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In this paper we obtain some stability results for fixed point sets associated with a
sequence of multivalued mappings. We define multivalued o— contractions and multivalued
a-admissible mappings. We use Hausdorff distance in our definition. We show that the fixed point
sets of uniformly convergent sequences of multivalued a—y contractions which are also assumed to
be multivalued «-admissible, are stable under certain conditions. The multivalued mappings we
define here are not necessarily continuous. We present two illustrative examples and one open

2010 MATHEMATICS SUBJECT CLASSIFICATION: 47H10; 37C75; 54C60

© 2014 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.

1. Introduction and preliminaries

Stability is a concept in dynamical systems related to limiting
behaviors. There are various notions of stability both in dis-
crete and continuous dynamical systems [1,2]. In this paper
we consider such a problem of stability related to a sequence
of multivalued mappings on metric spaces. The limiting
behaviors of sequences of mappings have been considered in
a large number of papers in recent times as, for instances, in

* Corresponding author. Tel.: +91 9433471023.
E-mail addresses: binayak12(@yahoo.co.in (B.S. Choudhury), chaitali.
math@gmail.com (C. Bandyopadhyay).
! Tel.: +91 9433800840; fax: +91 33 26682916.
Peer review under responsibility of Egyptian Mathematical Society.

ELSEVIER Production and hosting by Elsevier

[3.4]. Particularly, stability of fixed point sets for multivalued
mapping has been considered in [5-7].

Specially, we are interested in the limit of fixed point sets
for a convergent sequence of multivalued mappings, that is,
how they are related, in the limit, to the fixed point set of
the function to which the sequence converges. We say that
the fixed point sets are stable when they converge in the Haus-
dorff metric to the set of fixed points of the limiting function.
More often than not, in the above mentioned problem of sta-
bility, sequences of multivalued mappings are considered. One
of the reasons behind this is that multivalued mappings often
have more fixed points than their singlevalued counterparts.
For instance, in the theorem of Nadler [3], which is a multi-
valued generalization of the Banach contraction principle,
and, incidentally, which is also the first work appearing on
multivalued contractive fixed point studies, the fixed point is
not unique in contrast to the case of Banach’s contraction.
In those situations the fixed point set becomes larger and,
hence, more interesting for the study of stability. In this paper
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we consider the case of o— contractions [8] which is a newly
introduced generalization of the Banach’s contraction. It
should be mentioned that Banach contraction mapping princi-
ple [9,10] plays an important role in nonlinear analysis. There
has been a large number of generalizations of this result over
the years [11-16].

We introduce a multivalued version of o— contraction. We
show that for such a multivalued mapping on a complete met-
ric space, the fixed point set is nonempty. We then show that a
uniformly convergent sequence of such mappings on a com-
plete metric space has stable fixed point sets, that is, the fixed
point sets converge to the fixed point set of the limiting func-
tion with respect to the Hausdorff metric.

Throughout this paper CL(X) denotes the family of all
nonempty closed subsets of a metric space (X,d) and P(X)
denotes the family of all nonempty subsets of X.

The Hausdorff metric H is defined on CL(X) by

H(A, B) = max {supd(x, A),supd(x, B)},
xeB xXeB
where 4, B € CL(X) and d(x, A) = inf,c4d(x, y).

H is a metric when it is restricted to the set CB(X), the set of
all closed and bounded subsets of X. Otherwise, on CL(X), the
set of all closed subsets of X, all the properties of the metric
function is satisfied except that H(A4, B) can be infinite when
either 4 or B is unbounded. The following is the well known
definition of fixed point for multivalued mappings.

Let 7: X — P(X) be a multivalued mapping, a point z € X
is a fixed point of 7" whenever z € T%z.

Asl et al. [17] introduce the following definition;

Definition 1.1 [17]. Let (X,d) be a metric space;
a: X x X — [0,00) be a mapping and 7': X — 2% be a closed
valued multifunction, where 2% = collection of all nonempty
subsets of X. Let i : [0,00) — [0,00) be a nondecreasing and
continuous function with " /" () < oo and (¢) < ¢ for each
t>0. We say that T is an o,— contractive multifunction
whenever

. (Tx, Ty)H(Tx, Ty) < y(d(x,)), for x,y € X, (L.1)
where o.(Tx, Ty) = inf{o(a,b) : a € Tx,b € Ty}.

In the following we introduce the concept of multivalued
o~ contraction and multivalued o-admissible.

Definition 1.2 (Multivalued o—\ contraction). Let (X, d) be a
metric space, and o : X x X — [0,00), ¥ : [0,00) — [0,00) be
two mappings such that i/ is a nondecreasing and continuous
function with > ¢"(¢) < oo and ¥(7) <t for each 7> 0.
T:X — CL(X) be a multivalued mapping. We say that T is
a multivalued o—y contraction if

a(x, ) H(Tx, Ty) < Y(d(x,y)), for all x,y € X. (1.2)

Remark 1.1. In (1.2) of our Definition 1.2 we consider «(x, y)
instead of o.(7Tx, Ty) which has been considered in (1.1) of
Definition 1.1. o (Tx, Ty) is defined as

o.(Tx, Ty) = inf{a(a,b) : a € Tx,b € Ty}, for x,y € X.

From the definition it is clear that «,(7x, Ty) is not necessarily
equal to «(x,y), and also we cannot compare o(x,y) with

o.(Tx, Ty). Therefore Definition 1.2 is new and independent
of Definition 1.1.

Remark 1.2. If T is singlevalued in Definition 1.2, then it is an
o—) contraction as in [§].

Definition 1.3 (Multivalued a-admissible). Let X be any non-
empty set. 7: X — P(X) and o : X X X — [0,00) be two map-
pings. We say that 7 is multivalued a-admissible if, for
x,y € X,

a(x,y) > 1= ala,b) > 1, for all a € Tx and for all b € Ty.
Example 1.1. Let X =R, o: R x R—[0,00). We define

a(x,y) = x* + ), where x,y € R.
Define 7: R— P(R) by,

Tx = {m,—m}

Then T is multivalued o-admissible.

2. Main Result

We first prove that multivalued o«— contractions on complete
metric spaces have nonempty fixed point sets. In the proof
of the following theorem we make use of Lemma 8.1.3(c)
of [18].

Theorem 2.1. Let (X,d) be a complete metric space and
T:X— CL(X) be a multivalued o—\ contraction. Also T
satisfies the following:

(i) T is multivalued o-admissible;
(ii) For some xo € X, a(xqg,a) > 1 holds for all a € Tx,,
(iii) If  {x,} is a sequence in X such that
(X, Xnt1) > 1 for all n, where x4, € Tx, and x, — x as
n — oo, then o(x,,x) > 1 for all n.

Then T has a fixed point.

Proof. Let x; € X be as in the statement of the theorem. By
(i), we have x| € Txy such that, «(x,x;) > 1. Then, since
x; € Txyg, we can choose x, € Tx; such that,
d(x1,x2) < a(xo, x1)H(Txg, Txy). So, by (1.2), we have

d(x1,x2) < a(xg, x1)H(Txo, Tx1) < Y(d(xq,x1)). (2.1)

Since x| € Txg, x, € Tx; and a(xg, x;) > 1, by (i), we have
o(xy,x2) > 1.

Again, for x; € Txj, we can choose x3 € Tx, such that
d(xz, x3) < a(xy, x2)H(Txy, Tx,).
Therefore, by (1.2), we have,
d(x2,x3) < a(x1,x2)H(Tx1, Txy) < Y(d(x1,x7))

<Y (dxo,x1))  (by (2.1)). (2.2)

Also, since o(x;,x2) > 1,x, € Tx; and x; € Tx, we have
that «(x,,x3) > 1. Continuing this process we can construct
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a sequence {x,} such that for all n>1, x,. € Tx,,
ot(x, X,11) > 1 and

d(-xnuanrl) g OC(Xn,hxn)H(TX",h Txn) g lpn(d(x07x1))- (23)

Now, we have

le x07x1

< oo (by an assumption of the theorem).

00

E ’Ck7 ’Ck+1

k=1

= &(d(xo, x1))

This implies that, {x,} is a Cauchy sequence. Since X is
complete, there exists z € X such that {x,} — z as n — cc.

Now we prove that z € Tz.

For all n>1, x,41 € Tx,. Therefore d(x,11,7z) <
H(Tx,, Tz). By (iii), a(x,,z) > 1 for all » > 1. Hence we have
forall n = 1, d(xu41, Tz) < oa(xy, 2) H(Txy, Tz) < Y(d(xy, 2)).

Letting n — oo we have d(z,7z) < y/(0). Since Y(r) = 0
and y(7) < t, for all 1 = 0, we have that (0) =

Therefore, we get d(z, Tz) = 0. Since 7z € CL(X), it follows
that z € Tz.

Hence T has a fixed point. [

Example 2.1. Let Define

T:R — CL(R) by

X=R. dx,y)=|x—y|

{l,i}, if x> 1;

Tx=1{ {04}, if0<x<I;
{2,3}, otherwise.
H(T0,Tx) =max{2,3} =3> L.

Hence, we observe that, the Nadler’s multivalued contrac-
tion principle [3] cannot be applied here.

Now, we define the mapping, o : R x R — [0, 00) by,

(x,) {2, if x,y €10, 1];
alx,y) =
Y 0, otherwise.

and let  : [0,00) — [0,00) be that

v(r) = %t.

Then T is multivalued a— contraction as well as multi-
valued o-admissible.

Now, for x,y € [0, 1] we have,

*RHRf 16 }

d(0, Tx) = inf{o 1"6} -0
(g 7) =int {Jo |- fg ~ el I

H(Tx, Ty) = max {sup d(x, Ty),supd(y, Tx)}

xeTx yeTy

= max {int {{e]. |76~ ] in {551 155 ~ 5l
Xy
16 161
Now,
a(x,y)H(Tx, Ty) =2 X i——‘ =—|x—y g@
= Y(d(x,y))-

Hence we observe that T satisfies all the condition of the
above theorem, and 7 has fixed point at x = 0.

Theorem 2.2. Let X be a complete metric space and
F(Ty), F(T,) are the fixed point sets of Ty, T, respectively where
T:: X — CL(X),i =1,2. Each T; is multivalued a— contrac-
tion as defined in Theorem 2.1 with the same o and . Also each
T; satisfies the following:

(i) for any x € F(T,), we have o(x,y) > 1 whenever y € T»x,
and for any x € F(Ty), we have a(x,y) > 1 whenever
yE T\x;
(ii) Each T; is multivalued o-admissible;
(iii) If {x,} is a sequence in X such that o(x,,x,,1) > 1 for all
n = 1 where x| € Tix,,i =1,2, and x, — x as n — oo,
then o(x,,x) > 1 foralln = 1
Then H(F(T,),F(T,)) < ®(K), where K = sup, . H (T 1x, T>x).
Proof. By Theorem 2.1, F(T)) and F(T3) are nonempty. Let
g>1 be any number. Choose x, € F(T;). We can find
x1 € Trxo such that d(xg,x;) < gK. For any xy € F(T)), and
x; € Thxy, we have by (i), a(xo,x;) > 1. Now, for x; € Thxo,
we can find x, € T>x; such that,

d(x1 s Xz) < OC(.X(), xl)H(szO, szl).
Therefore, by (1.2) and Theorem 2.1, we have,

d(x1,x2) < a(xo, x1)H(Tax0, Toxy) < Y(d(x,x1)) < Y(gK).
(

Since a(xg,x1) > 1, x; € Thxy and x, € Thrx;, we have by (ii),

a(xy,x,) > 1. For x, € Thx; we can choose x3 € Thx, such
thdt d(’Cz,X3) <o Xl, ’Cz)H(TzX], TzXz). Therefore, by (12),
we have,

< a(xy, X)) H(Tox1, Tox2) < y(d(x1,x5))
<P (d(x0,x1)) < Y2 (gK).

Since x; € Thx;, x;3 € Thxy and since o(xy,x;) > 1, then we
have, by (ii), that o(xy, x3) > 1.

Continuing this process, we can construct a sequence {x,},
such that, x,. € Thx, for all n > 1. We have for all
n = 1,0(x,-1,x,) > 1, and also that,

d(xn7xn+1) < “(xn—lyxn)H(T}xn—lv T2xn) < l10(07()@1—17)@1))
< V' (d(xo, x1)) < Y'(¢K).
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Now, For all n =1, for any x € F(T,), we have a(x,y)>1
whenever y € Tx and for any x € F(T), we have a(x,y) > 1
© © SN whenever y € T,x.
S i xie) < 3 WA A0, x) < S WA (K) = DgK)
k=1 k=1 k=1 Then

< oo (by the assumption of the Theorem 2.1).

Therefore, {x,} is a Cauchy sequence. Since(X,d) is com-
plete, {x,} converges to z.
Now, we prove that z € Tz.

For all n > 1, x4 € Thx,. Therefore, d(x,.1,T2z) <
H(T»x,, Trz). By (iil), a(x,,z) > 1 for all n > 1. Hence we
have for all n > 1, d(xus1, Trz) < o(xy,z)H(Taxy, Thz) <
Y (d(xn,2)).

Letting n — oo, we get d(z, T>z) < y(0). Since Y(r) = 0
and Y (¢) < t for all ¢+ > 0, therefore we have ¥(0) = 0. Hence
d(z, Trz) = 0 implies that z € T,z.

Soze F(Tz).

Now using triangular inequality,

d(xg,z) < Zd(xhxiﬂ) +d(xp41,2) < Zd(xnxm)
=0 =0

00 00

<3 W, x1) < S W(gK) = B(gK) < oc.
=0 =0

Thus, given arbitrary xy € F(T)), we can find z € F(T;) for
which

d(x9,z) < P(¢K).

Reversing the roles of T} and 7, we also conclude that for
each y, € F(T5), there exists y, € Tyy, and w € F(T}) such
that, d(y,, w) < ®(¢K).

Hence H(F(T)), F(T»)) < ®(¢K).

Letting ¢ — 1 we get the result. [
Lemma 2.1. Let (X, d) be a complete metric space. If {T,} is a
sequence of multivalued o—y contractions uniformly convergent

to T, then T is multivalued o—y contraction with the same o
and .

Proof. Since each T, is multivalued a— contraction, for all
n = 1, each T, satisfies

a(x, y)H(T,x, T,y) < Y(d(x,y)), for all x,y € X.

Taking limit n — oo, we get

a(x, ) H(Tx, Ty) < y(d(x,))), for all x,y € X.

Hence T is multivalued a— contraction. [

Theorem 2.3. Let (X,d) be a complete metric space. {T,} is a
sequence of multivalued o—p contractions which are also
o—admissible, and is uniformly convergent to T. Let T be multi-
valued o-admissible with the same o. Further let the following
condition hold.

H(F(T,), F(T)) — 0 as n — oo,

that is, the fixed point sets of T, are stable.

Proof. By Lemma 2.1, T is multivalued o«— contraction. Let
K, = sup,.yH(T,x, Tx). Therefore,

lim K, = limsupH(7T,x, Tx) =0,

n—oo n—00 ycx

(since {T,} converges to T uniformly on X).

Therefore, from Theorem 2.2 we get
H(F(T,),F(T)) < ®(K,) — 0, asn— oo

(since @(1) — 0 ast—0).

This proves the theorem. O

Lemma 2.2. Let (X, d) be a complete metric space. If {T,} is a
sequence of multivalued a-admissible with the same o and is uni-
Sformly convergent to T, then T is multivalued o-admissible if the
following condition is satisfied.

OC(.X,,,)/”) > 1 = OC(X,y) > 17

whenever {x,} — x and{y,} — y as n — cc. (2.4)
Proof. Let o(x,y) > 1, for some x, y € X. Let a € Tx and
b € Ty be arbitrary. Now, T, — T uniformly, which implies
that, there exist two sequences {x, € T,x} and {y, € T,y} such
that x, — a and y, — b as n — oo. Each T, is a-admissible.
Since a(x,y) > 1, it follows that a(x,,y,) > 1 for all n. Hence
by the assumption of (2.4), a(a,b) > 1. Thus we have,

a(x,y) > 1= a(a,b) > 1 for all a € Tx and for all b € Ty.
Hence, T is multivalued o-admissible. Hence the result. [

Theorem 2.4. Let (X, d) be a complete metric space. If {T,} is a

sequence of multivalued a—y contractions which are also multi-

valued a-admissible with the same o and \y and is uniformly con-
vergent to T. Let o be such that

o(xy,y,) > 1= a(x,y) > 1, whenever {x,} — x and
{y,} = yasn— .
Further let the following condition hold. For all n > 1, for

any x € F(T,), we have a(x,y) > 1 whenever y € T(x), and
Jor any x € F(T), we have o(x,y) > | whenever y € T,x. Then

H(F(T,),F(T)) >0 asn— oo,
that is, the fixed point sets of T, are stable.
Proof. By Lemmas 2.1 and 2.2, it follows that 7"is multivalued

o—Y contraction and multivalued o-admissible. Then the
theorem follows by an application of Theorem 2.3. [



A new multivalued contraction

325

Example 2.2. Let X=R. d(x,y)=|x—y|. Define
T:R— CL(R) by

{1+ 544, ifx>1
T Llpzxy, if0<x<1;

{0}, if x=0;

{2,3}, otherwise.

Let the mapping o : R x R — [0, 00) be given by

2, if x,y € (0,1];
0, otherwise.

a(x, p) = {

Each T, is multivalued o-admissible. 7, — T as n — oo.
The T is given by

{l,ﬁ}, if x> 1;

Tx =4 {0,&}, ifO<x<I;
{2,3}, otherwise.
T is multivalued o-admissible. We define

% [0700) - [0,00) by

Y(r) = %z.

Each T, is multivalued o— contraction, and T is also
multivalued o— contraction. Let x,y € (0, 1];

H(T,x,T,y) =max {Supd(n Ty),supd(y, TX)}

xeTx yeTy
_ oy I I e {’l
_max{mf{‘m”’ls 16 }’mf 16
_‘i l’
6 16l

Therefore a(x, y)H(T,x, T,y) < ¥(d(x,y)).

)

6716111

We observe that all the conditions of Theorem 2.3 are
satisfied. F(T}) ={0,1} and F(7,)={0} for n > 2.
F(T) = {0}. Hence

H(F(T,), F(T)) — 0 asn— .

Remark 2.1. There is no assumption of continuity on the map-
ping we consider in this paper. In fact, Example 2.2 is a case
where the mapping is not continuous.

Open problem: A multivalued version of o— contraction
was introduced in [17]. The definition of multivalued a— con-
traction we introduce here is different from that in the above
mentioned work. It remains to be seen whether a—y contrac-
tions can be extended to the multivalued case in some other
ways also and in those cases whether the stability of fixed point
sets still holds.
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