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1. Introduction

In [1] Maki has introduced the concept of K-sets in topological

spaces as the sets that coincide with their kernel. The kernel of
a set A is the intersection of all open supersets of A.
In this direction we shall introduce the notion of Ka-sets,
Va-sets, g.Ka-sets and g.Va-sets. We also investigate properties

of these sets and introduce some related new separation
axioms.

2. Preliminaries

Njasted [2] introduced a new class of near open sets in a topo-
logical space, so called a-open sets. The class of a-open sets is
contained in the class of semi-open and preopen sets and con-

tains open sets. In 1986, Maki [1] continued the work of Levine
[3] and Dunham [4] on generalized closed sets and exposure
operators by introducing the notion of K-set in topological
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space. He studied the relationship between the given topology
and the topology generated by generalized K-sets. Caldas and
Dontchev [5] built on Maki’s work by introducing Ks-sets,

Vs-sets, gKs-sets and gVs-sets. Ganster et al. [6] introduced
the notion of pre-K-sets and pre-V-sets and obtained new
topologies defined by these families of sets. Also, Caldas

et al. [7] introduced and studied the concepts of Kp-continuous
functions (which includes the class of precontinuous func-
tions). Kp-irresolute functions are defined as an analogy of

irresolute functions and Vp-closed functions by using Kp-sets
and Vp-sets. Definitions enable us to obtain conditions under
which functions and inverse functions preserve Kp-sets and
Vp-sets. They introduce a new class of topological spaces called

T_p -spaces and as an application we show that the image of
T_p -space under a homeomorphism is a T_p -space, and that
a T_p -space is equivalent to pre-R0 space. Abd El-Monsef

et al. [8] introduced the notion of b-K-sets and b-V-sets and
obtained new topologies defined by these families of sets. Also,
they introduced and studied g.Kb-sets and g.Vb-sets and some

of its properties. Khalimsky et al. [9] proved that the digital
line is a typical example of a T1/2 space. The concept of Ka-sets
and Va-sets can be applied in rough sets to decrease the bound-

ary region of any subset of an approximation space.
Throughout this paper, (X, s)(or simply X) represent topo-

logical spaces on which no separation axioms are assumed,
unless otherwise mentioned. For a subset A of X, cl(A), int(A)

and Ac denote the closure of A, the interior of A and the com-
plement of A, respectively.

Let us recall the following definitions, which are useful in

the sequel.

Definition 2.1. A subset A of a topological space (X, s) is
called:

(a) semi-open [10] if A ˝ cl(int(A)),
(b) preopen [11] if A ˝ int(cl(A)),
(c) a-open [2] if A ˝ int(cl(int(A))),

(d) b-open [12] [semi-preopen [13]] if A ˝ cl(int(cl((A))),
(e) b-open [14] [c-open [15]] if A ˝ int(cl(A)) [ cl(int(A)).

The class of all semi-open (resp. preopen, a-open, b-open and
b-open) denoted by SO(X, s)(resp. PO(X, s), aO(X, s), bO(X, s)
and BO(X, s)). The complement of these sets called semi-closed
(resp. preclosed, a-closed, b-closed and b-closed) and the classes
of all these sets and closed sets will be denoted by SC(X,

s)(resp.PC(X, s), aC(X, s), b C(X, s), BC(X, s) and C(X, s)).

Definition 2.2. A subset A of a topological space (X, s) is
called:

(a) K-set (resp. V-set) [1] if it is an intersection (resp, union)
of open supersets of A (resp. closed sets contained in A).

(b) Ks-sets (resp. Vs-sets) [5] if it is an intersection (resp.

union) of semi-open supersets of A (resp. semi-closed
sets contained in A).

(c) pre-K sets (resp. pre-V-set) [6] if it is an intersection
(resp. union) of preopen supersets of A (resp. preclosed

sets contained in A).
(d) b-K-sets (resp. b-V-set) [8] if it is an intersection (resp.

union) of b-open supersets of A (resp. b-closed sets con-

tained in A).
Definition 2.3. A subset A of a topological space (X, s) is

called:

(a) generalized K-set (resp. generalized V-set) [1] if K(A) ˝ F

whenever A ˝ F and F 2 C(X, s) (resp. U ˝ V(A)
whenever U ˝ A and U 2 s.

(b) generalized semi-K-set (resp. generalized semi-V-set) [5]
if Ks(A) ˝ F whenever A ˝ F and F 2 SC(X, s) (resp.

U ˝ Vs(A) whenever U ˝ A and U 2 SO(X, s).
(c) generalized pre-K-set (resp. generalized pre-V-set) [6] if

Kp(A) ˝ F whenever A ˝ F and F 2 PC(X, s) (resp.

U ˝ Vp (A) whenever U ˝ A and U 2 PO(X, s).
(d) generalized b- K-set (resp. generalized b-K-set) [8] if

Kb(A) ˝ F whenever A ˝ F and F 2 BC(X, s) (resp.

U ˝ Vb(A) whenever U ˝ A and U 2 BO(X, s).

Definition 2.4. A topological space (X, s) is called an
�-T1-space [16] if to each pair of distinct points x, y of (X,

s) there corresponds an a-open set A containing x but not y
and an a-open set B containing y but not x.
3. Ka-sets and Va-sets

In this section we define the notions of an a-K-set and an

a-V-sets in topological space which is denoted by Ka, Va,
and study some of its properties.

Definition 3.1. Let B be a subset of a topological space(X, s).
We define subsets Ka(B) and Va(B) as follows:

(a) Ka(B) = \ {G: G ˚ B, G 2 aO(X, s)},
(b) Va(B) = [ {F: F ˝ B, FC 2 aO(X, s)}.

Example 3.1. Let X= {a, b, c, d} and s = {X, ;, {a}, {c}, {a,
c}, {b, c}, {a, b, c}} then sa = {X, ;, {a}, {c}, {a, c}, {b, c}, {a,
b, c}, {a.c.d}} and

^
a

ðfagÞ¼ fag;
^
a

ðfb;dgÞ¼X;
^
a

ðfa;dgÞ¼fa;c;dg;
^
a

ðfa;c;dgÞ¼ fa;c;dg;

_aðfagÞ¼ ;; _aðfb;dgÞ¼ fb;dg; _aðfa;dgÞ¼ fa;dg and _aðfa;c;dgÞ¼fdg:

Proposition 3.1. Let and {Bk: k 2 X} be subsets of a topological
space (X, s). Then the following properties are valid:

(a) B ˝ Ka(B).

(b) If A ˝ B, then Ka(A) ˝ Ka(B).
(c) Ka(Ka(B)) = Ka(B).
(d) If A 2 aO(X, s), then A = Ka(A) (i.e., A is an Ka-set).

(e) Ka

S
k2XBk

� �
¼
S

k2XðKaðBkÞÞ.
(f) Ka(B

C) = (Va(B))
C.

(g) Ka

T
k2XBk

� �
#
T

k2XðKaðBkÞÞ.
Proof.

(a) It is clear by Definition 3.1.
(b) Suppose that x R Ka(B). Then there exists a subset

G 2 aO(X, s) such that G ˚ B with x R G since B ˚ A,
then x R Ka(A) and thus Ka(A) ˝ Ka(B).
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(c) It follows from (a) and (b) that Ka (B) ˝ Ka(Ka(B)). If

x R Ka(B) , then there exists G 2 aO(X, s) such that
B ˚ G and x R G hence Ka(B) ˝ G and so we have
x R Ka(Ka(B)). Then Ka(Ka(B)) = Ka(B).

(d) By Definition 3.1 and since A 2 aO(X, s) we have
Ka(A) ˝ A. By (a) we have that Ka(A) = A.

(e) Suppose that there exists a point x such that x R
Ka(¨k2XBk). Then there exists an a- open set G such that

¨k2XBk ˝ G and x R G. Thus for each k 2 X we have
x R Ka(Bk). This implies that x R ¨k2XKa(Bk). Con-
versely, suppose that there exists a point x 2 X such

thatx R ¨k2XKa(Bk). Then by Definition 3.1 there exists
a subsets Gk 2 aO(X, s) (for all k 2 X) such that x R Gk,
Bk ˝ Gk. Let G= ¨k2XGk. Then we have that x R ¨k2X-

Gk, ¨k2XBk ˝ G and G 2 a O(X, s). This implies that
x R Ka (¨k2XBk).

(f) (Va(B))
c = \ {Fc: Bc ˝ Fc, Fc 2 aO(X, s)} = Ka(B

c).
(g) Suppose that there exist a point x such that

x R
T

k2XKaðBkÞ then, there exists k 2 X such that x R Ka

(Bk) thence there exist k 2 X and G 2 aO(X, s) such that

G ˚ Bk and x R G. Thus x R Ka(¨k2XBk). h

By using Proposition 3.1(f) one can easily verify our next
result.

Proposition 3.2. For subsets A, B and {Bk: k 2 X} of a
topological space (X, s) the following properties hold :

(a) Va(B) ˝ B.
(b) If A ˝ B, then Va(A) ˝ Va(B).

(c) Va(Va(B)) = Va(B).
(d) If B is a-closed in (X, s) , then B = Va(B).
(e) Va(˙k2X Bk) = ˙k2X(Va (Bk)).

(f) Va(¨k2X Bk) ˚ ¨k2X(Va (Bk)).

Proof. (a), (b), (c) and (e) are immediate consequence of Def-
inition 3.1 and Proposition 3.1. To prove (d) let B be a-closed
in (X, s), then Bc 2 aO(X, s). By (d) and (f) of Proposition
3.1Bc = Ka(B

c) = (Va(B))
c. Hence B = Va(B).

To prove (f) by using statement (d) and Proposition 3.1 (f)
we have:

Va

[
k2X

Bk

 !
¼ Ka

[
k2X

Bk

 !c" #c
¼ Ka

\
k2X

Bc
k

 !" #c
½
\
k2X

Ka Bc
k

� �
�c

¼
\
k2X
ðVaðBkÞÞc

" #c
¼
[
k2X
ðVaðBkÞÞ: �

Remark 3.1. We not in general we have Ka(B1 \ B2) „ Ka(B1) -

\ Ka(B2), as the following example shows.

Example 3.2. Let X= {a, b, c} and s = {X, /, {a}}. Let
B1 = {b} and B2 = {c}. Then Ka(B1 \ B2) = /, but
Ka(B1) \ Ka(B2) = {a}.

Definition 3.2. In a topological space (X, s), a subset B is
called a Ka-set (resp. Va-set) of (X, s) if B = Ka (B) (resp.
B = Va-set).
Example 3.3. Let (X, s) be a topological space as in Example

3.1. Then is Ka-set and B = {b, d} is Va-set

Remark 3.2. By Proposition 3.1(d) and Proposition 3.2(d) we
have that.

(a) If B is a K-set or if B 2 aO(X, s), then B is a Ka-set.
(b) If B is V-set or if B is a-closed set, then B is a Va-set.

The converse of this remark is not true as shown of the next
example.

Example 3.4. Let (R, s) be a usual topology, a singleton {x} is
not a-open but Ka-set.

Proposition 3.3. For a topological space (X, s) the following
statements hold:

(a) The subsets / and X are Ka-sets and Va-sets.
(b) Every union of Ka-sets (resp. Va-sets) is a Ka-set(resp.

Va-set).
(c) Every intersection Ka-sets (resp. Va-sets) is a Ka-set

(resp. Va-set).
(d) A subset B is a Ka-set if and only if Bc is a Va-set.

Proof. We shall only consider the case of Ka-sets.

(a) obvious. To prove (b), let {Bk: k 2 X} be a family of
Ka-sets in (X, s). If B = [{Bk: k 2 X} then by Proposition 3.1
B is Ka-sets. To prove (C) , let {Bk: k 2 X} be a family of Ka-set

in (X, s). Then by Proposition 3.1 (g) and Definition 3.2
we have Ka

T
k2XBk

� �
#
T

k2X KaðBkÞ ¼
T

k2XBk, hence by
Proposition 3.1(a)

\
k2X

Bk ¼ Ka

\
k2X

Bk

 !
: �

Remark 3.4. Let sKa and sVa be the set of all Ka-sets and

Va-sets from X. Then sKa and sVa is a topology on X containing
all a-open (resp. a-closed) sets.

Now we introduce some properties of sKa and sVa .

Proposition 3.4. For a space (X, s) the following statements
hold:

(a) sK # sKa .
(b) sKa # sKs ; sKa # sKP and sKa # sKb .
(c) sKs ¼ ðsaÞKs and sKs # ðsKaÞKs .

Proof.

(a) Let A be a subset of X and A is K-set or (A 2 sK). Then
A= \ {U: A ˝ U, U 2 s}. Since every open set is
a-open. Then A= \ {U: A ˝ U, U is a-open}, so
sK # sKa .

(b) Since aO(X, s) � SO(X, s) [16]. By similar way of (a)
then sKa # sKs. Also, since aO(X, s) � PO(X,
s) ˝ BO(X, s), then sKa # sKp # sKb .
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(c) Since SO(X, s) = SO(X, sa), then sKs ¼ ðsaÞKs and since

sa # sKa . So sKs # ðsKaÞKs . h
Proposition 3.5. If (X, s) and (X, r) are two topological spaces

such that SO(X, s) = SO(X, r), then rK � sKa .

Proof. Since for a two topological space (X, s) and (X, r) if
SO(X, s) = SO(X, r) then r ˝ sa and so ðrKÞ# sKa . h

Remark 3.5. We note that in the above Proposition if

sKs ¼ rKs not necessary lead to rK � sKa the following example
show this fact.

Example 3.2. Let X= {a, b, c} and s = {X, /, {a}, {b}, {a, b}}
and r = {x, /, {a}, {c}, {a, c}}, then sKs ¼ rKs ¼ POðXÞ but
rK = {X, /.{a}, {c}, {a, c}}, and sKa ¼ fX;/; fag; fbg; fa; bgg.

Proposition 3.6. If A 2 POðX; sÞðresp:A 2 sKPÞ and B 2 aO
ðX; sÞðresp:B 2 sKaÞ, then A \ B 2 sKaðA; sAÞ.

Proof. If A is a preopen set and B is an a-open set then

A \ B 2 aO(A, sA). So A \ B 2 sKaðA; sAÞ. If A 2 sKP , then
A 2 \ {G: A ˝ G, G 2 PO(X, s)} and if

B 2 saðX; sÞ, then B = \ {U: B ˝ U, U 2 aO(X, s)}. So

A \ B ¼ \fG \U : A \ B#G \U;G 2 POðX; sÞ;U
2 aOðX; sÞg ¼ \fS : S 2 aOðA; sÞ;A \ B

� Sg; then A \ B 2 sKaðA; sÞ: �

The known relationships between some types of sets are
summerset in Fig. Figurefigurekk.

Proposition 3.7. For a space (X, s) the following are equivalent

(a) (X, s) is a � T1.
(b) Every subset A of X is Ka-set.
(c) Every subset A of X is Va-set.
Proof. (a fi c) Let A ˝ X. since A = [ {{x}: x 2 A}, A is a

union of a-closed sets, hence A is Va-set.

(b () c) Clearly by Proposition 3.3.

(c fi a) Since every subset is Va-set then it is a � closed and

so X is a-T1. h

Proposition 3.8. For a space (X, s) the following statements are
hold:
Figure 1 Comparison betwee
(a) If (X, s) is a-T1, then ðX; sKaÞ and ðX; sVaÞ are discrete

space.
(b) The identity function f : ðX; sKaÞ ! ðX; sÞ is continuous.

Proof. Obvious. h

Proposition 3.9. For a space (X, s) we have RCðX; sKaÞ=
RC(X, sK).

Proof. Obvious by the result RC(X, s) = RC(X, sa). h
4. g.Ka-sets and g.Va-sets

In this section, by using the Ka-operator and Va-operator, we
introduce the classes of generalized Ka-sets (=g.Ka-sets), and
generalized Va-sets (=g.Va-sets) as an analogy of the sets
introduced by Maki [1].

Definition 4.1. In a topological space (X, s), a subset A is called

(a) g.Ka-set of (X, s) if Ka(A) ˝ F whenever A ˝ F and F is

a-closed.
(b) g.Va-set of (X, s) if X � A is g. Ka-set of(X, s).

Now, DKaðresp:DVaÞ will be denoted by the set of all g.Ka-

sets (resp. g.Va-sets) in (X, s).

Proposition 4.1. Let (X, s) be a topological space and I be any
index set.

(a) Every Ka-set is g.Ka-set.
(b) Every Va-set is g.Va-set.
(c) If Ai 2 DKa for i 2 I ; then

S
i2I Ai 2 DKa .

(d) If Ai 2 DVa for i 2 I ; then
S

i2I Ai 2 DVa .

Proof. (a) and (b) is proved by Definition 3.2, Proposition 3.1

and Definition 4.1. (c) and (d) is proved by (e) of Proposition
3.1 and Definition 4.1. h

Remark 4.1. The converse of (a) and (b) of Proposition 4.1 is
not true in general as shown by the following example.

Example 4.1. Let X= {a, b, c,} with s = {X, /, {a, b}} then

sKa ¼ fX;/; fa; bgg. Then a subset A = {a, c} is g.Ka-set but

it is not Ka-set. Also the subset {a} is g.Va-set, but is not Va-set.
n sets and types of K-sets.
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Remark 4.2. The intersection of two g.Ka-sets generally not a
g.Ka-set. Also the union of two g.Va-sets is generally not a
g.Va-set as shown in the following example.

Example 4.2. Let (X, s) be the space in Example 4.1. If

A= {a, c} and B = {b, c}, then A and B are g. Ka-sets but
A \ B = {c} is not g. Ka-set. Also if A= {a} and B = {b} ,
then A and B are g. Va-sets but A [ B = {a, b} is not g.

Va-sets.

Proposition 4.2. Let (X, s) be a topological space.

(a) For each {x} � X is a-open set or X � {x} is g.Ka-set of

(X, s).
(b) For each {x} � X is a-open set or X � {x} is g.Va-set of

(X, s).

Proof.

(a) Let {x} be not a-open set then only a-closed set F con-

taining X � {x} is X. Thus ðX� fxgÞKa # F ¼ X and
X � {x} is a g.Ka-set of (X, s).

(b) By similar way of (a). h

Theorem 4.1. Every g.Ka-set is g.Kp-set (resp. g.Ks-set,
g.Kb-set).

Proof. Obvious by Theorem 4.1. and Proposition 3.4. h

The known relationships between the types of generalized
closed sets are summerset in Fig. Figurefigurekk.

Definition 4.2. A function f: (X, s) fi (Y, r) is said to be

(a) Strongly �-irresolute [17] if for each x 2 X and each
�-open set G of Y containing f(x), there is an open set

H containing x such that f(H) ˝ G, equivalently, if the
inverse image of each �-open set is open.

(b) �-irresolute [18] if for each x 2 X and each �-open set G

of Y containing f(x), there is an �-open set H of X con-
taining · such that f(H) ˝ G, equivalently, if the inverse
image of each �-open set is �-open.
Theorem 4.2.

(a) If a function f: (X, s) fi (Y, r) is �-irresolute, then
f : X ; s^/ð Þ ! ðY ; r^/Þ is continuous.

(b) The identity function idx : X ; s^/ð Þ ! ðY ; rÞ is strongly �-
irresolute.

Proof.

(a) Let G be any Ka-set of (Y, r) i.e. G 2 r^a . Then
G= � �(G) = \ {W: G ˝ W and W is �-open in (Y,
r)}. Since f is �-irresolute, f�1(W) is �-open in (X, s)
for each W. Hence we have f�1(Q) ˚\ {f�1(W): f�1

(G) ˝ f�1(W) and W is �-open in (Y, r)} ˚\ {H: f�1

(G) ˝ H and H is �-open in (X, s)} = � �(f
�1(G)). On

the other hand, by the definition, f�1(G) ˝�� (f�1(G)).
Hence, we obtain f�1(G) =�� (f�1(G)). Therefore
f �1ðGÞ 2 s^a and f : X ; s^/ð Þ ! ðY ; r^/Þ is continuous.

(b) Let G be any �-open set of (Y, r). Since G is �-open, by
Proposition 3.1 ðidxÞ�1ðGÞ ¼ G 2 s^/ and hence idx is
strongly �-irresolute. h
5. Conclusion

The notions of sets and functions in topological spaces exten-
sively developed and used in many engineering problems,
information systems, particle physics, computational topology
and mathematical sciences.

By researching generalizations of closed sets, K-sets and V-
sets, some new separation axioms have been founded and they
turn out to be useful in the study of digital topology. The

notion of kernel of a set has applications in computer science
[19]. This notion is used in most of this paper.
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