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1. Introduction

In [1] Maki has introduced the concept of A-sets in topological
spaces as the sets that coincide with their kernel. The kernel of
a set A is the intersection of all open supersets of A4.
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In this direction we shall introduce the notion of A,-sets,
V,-sets, g.A,-sets and g.V,-sets. We also investigate properties
of these sets and introduce some related new separation
axioms.

2. Preliminaries

Njasted [2] introduced a new class of near open sets in a topo-
logical space, so called a-open sets. The class of a-open sets is
contained in the class of semi-open and preopen sets and con-
tains open sets. In 1986, Maki [1] continued the work of Levine
[3] and Dunham [4] on generalized closed sets and exposure
operators by introducing the notion of A-set in topological
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space. He studied the relationship between the given topology
and the topology generated by generalized A-sets. Caldas and
Dontchev [5] built on Maki’s work by introducing Ag-sets,
V-sets, gA-sets and gV,-sets. Ganster et al. [6] introduced
the notion of pre-A-sets and pre-V-sets and obtained new
topologies defined by these families of sets. Also, Caldas
et al. [7] introduced and studied the concepts of A,-continuous
functions (which includes the class of precontinuous func-
tions). A,-irresolute functions are defined as an analogy of
irresolute functions and V,-closed functions by using A,-sets
and V,-sets. Definitions enable us to obtain conditions under
which functions and inverse functions preserve A,-sets and
V,-sets. They introduce a new class of topological spaces called
T"r-spaces and as an application we show that the image of
T'7-space under a homeomorphism is a 7"7-space, and that
a T'r-space is equivalent to pre-R, space. Abd El-Monsef
et al. [8] introduced the notion of h-A-sets and b-V-sets and
obtained new topologies defined by these families of sets. Also,
they introduced and studied g.A,-sets and g.Vy,-sets and some
of its properties. Khalimsky et al. [9] proved that the digital
line is a typical example of a T, space. The concept of A,-sets
and V -sets can be applied in rough sets to decrease the bound-
ary region of any subset of an approximation space.

Throughout this paper, (X, t)(or simply X) represent topo-
logical spaces on which no separation axioms are assumed,
unless otherwise mentioned. For a subset 4 of X, cl(A4), int(A4)
and A€ denote the closure of A4, the interior of 4 and the com-
plement of A, respectively.

Let us recall the following definitions, which are useful in
the sequel.

Definition 2.1. A subset A4 of a topological space (X, 7) is
called:

(a) semi-open [10] if A < cl(int(A4)),

(b) preopen [11] if 4 cint(cl(A4)),

(c) a-open [2] if A c int(cl(int(A))),

(d) p-open [12] [semi-preopen [13]] if 4 < cl(int(cl((A4))),
(e) b-open [14] [y-open [15]] if 4 c int(cl(A4)) U cl(int(A4)).

The class of all semi-open (resp. preopen, a-open, -open and
b-open) denoted by SO(X, t)(resp. PO(X, 1), 0O(X, 1), fO(X, 1)
and BO(X, 1)). The complement of these sets called semi-closed
(resp. preclosed, a-closed, ff-closed and h-closed) and the classes
of all these sets and closed sets will be denoted by SC(X,
7)(resp.PC(X, 1), 0C(X, 1), f C(X, 1), BC(X, 7) and C(X, 1)).

Definition 2.2. A subset A of a topological space (X, 7) is
called:

(a) A-set (resp. V-set) [1]if it is an intersection (resp, union)
of open supersets of A (resp. closed sets contained in A).

(b) Ag-sets (resp. Vg-sets) [5] if it is an intersection (resp.
union) of semi-open supersets of 4 (resp. semi-closed
sets contained in A).

(c) pre-A sets (resp. pre-V-set) [6] if it is an intersection
(resp. union) of preopen supersets of A (resp. preclosed
sets contained in A).

(d) b-A-sets (resp. b-V-set) [8] if it is an intersection (resp.
union) of h-open supersets of A (resp. b-closed sets con-
tained in A).

Definition 2.3. A subset 4 of a topological space (X, 1) is
called:

(a) generalized A-set (resp. generalized V-set) [1]if A(4) € F
whenever A c F and Fe C(X, 1) (resp. UcV(4)
whenever Uc 4 and U € 1.

(b) generalized semi-A-set (resp. generalized semi-V-set) [5]
if A((A)cF whenever 4 C F and F e SC(X, 1) (resp.
U c V(A4) whenever U c A4 and U € SO(X, 7).

(c) generalized pre-A-set (resp. generalized pre-V-set) [6] if
A, (A)cF whenever ACF and Fe PC(X, 1) (resp.
UcV, (4) whenever Uc A4 and U € PO(X, 7).

(d) generalized b- A-set (resp. generalized b-A-set) [8] if
Ap(A) c F whenever 4 c F and Fe€ BC(X, 1) (resp.
U c Vp(A) whenever Uc 4 and U € BO(X, 7).

Definition 2.4. A topological space (X, 7) is called an
oc-T-space [16] if to each pair of distinct points x, y of (X,
1) there corresponds an «-open set A containing x but not y
and an o-open set B containing y but not x.

3. A -sets and V -sets

In this section we define the notions of an a-A-set and an
o-V-sets in topological space which is denoted by A, V,,
and study some of its properties.

Definition 3.1. Let B be a subset of a topological space(X, 7).
We define subsets A,(B) and V(B) as follows:

(a) A(B) = N{G: G2 B, G € xO(X, 1)},
(b) V(B) = U{F: FC B, F* € aO(X, 1)}.

Example 3.1. Let X = {a, b, ¢, d} and © = {X, 0, {a}, {c}, {a,
e}, {b, ¢}, {a, b, ¢}} then 1, = {X, 0, {a}, {c}, {a, ¢}, {b, ¢}, {a,
b, ¢}, {a.c.d}} and

/\({a}):{a}, /\({bvd}):X‘r /\({avd}):{a‘rc*,d}* /\({a‘rc*d}):{awcvd}ﬁ

o

Ve({a}) =0, v,({b,d})={b,d}, V.({a,d})={a,d} and V,({a,c,d})={d}.

Proposition 3.1. Let and {B;: 1 € Q} be subsets of a topological
space (X, t). Then the following properties are valid:

(@) B AL(B).

(b) If Ac B, then A,(A) c A,(B).

(©) Au(Au(B)) = Au(B).

(d) If A€a0(X, 1), then A = A, ,(A) (ie., Ais an A -set).
(© Ax(UxeszBi) = Usca(Au(B))).

(O A(BS) = (V(B))“.

(®) Au(NicaBi) CMNico(Aa(B2)).

Proof.

(a) It is clear by Definition 3.1.

(b) Suppose that x¢ A,(B). Then there exists a subset
G € aO(X, 7) such that G o B with x ¢ G since B2 4,
then x ¢ A,(A4) and thus A, (A4) € AyB).
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(c) It follows from (a) and (b) that A, (B) € A, (AB)). If
x ¢ Ay (B) , then there exists G € «O(X, 1) such that
B2 G and x¢ G hence A(B)c G and so we have
x ¢ A(Ay(B)). Then Ay(A,(B)) = Ay(B).

(d) By Definition 3.1 and since A4 € «O(X, 1) we have
A,(A) c 4. By (a) we have that A,(4) = A.

(e) Suppose that there exists a point x such that x¢
A (U;caB;). Then there exists an a- open set G such that
U,coB; G and x ¢ G. Thus for each A€ Q we have
x ¢ Ay (B;). This implies that x¢ uU,;coA,(B;). Con-
versely, suppose that there exists a point x € X such
thatx ¢ U,coA,(B;). Then by Definition 3.1 there exists
a subsets G; € «O(X, 1) (for all 1 € Q) such that x ¢ G,
B, cG;. Let G = U,;c0G;. Then we have that x ¢ U,cq.
G, UcoB, G and G € o O(X, 7). This implies that
X ¢ Ay (VicaB)).

) (VAB)) = N{F: B°CF', FFeaOX, 1)} = A(B).

(g) Suppose that there exist a point x such that
x ¢ ();c0Ax(B;) then, there exists 1 € Q such that x ¢ A,
(B;) thence there exist 1 € Q and G € «O(X, 7) such that
G2 B;and x ¢ G. Thus x ¢ A(U,coB;). O

By using Proposition 3.1(f) one can easily verify our next
result.

Proposition 3.2. For subsets A, B and {B,: 1€ Q} of a
topological space (X, t) the following properties hold :

(@) Vu(B) = B.

(b) If AC B, then V,(A) C V,(B).

(©) Vu(Vu(B)) = Vu(B).

(d) If B is a-closed in (X, t) , then B =V, (B).
©) Vul(Miea Bi) = MiealVy (B;)).

() Vau(Viea Bi) 2Vsca(Vy (B1)).

Proof. (a), (b), (c) and (e) are immediate consequence of Def-
inition 3.1 and Proposition 3.1. To prove (d) let B be a-closed
in (X, 1), then B € aO(X, 7). By (d) and (f) of Proposition
3.1B° = A(B) = (V(B))‘. Hence B = V(B).

To prove (f) by using statement (d) and Proposition 3.1 (f)

we have:
A, (UB;.) | A, <ﬂ331>
1EQ r€Q

Va( <UB/) =
((Vu(B)) | =JVu(Br). O

reQ r€Q

¢

(MA(B)

r€Q

Remark 3.1. We not in general we have A (B; N B,) # A (B)) -
N A,(B>), as the following example shows.

Example 3.2. Let X = {a, b, ¢} and © = {X, ¢, {a}}. Let
By =1{b} and B, =1{c}. Then A B;NB,) = ¢, but
Ay(B) N Ay(B,) = {aj.

Definition 3.2. In a topological space (X, t), a subset B is
called a A,-set (resp. V-set) of (X, 7) if B = A, (B) (resp.
B = V,-set).

Example 3.3. Let (X, 1) be a topological space as in Example
3.1. Then is A,-set and B = {b, d} is V-set

Remark 3.2. By Proposition 3.1(d) and Proposition 3.2(d) we
have that.

(a) If Bis a A-set or if B € aO(X, t), then Bis a A,-set.
(b) If Bis V-set or if B is a-closed set, then Bis a V -set.

The converse of this remark is not true as shown of the next
example.

Example 3.4. Let (R, 7) be a usual topology, a singleton {x} is
not a-open but A,-set.

Proposition 3.3. For a topological space (X, t) the following
statements hold.:

(a) The subsets ¢ and X are A,-sets and V -sets.

(b) Every union of Ay-sets (resp. Vy-sets) is a A,-set(resp.
V,-set).

(c) Every intersection Ay -sets (resp. V-sets) is a A,-set
(resp. V,-set).

(d) A subset Bis a Ay-set if and only if B is a V-set.

Proof. We shall only consider the case of A,-sets.

(a) obvious. To prove (b), let {B;: 1€ Q} be a family of
A,-sets in (X, 7). If B = U{B;: . € Q} then by Proposition 3.1
Bis A,-sets. To prove (C) , let {B;: A € Q} be a family of A,-set
in (X, 7). Then by Proposition 3.1 (g) and Definition 3.2
we have A, (N,coB:) CNycoMu(Bi) =N;c0 B, hence by
Proposition 3.1(a)

()B: = A <ﬂB,¢>. O
reQ reQ

Remark 3.4. Let ™ and 7¥* be the set of all A,-sets and
V,-sets from X. Then t and ¥~ is a topology on X containing
all a-open (resp. a-closed) sets.

Now we introduce some properties of t and V=

Proposition 3.4. For a space (X, t) the following statements
hold:

(a) " C 1.
(b) t™ C M, M C et and o c o,
() ™ = ()™ and ™ C (z)™.

Proof.

(a) Let 4 be a subset of X and 4 is A-set or (4 € t*). Then
A=nN{U. AcU, Uert}. Since every open set is
o-open. Then 4 =N{U. AcU, U is o-open}, so
™ Chs,

(b) Since aO(X, 1) c SO(X, 1) [16]. By similar way of (a)
then ™ CtV. Also, since aO(X, 1)c POX,
1) € BO(X, 1), then " C ™ C /",
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(c) Since SO(X, 1) = SO(X, t*), then ™ = (r“)’\“ and since
T C ™. So ™ C (TA“)A“. O

Proposition 3.5. If (X, t) and (X, o) are two topological spaces
such that SO(X, t) = SO(X, ¢), then ¢* C .

Proof. Since for a two topological space (X, 1) and (X, o) if
SO(X, 1) = SO(X, o) then ¢ c * and so (¢*) Cth. O

Remark 3.5. We note that in the above Proposition if

™ = ¢™ not necessary lead to ¢ = ** the following example

show this fact.

Example 3.2. Let X = {a, b, c} and t = {X, ¢, {a}, {b}, {a, b}}
and ¢ = {x, ¢, {a}, {c}, {a, ¢}}, then ™ = ¢ = PO(X) but
o = (X, ¢.{a}, {c}, {a, ¢}}, and T = {X, ¢, {a}, {b}, {a,b}}.

Proposition 3.6. If 4 € PO(X,t)(resp.A € t™) and B € 0O
(X, 7)(resp.B € t), then AN B € t(A4,14).

Proof. If A is a preopen set and B is an o-open set then
ANBcaO(A, 14). So ANBc t™:(A4,74). If A €1, then
Aen{G: AcG, Ge PO, 1)} and if

B e t(X,1), then B=N{U: Bc U, U € a0(X, 1)}. So

ANB=nN{GNU:ANBCGNU,G e PO(X,1),U
ca0(X, 1)} =nN{S:S€a0(4,7),ANB
C S}, thendNBet™(4,7). O
The known relationships between some types of sets are
summerset in Fig. Figurefigurekk.

Proposition 3.7. For a space (X, t) the following are equivalent

@) (X,7)isoa—Tj.
(b) Every subset A of X is A,-set.
(c) Every subset A of X is V,-set.

Proof. (a > c¢) Let Ac X. since 4 = U {{x}: xe A4}, Ais a
union of a-closed sets, hence A4 is V,-set.

(b < c¢) Clearly by Proposition 3.3.

(c — a) Since every subset is V-set then it is o — closed and

so Xisa-T7. O

Proposition 3.8. For a space (X, t) the following statements are
hold:

N —set

open set « —open

preopen

Figure 1

Ao— Set

@) If (X, t) is a-T,, then (X,t™) and (X,1%*) are discrete
space.
(b) The identity function f: (X,t) — (X, 1) is continuous.

Proof. Obvious. [

Proposition 3.9. For a space (X, t) we have RC(X,t") =
RC(X, ™).

Proof. Obvious by the result RC(X, 1) = RC(X, %). O

4. g.A,-sets and g.V -sets

In this section, by using the A,-operator and V,-operator, we
introduce the classes of generalized A,-sets (=g.A,-sets), and
generalized V,-sets (=g.V,-sets) as an analogy of the sets
introduced by Maki [1].

Definition 4.1. In a topological space (X, 1), a subset 4 is called

(a) g.A,-set of (X, 1) if A,(A) c F whenever 4 ¢ F and F'is
a-closed.
(b) g.V,-set of (X, 1) if X — A4 is g. A,-set of(X, 7).

Now, DM (resp.DV+) will be denoted by the set of all g.A,-
sets (resp. g.V,-sets) in (X, 7).

Proposition 4.1. Let (X, t) be a topological space and I be any
index set.

(a) Every Ay-set is g.\,-set.
(b) Every V,-set is g.V,-set.
(c) If A; € DM for i € I, then |J
(d) If A; € DY* for i € I, then |J

A; € DM
A; € DV=.

iel

icl

Proof. (a) and (b) is proved by Definition 3.2, Proposition 3.1
and Definition 4.1. (c) and (d) is proved by (e) of Proposition
3.1 and Definition 4.1. O

Remark 4.1. The converse of (a) and (b) of Proposition 4.1 is
not true in general as shown by the following example.

Example 4.1. Let X = {a, b, ¢,} with 1 = {X, ¢, {a, b}} then
™ = {X,¢$,{a,b}}. Then a subset 4 = {a, ¢} is g.A,-set but
it is not A,-set. Also the subset {a} is g.V,-set, but is not V -set.

semi-open———»Ag— set

b-open————»7A, — set

/\p— set

Comparison between sets and types of A-sets.
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N —set—>N,— set g.Nx— set

Figure 2

Remark 4.2. The intersection of two g.A,-sets generally not a
g.A,-set. Also the union of two g.V,-sets is generally not a
g.V,-set as shown in the following example.

Example 4.2. Let (X, 7) be the space in Example 4.1. If
A = {a, ¢} and B = {b, ¢}, then A and B are g. A,-sets but
ANB = {c} is not g. A,-set. Also if 4 = {a} and B = {b} ,
then 4 and B are g. V,-sets but 4 U B = {a, b} is not g.
V,-sets.

Proposition 4.2. Let (X, ©) be a topological space.

(a) For each {x} c X is a-open set or X — {x} is g.A,-set of
(X, 7).

(b) For each {x} c X is a-open set or X — {x} is g.V,-set of
(X, 7).

Proof.

(a) Let {x} be not a-open set then only a-closed set F con-
taining X — {x} is X. Thus (X — {x}) CF =X and
X — {x} is a g.A,-set of (X, 7).

(b) By similar way of (a). O

Theorem 4.1. Every g.A,-set is g.A,-set (resp. g.Asset,
g.Ayset).

Proof. Obvious by Theorem 4.1. and Proposition 3.4. [

The known relationships between the types of generalized
closed sets are summerset in Fig. Figurefigurekk.

Definition 4.2. A function f; (X, 1) — (Y, ¢) is said to be

(a) Strongly e<-irresolute [17] if for each x € X and each
oc-open set G of Y containing f{x), there is an open set
H containing x such that f{H) < G, equivalently, if the
inverse image of each o<-open set is open.

oc-irresolute [18] if for each x € X and each «<-open set G
of Y containing f{x), there is an «<-open set H of X con-
taining X such that f{H) c G, equivalently, if the inverse
image of each o<-open set is e<-open.

(b

~

Np —Lset
g-Np~ set

./\3 -Sete— Aﬁ_ set

— set.

g-/\sI

As— set

Comparison between types of A-sets and types of generalized-A-sets.

Theorem 4.2.

(@) If a function f: (X, 1) > (Y, o) is o<-irresolute, then
[ (X,m") — (Y,a"~) is continuous.

(b) The identity function id, : (X,1"~) — (Y, 0) is strongly o<-
irresolute.

Proof.

(a) Let G be any A,-set of (Y, o) i.e. G € ¢". Then
G=A.G)=nN{W: G W and W is e-open in (7,
0)}. Since f is -irresolute, /= (W) is «<-open in (X, 1)
for each W. Hence we have f~'(Q)on {f'(W): f!
(G)cf (W) and W is «<-open in (Y, o)} 2N {H: [
(G)c H and H is «<-open in (X, 1)} = A (f '(G)). On
the other hand, by the definition, /~(G) ca.. (f~1(G)).
Hence, we obtain [ '(G) =a.(/"(G)). Therefore
fYG) € ™ and f: (X,t"~) — (¥,0"*) is continuous.

(b) Let G be any o<-open set of (Y, o). Since G is «<-open, by
Proposition 3.1 (id,)”'(G) = G € ™~ and hence id, is
strongly e<-irresolute. [

5. Conclusion

The notions of sets and functions in topological spaces exten-
sively developed and used in many engineering problems,
information systems, particle physics, computational topology
and mathematical sciences.

By researching generalizations of closed sets, A-sets and V-
sets, some new separation axioms have been founded and they
turn out to be useful in the study of digital topology. The
notion of kernel of a set has applications in computer science
[19]. This notion is used in most of this paper.
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