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Abstract In this paper, we consider two mixed vector equilibrium problems i.e., a weak mixed vec-
tor equilibrium problem and a strong mixed vector equilibrium problem which are combinations of
a vector equilibrium problem and a vector variational inequality problem. We prove existence
results for both the problems in non-compact setting.
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1. Introduction

Many problems of practical interest in optimization, econom-
ics and engineering involve equilibrium in their description.
The equilibrium problem was first introduced and studied by
Blum and Oettli [1] as a generalization of variational inequality
problem. It has been shown that the equilibrium problem pro-
vides a natural, novel and unified framework to study a wide
class of problems arising in nonlinear analysis, optimization,
economics, finance and game theory. The equilibrium problem
includes many mathematical problems as particular cases such
as mathematical programming problems, complementarity

problems, variational inequality problems, fixed point
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problems, minimax inequality problems, and Nash equilibrium
problems in noncooperative games. see [1-4].

Let X be a Hausdorff topological vector space, K be a sub-
set of X, and f: K x K— R be a mapping with f(x,x) =0.
The classical, scalar-valued equilibrium problem deals with
the existence of X € K such that

fx,y) = 0;

Moreover, in the case of vector valued mappings, let ¥ be a
another Hausdorff topological vector space, C C Y a cone.
Given a vector mapping f: K x K — Y, then the problem of
finding X € K such that

Vy € K.

is called weak equilibrium problem and the point ¥ € K is
called weak equilibrium point, where intC denotes the interior
of the cone Cin Y.

In this paper, we consider two types of mixed vector equi-
librium problems which are combinations of a vector equilib-
rium problem and a vector variational inequality problem.
Let X and Y be two Hausdorff topological vector spaces. Let
K be a nonempty convex closed subset of X and CC Y a
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pointed closed convex cone with nonempty interior i.e.,
intC # . The partial order “</” on Y induced by C is
defined by x <cyifandonlyif y—x e C. Let f: Kx K— Y
and T: K — L(X,Y) be two mappings, where L(X, Y) is the
space of all linear continuous mappings from X to Y. Here
(T(x),y) denotes the evaluation of the linear mapping 7/(x)
at y. Now, we consider the following two problems:
Find X € K such that

f(x%,9) +(T(X),y — X) ¢ —intC; VyeK. (1.1)
and
S%y) +(T(x),y —x) ¢ —C\{0}

We call problem (1.1) as weak mixed vector equilibrium prob-
lem and problem (1.2) as strong mixed vector equilibrium
problem. Problems (1.1) and (1.2) are unified models of several
known problems used in applied sciences, for instance, vector
variational inequality problem, vector complementarity prob-
lem, vector optimization problem and vector saddle point
problem, see e.g. [3,5-9] and references therein. For a more
comprehensive bibliography on vector equilibrium problems,
vector variational inequality problems and their generaliza-
tions, we refer to volume edited by Giannessi [3]. Our results
generalize the results obtained by Blum and Oettli [1] and
therefore the results of Fan [10] for vector valued mappings.
For more details, we refer to [5,11,12]. As the underlying set
K is non-compact, therefore we use only a very weak coercivity
condition i.e., coercing family.

vy € K. (1.2)

2. Preliminaries

The following definitions and results are needed in the sequel.

Definition 2.1. Let g: K — Y be a mapping. Then g is said to
be C-convex, if for all x,y € Kand 1 € [0, 1]

giax + (1 = 2)y) <c 2g(x) + (1 — 1)g(»),
which implies that

gAx+ (1= A)y) e ig(x)+ (1 —A)gy) — C.
Definition 2.2. A mapping g : K — Y is said to be

(i) lower semicontinuous with respect to C at a point
xo € K, if for any neighborhood V of g(x;) in Y, there
exists a neighborhood U of x, in X such that

gUNK)CV+C

(i1) upper semicontinuous with respect to C at a point
xo €K, if

gUNK)CV-C;

(iii) continuous with respect to C at a point x, € K, if it is
lower semicontinuous and upper semicontinuous with
respect to C at that point.

Remark 2.1. If g is lower semicontinuous, upper semicontinu-
ous and continuous with respect to C at any point of K, then g
is lower semicontinuous, upper semicontinuous and continu-
ous with respect to C on K, respectively.

Definition 2.3. A mapping f: Kx K— Y is said to be
C-monotone, if for all x,y € K

f(x,9) +f(y,x) € —C.

Lemma 2.1 [9]. If g is a lower semicontinuous mapping with
respect to C, then the set {x € K : g(x) ¢ intC} is closed in K.

Lemma 2.2 [13]. Let (Y,C) be an ordered topological vector
space with a pointed closed convex cone C. Then for all
x,y € Y, we have

(i) y—xe€intCandy ¢ intC imply x ¢ intC;

(i) y—xe€Candy ¢ intC imply x ¢ intC;
(iil) y —x € —imtC and y ¢ —intC imply x ¢ —intC;
(iv) y—xe —-Candy ¢ —intC imply x ¢ —intC.

Definition 2.4 [14]. Consider a subset K of a topological vector
space and a topological space Y. A family {(C;, Z,)},, of pair
of sets is said to be coercing for a mapping F: K — 2% if and
only if

(i) for each i € I, C; is contained in a compact convex sub-
set of K and Z; is a compact subset of Y;
(ii) for each i, € I, there exists k € 1 such that C; U C; C Cy;
(iii) for each i € I, there exists k € [ with [ F(x) C Z,.

xeCy

Definition 2.5. Let K be a nonempty convex subset of a topo-
logical vector space X. A multivalued mapping G : K — 2% is
said to be KKM mapping, if for every finite subset {x;},., of K,

Co{x;:iel} C UF(x,-),
iel

where Co{x; : i € I} denotes the convex hull of {x;},;.
Theorem 2.1 [14]. Let X be a Hausdorff topological vector
space, Y a convex subset of X, K a nonempty subset of Y and
F:K— 2V a KKM mapping with compactly closed values in
Y (i.e., for all x € K, F(x)NZ is closed for every compact set
Z of Y). If F admits a coercing family, then

(F(x) # &.

xek

Condition(C): We say that the cone C satisfies Condition(C), if
there is a pointed convex closed cone C such that C\ {0}
CintC.

3. Existence results

In this section, we prove the following existence results for
weak and strong mixed vector equilibrium problems (1.1)
and (1.2) for non-compact domain.

Theorem 3.1. Let K be a nonempty closed convex subset of a
Hausdorff topological vector space X, Y a Hausdorff topolog-
ical vector space and C a closed convex pointed cone in Y with
intC# . Let f:KxK—Y and T:K— L(X,Y) be two
mappings satisfying the following conditions:
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(1) f'is C-monotone;

(i) f(x,x) =0, for all x € K,

(iil) for any fixedx,y € K, t € [0,1] = f(ty + (1 — t)x,y) € ¥
is upper semicontinuous with respect to C at t =0,

(iv) for any fixed x € K, f(x,:) : K — Y is C-convex, lower
semicontinuous with respect to C on K;

(v) T is upper semicontinuous with respect to C with non-
empty closed values;,

(Vi) there exists a family {(C;, Z:)},., satisfying conditions (i)
and (ii) of Definition 2.4 and the following condition: For
each i € I, there exists k € I such that

{X € Kf(yvx) - <T(x)7y7x> ¢ imC,Vy € Ck} cZ.

Then, there exists a point X € K such that

S%,3) +(T(x),y — x) ¢ —imtC; VyeK.

For the proof of Theorem 3.1, we need the following prop-
osition, for which the assumptions remain same as in Theorem
3.1.

Proposition 3.1. The following two problems are equivalent:

(1) Find x € K such
Vy € K,

(i) Find x € K such that f(x,y)+
Vy e K.

that f( ’)_C) - <T()_C)7y7

(T(X),y —X) ¢ —intC;

X) ¢ imC;

Proof. Suppose (I) holds. Then for fixed ye K, set
x;=ty+ (1 —10)x, for t € [0,1]. It is clear that x, € K, for all
t € [0, 1] and hence

(x4, X) = (T(X),x, — X) ¢ intC. (3.1)
Since f(x,x) =0 and f{x,-) is C-convex, we have
0 = f(xi, x:) <c tf(x1,¥) + (1 = )f(x,, X)

= tf(x,y)+ (1 = 0)f(x,%) € C. (3.2)
Also,
(T(E), % — %) = ({T(®),y - %) = (1= )T,y — 5

— (1= 0){T(x),x,—x) =0. (3.3)

Combining (3.2) and (3.3), we obtain

100, 9) + (1= D {flx, %) = (T(3),5 = %)} + (1 = )(T(x),y—5) € C, (3.4)

for all 7 € [0, 1].
Using (3.1) and (3.4) and (ii) of Lemma 2.2, we have

f(xi,y)+ (1 =) ({T(x),y — X) ¢ —intC
= flxn,p) + (1 =0)(T(X),y = X) ¢ —intC,¥t€(0,1]. (3.5)
By condition (iii) of Theorem 3.1 as 7+ f{ty + (1 — f)x,y) is

upper semicontinuous with respect to C at ¢t =0, therefore
from (3.5) we have

f(xvy) + <T(5€)7y - X) é —il’llC,

and hence (II) holds.

Conversely, Assume that (IT) holds for all y € K. In order to
prove (I), on contrary suppose that there exists a point y € K
such that

J:%) =(T(x),5 = x) € imC = f(y,x)

=(T(%),7 — %) + w; (3.6)
for some w € intC.
On the other hand, since fis C-monotone, we have

for some v € C.
Combining (3.6) and (3.7), we have

Jx,3) +(T(x),5 — X) =
which contradicts assumption (II). Therefore (I) holds. [

—w—v e —intC;

Proof of Theorem 3.1. For each y € K, consider the set
F(y) = {x € K: fly,x) = (T(x),y — x) ¢ iniC}.

By Lemma 2.1, F(y) is closed in K and hence F has compactly
closed values in K.

Now, we show that F is a KKM map. For this, let
{y; i € I} be a finite subset of K and u € Co{y,:i € I}.

We claim that

Co{y;riel}C UF(}’i)-
iel

In contrary, suppose that u ¢ UF(y,) Asue Co{y,- tiel},
we have u =), Ay, with 1; > =0 and Stk

This follows that
JWiu) = (T(u), y; —
Since intC in convex, therefore
Z)“l{f(yn u)
il
Since f(x, ) is C-convex and C-monotone, we have

S ) <¢ Y hdf i)

icl ijel

icl

uy € intC.

(T(u),y; — u)} € intC.

ZZ? Al ) + )} <c 0

ijel

Furthermore,

0= (T(u),u—u) = <T(u), > iy - Z/l,-u>

icl icl

< Z)“ F—u > Z/l&T(u),y,-fu).
iel iel
Combining (3.9) and (3.10), we have

> Al T(w),y;—u) =Y Afly,u) € C

il icl

= > 2 fpu) = (T(u),y

i€l
From (3.8) and (3.11), we conclude that
Z)‘fi{f(y[? u) - <T(u)7.y1 - H>} €mtCn (_C) = @7

icl

(3.10)

—u)} e —C. (3.11)

which is a contradiction. This follows that u € UF(y,) and
hence Co{y,;: i€ I} C |JF(y;). Thus, Fis a KKM mdppmg

icl
From the assumpti%n (vi), we can see that the family
{(Ci,Z))},; satisfies the condition which is for all i€/,
there exists k € I such that
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(F») € Z;

yeCy

and therefore it is a coercing family for F.
We deduce that F satisfies all the hypothesis of Theorem
2.1. Therefore, we have

FO) # 2.

yek
Hence, there exists X € K such that for any y € K
S, %) = (T(%,y — X)) ¢ intC.

Now applying Proposition 3.1, we obtain that there exists
X € K such that for all y € K

fx,y) +{T(%,y — X)) ¢ —intC.

Hence problem (1.1) admits a solution. This completes the
proof. O

Corollary 3.1. Let K, C, {(C;,Z;)}ie;, f and T satisfy all the
assumptions of Theorem 3.1. In addition, if C satisfies
Condition(C), then the problem (1.2) is solvable i.e., there
exists X € K such that for any y € K

S5 y) +(T(x),y —x) ¢ —(C\{0}).

Proof. Let us suppose that C satisfies Condition(C). Then
there is a pointed convex and closed cone C in Y such that

C\ {0} Cin:C.
Therefore we can easily see that K, C, {(C;,Z;)},,;,, fand T
satisfy all the assumptions of Theorem 3.1. Therefore by The-
orem 3.1, we get

f(X,3) +(T(%),y — %) ¢ —intC; VyeK. (3.12)
Since —(C\ {0}) C — intC, it follows from (3.12) that there
exists X € K such that

S5 y) +(T(x),y —x) ¢ —(C\{0});

Hence problem (1.2) admits a solution. This completes the
proof. [

Vy € K.
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