþ1�mÞ

;w�i;nðxÞ
� �

w1

¼
X2nþ1
k¼0

pk;j�2n�1 �I
ð2nþ1�mÞ
j�2n�1þkðxÞ;

X2nþ1
‘¼0

q‘;i V
�
iþ‘ðxÞ

 !
w1

;

and the application of Theorem 2 yields

�I
ð2nþ1�mÞ
j�2n�1þkðxÞ¼

b�a

2

� �2nþ1�m X2ð2nþ1�mÞ

‘¼0
G‘;j�2n�1þk;2nþ1�m V�jþk�m�‘ðxÞ;

ð23Þ

where Gk;i;m is as given in (3), which leads after making use
of the orthogonality relation (6) and relation (23), to the
relation

b2nþ1�m;nij ¼ p
b�a

2

� �2n�mþ2 X2nþ1
k¼0

X2nþ1
‘¼0

pk;j�2n�1 q‘;i Gj�iþk�‘�m;j�2n�1þk;2nþ1�m;0

6m6 2n; j¼ iþ s;m�2n�16 s6 6n�mþ3;

and this completes the proof of Theorem 3. h

Now, and based on Theorem 3, it is clear that the case
corresponds to lm ¼ 0; 0 6 m 6 2n, leads to linear system
with nonsingular upper triangular matrices. This result is given
in the following corollary.

Corollary 2. If lm ¼ 0; 0 6 m 6 2n, then the linear system (19)
takes the matrix form An cn ¼ Fn, where An is an upper
triangular matrix whose solution can be immediately obtained

by the backward substitution as:

cni ¼ Fn
iþ2nþ1 �

XN
j¼iþ2nþ2

aniþ2nþ1;j c
n
j

 !
=aniþ2nþ1;iþ2nþ1;

i ¼ 0; 1; . . . ;N� 2n� 1;

where the elements anii and anij are given by (20) and (21)
respectively.

Remark 1. If we consider the equation

ð�1Þnþ1yð2nþ1ÞðxÞ þ
X2n
k¼0

lk yðkÞðxÞ ¼ fðxÞ; x 2 ða; bÞ; n P 1;

ð24Þ

governed by the nonhomogeneous boundary conditions

yðmÞðaÞ ¼ am; y
ðmÞðbÞ ¼ bm; y

ðnÞðaÞ ¼ c; m ¼ 0; 1; . . . ; n� 1;

ð25Þ

then, andwith the aid of a suitable transformation,Eq. (24)–(25),

can be converted to an equation similar to (7)–(8).
4. Solution of high odd-order differential equations by using

fourth kind Chebyshev polynomials

In this section, we are concerned with the solution of the same

problems discussed in Section 3, but by using SC4PGM. All
results of this section are given without proofs.
4.1. High odd-order two point boundary value problems
SC4PGM

Let us consider the same one dimensional high odd-order dif-
ferential Eqs. (7) governed by the same homogeneous bound-

ary conditions (8). If we define the following spaces

SN ¼ spanfW�
0ðxÞ;W�

1ðxÞ;W�
2ðxÞ; . . . ;W�

NðxÞg;

�UN ¼ f�/ðxÞ 2 SN : �/ðmÞðaÞ ¼ �/ðmÞðbÞ ¼ �/ðnÞðaÞ ¼ 0;

m ¼ 0; 1; . . . ; n� 1g;

�WN ¼ f�wðxÞ 2 SN : �wðmÞðaÞ ¼ �wðmÞðbÞ ¼ �wðnÞðbÞ ¼ 0;

m ¼ 0; 1; . . . ; n� 1g;

then, the shifted Chebyshev fourth kind spectral Petrov–
Galerkin procedure for solving (7)–(8) is to find �ynN 2 �UN such

that

ð�1Þnþ1 �ynNðxÞ; �wðxÞ
� �

w2

þ
X2n
k¼0

lk

Z ð2nþ1�kÞ
�ynNðxÞðdxÞ

ð2nþ1�kÞ
; �wðxÞ

� �
w2

¼ FðxÞ þ
X2n
k¼0

dk W�
kðxÞ; �wðxÞ

 !
w2

; 8 �wðxÞ 2 �WN:

In such case, the basis functions and their dual basis func-
tions are selected to take the following forms:

�/� i;nðxÞ ¼
X2nþ1
k¼0

�pk;iW
�
iþkðxÞ; ð26Þ

�w� i;nðxÞ ¼
X2nþ1
k¼0

�qk;iW
�
iþkðxÞ; ð27Þ

where the constants �pk;i and �qk;i can be computed to give:

�pk;i ¼
qk;i; k ¼ 0; 2; . . . ; 2n;

�qk;i; k ¼ 1; 3; . . . ; 2nþ 1;

(
ð28Þ

�qk;i ¼
pk;i; k ¼ 0; 2; . . . ; 2n;

�pk;i; k ¼ 1; 3; . . . ; 2nþ 1;

(
ð29Þ

and the coefficients pk;i and qk;i are given in (15) and (16),
respectively.

Now, the main result of this section is given in the following

theorem.

Theorem 4. If the trial and test functions �/�i;nðxÞ and �w�i;nðxÞ are
chosen as given in (26) and (27), respectively, and if

�ynNðxÞ ¼
PN�2n�1

k¼0 cnk
�/�k;nðxÞ, is the Petrov–Galerkin approxi-

mation to (9), then the expansion coefficients fcnk; k ¼ 0;

1; . . . ;N� 2n� 1g satisfy the matrix system:
�An þ
X2n
m¼0

lm
�B2nþ1�m;n

 !
cn ¼ �Fn; ð30Þ

where the nonzero elements of the matrices An and B2nþ1�m;n
ð0 6 m 6 2nÞ are given explicitly as follows:



Table 1 Condition number of the matrices An and Dn.

N n jðAnÞ jðDnÞ n jðAnÞ jðDnÞ
16 4.093 8.611 8.472 7.434

24 1 4.389 8.849 2 10.179 9.034

32 4.539 8.880 11.084 9.819

40 4.629 8.881 11.643 10.279

Table 2 Condition number of the matrices An and Dn.

N n j An

N

� �
j Dn

N

� �
n j An

N

� �
j Dn

N

� �
16 3.031 2.293 0.663 0.395

24 1 4.561 3.544 2 0.951 0.600

32 6.087 4.797 1.241 0.809

40 7.613 6.052 1.531 1.021

Table 3 Error E for N ¼ 8; 10; 12; 14; 16; 18 for Example 1.

N � SC3PGM SC4PGM

1=16 1:3� 10�6 1:3� 10�6

8 1=32 5:5� 10�7 5:3� 10�7

1=64 2:2� 10�7 2:1� 10�7
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�anii ¼
pðb�aÞði�2nÞn
2ði�nþ1Þn

; ð31Þ

�anij ¼ð�1Þ
nþ1ðb�aÞ p

2

� �X2nþ1
k¼0

�pk;j�2n�1 �qj�i�2n�1þk;i j¼ iþ s;sP 1; ð32Þ

�b2nþ1�m;nij ¼p
b�a

2

� �2n�mþ2 X2nþ1
k¼0

X2nþ1
‘¼0

�pk;j�2n�1 �q‘;i Gj�iþk�‘�m;j�2n�1þk;2nþ1�m;

j¼ iþ s; m�2n�16 s6 6n�mþ3; 06m6 2n;

where Gk;i;m; �pk;i and �qk;i are as defined in (4), (28) and (29)
respectively.

We note that the case corresponds to lm ¼ 0; 0 6 m 6 2n,
leads to linear system with nonsingular upper triangular matri-

ces. The result for such case is summarized in the following
corollary.

Corollary 3. If lm ¼ 0; 0 6 m 6 2n, then the system (30)
reduces to the matrix equation An cn ¼ �Fn, where An is an

upper triangular matrix whose solution can directly obtained by
the backward substitution

cni ¼ Fn
iþ2nþ1 �

XN
j¼iþ2nþ2

�aniþ2nþ1;j c
n
j

 !,
�aniþ2nþ1;iþ2nþ1;

i ¼ 0; 1; . . . ;N� 2n� 1;

where �anii and �anij are given by (31) and (32) respectively.
1=16 1:4� 10�8 1:1� 10�8

10 1=32 5:8� 10�9 4:7� 10�9

1=64 2:4� 10�9 1:9� 10�9

1=16 9:8� 10�11 6:6� 10�11

12 1=32 4:2� 10�11 2:8� 10�11

1=64 1:7� 10�11 1:1� 10�11

1=16 4:9� 10�13 2:7� 10�13

14 1=32 2:1� 10�13 1:2� 10�13

1=64 8:4� 10�14 4:6� 10�14

1=16 6:5� 10�16 1:6� 10�15

16 1=32 7:4� 10�16 2:5� 10�16

1=64 2:2� 10�16 1:7� 10�16

Table 5 Error E for N ¼ 8; 10; 12; 14; 16 for Example 2.

N SC3PGM SC4PGM

8 1:2� 10�6 7:6� 10�7

10 3:4� 10�9 1:8� 10�9

12 5:1� 10�12 2:3� 10�12

14 4:8� 10�15 1:9� 10�15

16 1:1� 10�16 9:0� 10�17

Table 4 Comparison between different methods for Example

1.

� Methods in [20] SC3PGM SC4PGM

1=16 5:4� 10�6 6:5� 10�16 1:6� 10�15

1=32 2:8� 10�6 7:4� 10�16 2:5� 10�16

1=64 1:4� 10�7 2:2� 10�16 1:7� 10�16
5. Condition numbers of the two resulting matrices in systems

(19) and (30)

In this section, we discuss the condition numbers of the two
resulting matrices that appear in the two linear systems (19)

and (30). If we apply the two spectral methods namely,
SC3PGM and SC4PGM, then the two linear systems resulted
from solving the integral equation of the equation

ð�1Þnþ1 yð2nþ1ÞðxÞ ¼ fðxÞ
� �

are given respectively by Anc
n ¼

Fn and �Anc
n ¼ �Fn. Thus, 8n P 1, we note that the condition

number of the matrix �An behaves like OðNÞ for large values
of N, while the condition number of the matrix An is indepen-
dent of N. Moreover, it has been noted that the combined

matrices Dn ¼ An þ
P2n

m¼0 B2nþ1�m;n in (30) and Dn ¼ AnþP2n
m¼0B2nþ1�m;n in (19) have the same conditions numbers of

the matrices An and An, respectively. Hence the propagation
of roundoff errors should not be very significant. To ascertain

these observations, Table 1 illustrates the condition numbers

for the matrices An and Dn ¼ An þ
P2n

m¼0B2nþ1�m;n in (19) for

some values of the parameter N and ða; bÞ ¼ ð�1; 1Þ; n ¼ 1; 2,
while Table 2 illustrates the condition numbers for the matrices

An and Dn ¼ An þ
P2n

m¼0B2nþ1�m;n in (30), n ¼ 1; 2, for the same

values of N and in the same interval.

Remark 2. It should be noted here that the main advantage of
following the integrated form approach over the differentiated

one is that the condition numbers in the integrated approach
are smaller than those obtained via the differentiated
approach. It can be shown that if the two algorithms SC3PGM
and SC4PGM are applied but on the differentiated forms (7)

and (8), then the condition numbers of the matrices appear in



Table 6 Comparison between different methods for Example 2.

x Methods in [21,22] Method in [23] Method in [24] Method in [25] Method in [26] SC3PGM SC4PGM

0.1 1:0� 10�9 7:0� 10�4 2:3� 10�7 0:0 3:38� 10�15 5:6� 10�17 5:6� 10�17

0.2 2:0� 10�9 7:2� 10�4 1:6� 10�6 1:0� 10�5 4:47� 10�15 1:1� 10�16 1:1� 10�16

0.3 1:0� 10�8 4:1� 10�4 4:6� 10�6 1:0� 10�5 3:44� 10�15 0:0 5:6� 10�17

0.4 2:0� 10�8 4:6� 10�4 8:9� 10�6 1:0� 10�4 6:88� 10�16 5:6� 10�17 0:0

0.5 3:1� 10�8 4:7� 10�4 1:3� 10�5 3:2� 10�4 3:17� 10�15 0:0 5:6� 10�17

0.6 3:7� 10�8 4:8� 10�4 1:6� 10�5 3:6� 10�4 7:28� 10�15 0:0 0:0

0.7 4:1� 10�8 3:9� 10�4 1:6� 10�5 1:4� 10�4 1:05� 10�14 5:6� 10�17 5:6� 10�17

0.8 3:1� 10�8 3:1� 10�4 1:2� 10�5 3:1� 10�4 1:15� 10�14 0:0 5:6� 10�17

0.9 1:4� 10�8 1:6� 10�4 5:1� 10�6 5:8� 10�4 8:68� 10�15 5:6� 10�17 1:1� 10�16
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the resulting two linear systems are both of O(N2nþ1), for large
values of N.
6. Numerical results

In this section, we give two numerical results for the sake of

testing the efficiency and the applicability of the proposed
algorithms of Sections 3 and 4. We consider the following
two examples.

Example 1. Consider the following singulary perturbed linear
third-order boundary value problem (see, [20]):

�� yð3ÞðxÞ þ yðxÞ ¼ 81 �2 cosð3xÞ þ 3 � sinð3xÞ; 0 6 x 6 1;

subject to the boundary conditions

yð0Þ ¼ 0; yð1Þ ¼ 3 � sinð3Þ; yð1Þð0Þ ¼ 9 �;

with the analytic solution yðxÞ ¼ 3 � sinð3xÞ.

In Table 3, we list the maximum pointwise

error E ¼ jy� yNj using (SC3PGM and SC4PGM) with vari-
ous values of N and �, while in Table 4, we introduce a com-
parison between the best absolute errors obtained by
(SC3PGM and SC4PGM) in case of N ¼ 18 with the best

absolute errors obtained by using method in [20]. This table
shows that our two methods are more accurate if compared
with the method developed in [20].

Example 2. Consider the following linear fifth-order boundary
value problem (see, [21–26]):

uð5ÞðxÞ ¼ uðxÞ � 15 ex � 10 x ex; 0 6 x 6 1;

governed by the boundary conditions

uð0Þ ¼ 0; uð1Þð0Þ ¼ 1; uð2Þð0Þ ¼ 0; uð1Þ ¼ 0; uð1Þð1Þ
¼ �e:

The exact solution of this problem is uðxÞ ¼ xð1� xÞex.

Table 5 lists the maximum pointwise error E ¼ ju� uNj us-
ing (SC3PGM and SC4PGM) with various values of N. In
Table 6, we introduce a comparison between the best absolute

errors obtained by (SC3PGM and SC4PGM) at N ¼ 16 with
the best error obtained by using the methods developed in
[21–26] is displayed in Table 6. This table shows that our

two methods are more accurate if compared with the methods
obtained in all of these papers.
7. Concluding remarks

We have presented some efficient direct solvers for the inte-

grated forms of high odd-order differential equations using
shifted Chebyshev polynomials of third and fourth kinds based
on applying Petrov–Galerkin spectral method. We have found

that for some particular differential equations, the resulting
systems of linear equations are upper triangular, and this is
certainly reduces the computational cost for the numerical

solutions for these special cases. The presented numerical
examples exhibit the high accuracy and efficiency of the pro-
posed algorithms.
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