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1. Introduction

In 1922, the polish mathematician, Banach [1], proved a theo-
rem which ensures, under appropriate conditions, the existence

and uniqueness of a fixed point. This principle has many gen-
eralizations in different ways which established and introduced
by several authors, for convenience we refer the reader to (see;

e.g., [2–24]. One such generalizations is a partial metric space
which introduced by Matthews [16]. In partial metric spaces,
self-distance of an arbitrary point need not to be equal zero.

Definition 1.1. A partial metric on a nonempty set X is a

function p : X� X! Rþ;Rþ :¼ ½0;1Þ, such that for all
x; y; z 2 X:
ðp1Þ x ¼ y() pðx; xÞ ¼ pðx; yÞ ¼ pðy; yÞ;
ðp2Þ pðx; xÞ 6 pðx; yÞ;
ðp3Þ pðx; yÞ ¼ pðy; xÞ;
ðp4Þ pðx; yÞ 6 pðx; zÞ þ pðz; yÞ � pðz; zÞ:

A partial metric space is a pair ðX; pÞ such that X is a non-
empty set and p is a partial metric on X.

On the other hand, Mustafa and Sims [17] introduced the
notation of generalized metric spaces that so-called G-metric
spaces and they extended Banach principle in G-metric spaces

as follows.

Definition 1.2. Let X be a non-empty set. Suppose that G : X�
X� X! Rþ satisfies:

(a) Gðx; y; zÞ ¼ 0 if x ¼ y ¼ z,
(b) Gðx; y; zÞ > 0; 8x; y; z 2 X ; x–y,
(c) Gðx; x; yÞ 6 Gðx; y; zÞ; 8x; y; z 2 X ; y–z,
(d) Gðx; y; zÞ ¼ Gðx; z; yÞ ¼ Gðy; z; xÞ ¼ . . ., (symmetry in all

three variables),
(e) Gðx; y; zÞ 6 Gðx; a; aÞ þ Gða; y; zÞ; 8x; y; z; a 2 X .
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Then G is called a G-metric on X and ðX;GÞ is called a G-
metric space.

Recently, Zand and Nezhad [24] introduced a generaliza-
tion and unification of both partial metric space and G-metric
space, by giving the notation of Gp-metric space in the follow-

ing way.

Definition 1.3. Let X be a non-empty set. Suppose that
Gp : X� X� X! Rþ satisfies:

(a) x¼ y ¼ z if Gpðx;x;xÞ ¼Gpðy;y;yÞ ¼Gpðz; z; zÞ 8x;y; z2 X ,
(b) 0 6 Gpðx; x; xÞ 6 Gpðx; x; yÞ 6 Gpðx; y; zÞ; 8x; y; z 2 X ,
(c) Gpðx; y; zÞ ¼ Gpðx; z; yÞ ¼ Gpðy; z; xÞ ¼ . . ., (symmetry in

all three variables),
(d) Gpðx; y; zÞ 6 Gpðx; a; aÞ þ Gpða; y; zÞ � Gpða; a; aÞ; 8x; y; z;

a 2 X .

Then Gp is called a Gp-metric on X and ðX;GpÞ is called a

Gp-metric space.

Example 1.1 [24]. Let X ¼ ½0;1Þ and define Gpðx; y; zÞ ¼
maxfx; y; zg for all x:y:z 2 X Then ðX;GpÞ is a Gp-metric space,
Also, one can show that ðX;GpÞ is not a G-metric space.

Proposition 1.1 [24]. Let ðX;GpÞ is a Gp-metric space, then for

any x; y; z 2 X and a 2 X,it follows that

(i) Gpðx; y; zÞ 6 Gpðx; x; yÞ þ Gpðx; x; zÞ � Gpðx; x; xÞ,
(ii) Gpðx; y; yÞ 6 2Gpðx; x; yÞ � Gpðx; x; xÞ,
(iii) Gpðx; y; zÞ 6 Gpðx; a; aÞ þ Gpðy; a; aÞ þ Gpðz; a; aÞ
�2Gp ða; a; aÞ,

(iv) Gpðx; y; zÞ 6 Gpðx; a; zÞ þ Gpða; y; zÞ � Gpða; a; aÞ.

Proposition 1.2 [24]. Every Gp-metric space ðX;GpÞ defines a
metric space ðX;DGp

Þ where

DGp
ðx; yÞ ¼ Gpðx; y; yÞ þ Gpðy; x; xÞ � Gpðx; x; xÞ � Gpðy; y; yÞ;

for all x; y 2 X.

Definition 1.4 [24]. Let ðX;GpÞ be a GP-metric space a
sequence fxng is called a GP convergent to x 2 X if
limn;m!1Gpðx; xm; xnÞ ¼ Gpðx; x; xÞ:

A point x 2 X is said to be limit point of the sequence fxng
and written xn ! x.

Thus if xn ! x in a Gp-metric space ðX;GpÞ, then for any
� > 0, there exists l 2 N such that jGpðx; xn; xmÞ � Gpðx; x;
xÞj < �; for all n;m > l.

Proposition 1.3 [24]. Let ðX;GpÞ is a Gp-metric space, Then, for
any sequence fxng in X and a point x 2 X, the following are
equivalent that

ðiÞ fxng is Gp-convergent to x;
ðiiÞ Gpðxn; xn; xÞ ! Gpðx; x; xÞ as n!1
ðiiiÞ Gpðxn; x; xÞ ! Gpðx; x; xÞ as n!1.
Definition 1.5 [24]. Let Gp be Gp-metric space.

(i) A sequence fxng is called a GP -Cauchy if and only if
limm;n!1Gpðxn; xm; xmÞ exists (and is finite).

(ii) A GP -metric space ðX ;GpÞ is said to be GP -complete if
and only if every GP-Cauchy sequence in X is GP-con-
vergent to x 2 X such that Gpðx; x; xÞ ¼ limm;n!1Gp

ðxn; xm; xmÞ.
Definition 1.6 [17]. The two classes of following mappings are

defined W ¼ fw : w : ½0;1Þ ! ½0;1Þ is continuous, nonde-
creasing and w�1ð0Þ ¼ 0g, and U ¼ fu : u : ½0;1Þ ! ½0;1Þ
is lower semi-continuous, nondecreasing and u�1ð0Þ ¼ 0g.

Definition 1.7 [2]. Let ðX;�Þ be a partially ordered set. Two
maps f; g : X! X are said to be weak increasing if fx � gfx
and gx � fgx for all x 2 X

Lemma 1.1 [6]. We note that if ðX;GpÞ be Gp-metric space,

Then

ðiÞ If Gpðx; y; zÞ ¼ 0) x ¼ y ¼ z,
ðiiÞ If x–y, then Gpðx; y; yÞ > 0.

Abbas, Nazir and Radenovic [2] proved the following result.

Theorem 1.1. Let ðX;�Þ be a partially ordered set and f and g
be weakly increasing self mapping on a complete G-metric space
X. Assume that there exist w 2 W and u 2 U such that

wðGðfx; gy; gyÞÞ 6 wðMðx; y; yÞÞ � uðMðx; y; yÞÞ ð1:1Þ

for all comparable x; y 2 X where

Mðx; y; yÞ ¼ a1Gðx; y; yÞ þ a2Gðx; fx; fxÞ þ a3Gðy; gy; gyÞ
þ a4½Gðx; gy; gyÞ þ Gðy; fx; fxÞ�

where ai > 0 for i ¼ f1; 2; 3; 4g with a1 þ a2 þ a3 þ 2a4 6 1 .if f
or g is continuous or for fxng a nondecreasing sequence with

xn ! z in X implies xn � z for all n 2 N , then f and g have a
common fixed point.

The aim of this paper is to generalize Theorem 1.1 to
Gp-metric spaces. Also, in our result, the used contractive con-
dition generalize condition (1.1). Finally, we give an example

to support our result.

2. A main result

First we rewrite the continuity of maps in Gp-metric space as
follows.

Definition 2.1. Let ðX;GpÞ be a Gp-metric space, partially
ordered and T : X! X be a given mapping. We say that T is

continuous in x0 2 X if for every sequence xn in X, we have

(i) xn converges to x0 in ðX ;GpÞ implies Txn converges to Tx0
in ðX ;GpÞ.

(ii) xn converges properly to x0 in ðX ;GpÞ implies Txn con-
verges properly to Tx0 in ðX ;GpÞ.
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If T is continuous on each point x0 2 X, then we say that T

is continuous on ðX;GpÞ.

Now, we state and prove our main result in the following

Fixed point theorem for weak contractive maps
way.

Theorem 2.1. Let ðX;�Þ be a partially ordered set and f and g
be weakly increasing self mapping on a complete Gp-metric space
X. Assume that there exist w 2 W and u 2 U such that

wðGpðfx; gy; gyÞÞ 6 wðMðx; y; yÞÞ � uðMðx; y; yÞÞ ð2:1Þ

for all comparable x; y 2 X where

Mðx; y; yÞ ¼ maxfGpðx; y; yÞ;Gpðx; fx; fxÞ;Gpðy; gy; gyÞ;

½Gpðx; gy; gyÞ þ Gpðy; fx; fxÞ�=2g:

Suppose that one of the following cases is satisfied:

(i) f or g is continuous,

(ii) if a nondecreasing sequence fxng converges to z 2 X
implies xn � z for all n 2 N.

Then the maps f and g have a common fixed point.

Proof. Assume that u is a fixed point of f and Gpðu; gu;
guÞ > 0, then from (2.1) with x ¼ y ¼ u, we have

wðGpðu; gu; guÞÞ ¼ wðGpðfu; gu; guÞÞ
6 wðMðu; u; uÞÞ � uðMðu; u; uÞÞ; ð2:2Þ

where

Mðu; u; uÞ ¼ maxfGpðu; u; uÞ;Gpðu; fu; fuÞ;Gpðu; gu; guÞ;

½Gpðu; gu; guÞ þ Gpðu; fu; fuÞ�=2g

¼ maxfGpðu; u; uÞ;Gpðu; u; uÞ;Gpðu; gu; guÞ;

½Gpðu; gu; guÞ þ Gpðu; u; uÞ�=2g

¼ maxfGpðu; u; uÞ;Gpðu; gu; guÞg ¼ Gpðu; gu; guÞ:

Hence we get

wðGpðu; gu; guÞ ¼ wðGpðfu; gu; guÞ 6 wðGpðu; gu; guÞ

� uðGpðu; gu; guÞ ) uðGpðu; gu; guÞ 6 0:

a contradiction. Hence, Gpðfu; gu; guÞ ¼ 0. So, u is common
fixed point of f and g. Similarly, if u is a fixed point of g, then
one can deduce that u is also fixed point of f. Now let x0 be an

arbitrary point of X. if fx0 ¼ x0, then the proof is finished, so
we assume that fx0–x0.

Now, one can construct a sequence fxng in X as follows:

x1 ¼ fx0 � gfx0 ¼ gx1 ¼ x2;

x2 ¼ gx1 � fgx1 ¼ fx2 ¼ x3;

..

.

xn � xnþ1:

Now since x2n and x2nþ1 are comparable so we may assume

that Gpðx2n; x2nþ1; x2nþ1Þ > 0, for every n 2 N. If not,
then x2n ¼ x2nþ1 for some n. For all those n, using (2.1), we
obtain
wðGpðx2nþ1; x2nþ2; x2nþ2ÞÞ ¼ wðGpðfx2n; gx2nþ1; gx2nþ1ÞÞ
6 wðMðx2n; x2nþ1; x2nþ1ÞÞ
� uðMðx2n; x2nþ1; x2nþ1ÞÞ; ð2:3Þ

Mðx2n;x2nþ1;x2nþ1ÞÞ¼ maxfGpðx2n;x2nþ1;x2nþ1Þ;Gpðx2n;fx2n;fx2nÞ;
Gpðx2nþ1;gx2nþ1;gx2nþ1Þ;
½Gpðx2n;gx2nþ1;gx2nþ1ÞþGpðx2nþ1;fx2n;fx2nÞ�=2g

¼ maxfGpðx2n;x2nþ1;x2nþ1Þ;Gpðx2n;x2nþ1;x2nþ1Þ;
Gpðx2nþ1;x2nþ2;x2nþ2Þ;
½Gpðx2n;x2nþ2;x2nþ2ÞþGpðx2nþ1;x2nþ1;x2nþ1Þ�=2g

6 maxfGpðx2nþ1;x2nþ2;x2nþ2Þ;
1

2
½Gpðx2n;x2nþ1;x2nþ1Þ

þGpðx2nþ1;x2nþ2;x2nþ2Þ�Gpðx2nþ1;x2nþ1;x2nþ1Þ
þGpðx2nþ1;x2nþ1;x2nþ1Þ�g

¼ Gpðx2nþ1;x2nþ2;x2nþ2Þ

Hence

wðGpðx2nþ1; x2nþ2; x2nþ2ÞÞ 6 wðGpðx2nþ1; x2nþ2; x2nþ2ÞÞ
� uðGpðx2nþ1; x2nþ2; x2nþ2ÞÞ;

implies that uðGpðx2nþ1; x2nþ2; x2nþ2ÞÞ ¼ 0 and x2nþ1 ¼ x2nþ2.

Following the similar arguments, we obtain x2nþ2 ¼ x2nþ3 and
hence x2n becomes a common fixed point of f and g.

Now, by taking Gpðx2n; x2nþ1; x2nþ1Þ > 0 for
n= 1,2,3, . . . , consider

wðGpðx2nþ1; x2nþ2; x2nþ2ÞÞ ¼ wðGpðfx2n; gx2nþ1; gx2nþ1ÞÞ
6 wðMðx2n; x2nþ1; x2nþ1ÞÞ
� uðMðx2n; x2nþ1; x2nþ1ÞÞ; ð2:4Þ

Mðx2n;x2nþ1;x2nþ1ÞÞ¼ maxfGpðx2n;x2nþ1;x2nþ1Þ;Gpðx2n;fx2n;fx2nÞ;
Gpðx2nþ1;gx2nþ1;gx2nþ1Þ;
½Gpðx2n;gx2nþ1;gx2nþ1ÞþGpðx2nþ1;fx2n;fx2nÞ�=2g

¼ maxfGpðx2n;x2nþ1;x2nþ1Þ;Gpðx2n;x2nþ1;x2nþ1Þ;
Gpðx2nþ1;x2nþ2;x2nþ2Þ;
½Gpðx2n;x2nþ2;x2nþ2ÞþGpðx2nþ1;x2nþ1;x2nþ1Þ�=2g

6 maxfGpðx2n;x2nþ1;x2nþ1Þ;Gpðx2nþ1;x2nþ2;x2nþ2Þ;
½Gpðx2n;x2nþ1;x2nþ1ÞþGpðx2nþ1;x2nþ2;x2nþ2Þ
�Gpðx2nþ1;x2nþ1;x2nþ1ÞþGpðx2nþ1;x2nþ1;x2nþ1Þ�=2g

6 maxfGpðx2n;x2nþ1;x2nþ1Þ;Gpðx2nþ1;x2nþ2;x2nþ2Þ;
1

2
½Gpðx2n;x2nþ1;x2nþ1ÞþGpðx2nþ1;x2nþ2;x2nþ2Þ�g

¼ maxfGpðx2n;x2nþ1;x2nþ1Þ;Gpðx2nþ1;x2nþ2;x2nþ2Þg:

Now if Gpðx2nþ1; x2nþ2; x2nþ2ÞP Gpðx2n; x2nþ1; x2nþ1Þ for some n
= 0,1,2,. . .,then Mðx2n; x2nþ1; x2nþ1Þ ¼ Gpðx2nþ1; x2nþ2; x2nþ2Þ
and from (2.4), we have

wðGpðx2nþ1; x2nþ2; x2nþ2ÞÞ 6 wðGpðx2nþ1; x2nþ2; x2nþ2ÞÞ
� uðGpðx2nþ1; x2nþ2; x2nþ2ÞÞ

implies that uðGpðx2nþ1; x2nþ2; x2nþ2ÞÞ ¼ 0, a contradiction.
Therefore, for all n P 0, Gpðx2nþ1; x2nþ2; x2nþ2Þ 6 Gpðx2n;
x2nþ1; x2nþ1Þ. Similarly, we have Gpðx2n; x2nþ1; x2nþ1Þ 6 Gp

ðx2n�1; x2n; x2nÞ for all n P 0. Hence for all n P 0

Gpðxnþ1; xnþ2; xnþ2Þ 6 Gpðxn; xnþ1; xnþ1Þ

and fGpðxnþ1; xnþ2; xnþ2Þg is a non-increasing sequence and so
there exists L P 0, such that limn!1Gpðxnþ1; xnþ2; xnþ2Þ ¼ L.

Then, by the lower semi continuity of u,



312 M.A. Barakat, A.M. Zidan
uðLÞ 6 lim
n!1

infuðMðxn; xnþ1; xnþ1ÞÞ:

We claim that L ¼ 0. By lower semi continuity of u ,taking the
upper limit as n!1 on either side of

wðGpðxnþ1; xnþ2; xnþ2ÞÞ 6 wðMðxn; xnþ1; xnþ1ÞÞ
� /ðMðxn; xnþ1; xnþ1ÞÞ;

we have

wðLÞ 6 wðLÞ � lim
n!1

infuðMðxn; xnþ1; xnþ1ÞÞ 6 wðLÞ � uðLÞ;

i.e. uðLÞ � 0. Thus uðLÞ ¼ 0 and we conclude that

lim
n!1

Gpðxnþ1; xnþ2; xnþ2Þ ¼ 0: ð2:5Þ

Now, we shall show that fxng is a Gp-Cauchy sequence. For

each n 6 m, and n;m 2 N we get

Gpðxn; xm; xmÞ 6 Gpðxn; xnþ1; xnþ1Þ þ Gpðxnþ1; xnþ2; xnþ2Þ
þ Gpðxnþ2; xnþ3; xnþ3Þ þ . . .

þ Gpðxm�1; xm; xmÞ � fGpðxnþ1; xnþ1; xnþ1Þ
þ . . .þ Gpðxm�1; xm�1; xm�1Þg

6 Gpðxn; xnþ1; xnþ1Þ þ Gpðxnþ1; xnþ2; xnþ2Þ
þ Gpðxnþ2; xnþ3; xnþ3Þ þ . . .

þ Gpðxm�1; xm; xmÞ:

By taking the limit as n;m!1 to both side of the above
inequality and from (2.5) we have

lim
n;m!1

Gpðxn; xm; xmÞ ¼ 0:

It follows that fxng is a Gp-Cauchy sequence and by Gp-com-
pleteness of X, so there exist z 2 X such that fxng converges to
z as n!1.

Now we will distinguish the cases (i) and (ii) of Theorem
2.1.

(i) Suppose g is continuous, since x2nþ1 ! z, we obtain that
x2nþ2 ¼ gðx2nþ1Þ ¼ gðzÞ. But x2nþ2 ! z. (as a subsequence
of fxng) It follows that gðzÞ ¼ z, and from the beginning

of the prove we get gðzÞ ¼ z ¼ f ðzÞ.The proof, assuming
that f is continuous, is similar to above.

(ii) Suppose that Gpðz; gz; gzÞ > 0 and for fxng and a nonde-

creasing sequence with xn ! z in X implies that x2nþ1 � z
for all n 2 N .Now from (2.1)

wðGpðx2nþ1; gz; gzÞÞ ¼ wðGpðfx2n; gz; gzÞÞ
6 wðMðx2n; z; zÞÞ � uðMðx2n; z; zÞÞ;

where

Mðx2n; z; zÞ ¼ maxfGpðx2n; z; zÞ;Gpðx2n; fx2n; fx2nÞ;
Gpðz; gz; gzÞ; ½Gpðx2n; gz; gzÞ
þ Gpðz; fx2n; fx2nÞ�=2g

¼ maxfGpðx2n; z; zÞ;Gpðx2n; x2nþ1; x2nþ1Þ;
Gpðz; gz; gzÞ; ½Gpðx2n; gz; gzÞ
þ Gpðz; x2nþ1; x2nþ1Þ�=2g
and on taking limit as n!1, implies limn!1Mðx2n; z; zÞ ¼
Gpðz; gz; gzÞ. Thus

wðGpðz; gz; gzÞÞ ¼ lim
n!1

supwðGpðfx2n; gz; gzÞÞ

6 lim
n!1

sup½wðMðx2n; z; zÞÞ � uðMðx2n; z; zÞÞ�

6wðGpðz; gz; gzÞÞ � uðGpðz; gz; gzÞÞ

a contradiction. Thus Gpðz; gz; gzÞ ¼ 0 and so z ¼ fz ¼ gz. h

Put wðtÞ ¼ t in Theorem 2.1, we obtain the following.

Corollary 2.1. Let ðX;�Þ be a partially ordered set and f and g

be weakly increasing self mapping on a complete Gp-metric space
X. Assume that there exist u 2 U such that

Gpðfx; gy; gyÞ 6Mðx; y; yÞ � uðMðx; y; yÞÞ ð2:6Þ

for all comparable x; y 2 X where

Mðx; y; yÞ ¼ maxfGpðx; y; yÞ;Gpðx; fx; fxÞ;Gpðy; gy; gyÞ;
½Gpðx; gy; gyÞ þ Gpðy; fx; fxÞ�=2g:

Suppose that one of the following cases is satisfied:

(i) f or g is continuous,
(ii) if a nondecreasing sequence fxng converges to z 2 X

implies xn � z for all n 2 N.

Then the maps f and g have a common fixed point.

The following corollary is Gp-metric spaces version of The-
orem 1.1.

Corollary 2.2. Let ðX;�Þ be a partially ordered set and f and g
be weakly increasing self mapping on a complete Gp-metri space
X. Assume that there exist w 2 W and u 2 U such that

wðGpðfx; gy; gyÞÞ 6 wðMðx; y; yÞÞ � uðMðx; y; yÞÞ ð2:7Þ

for all comparable x; y 2 X where

Mðx; y; yÞ ¼ a1Gpðx; y; yÞ þ a2Gpðx; fx; fxÞ þ a3Gpðy; gy; gyÞ
þ a4½Gpðx; gy; gyÞ þ Gpðy; fx; fxÞ�

where ai > 0 for i ¼ f1; 2; 3; 4g with a1 þ a2 þ a3 þ a4 6 1.

Then of the following two cases is satisfied:

(i) f or g is continuous,

(ii) if a nondecreasing sequence fxng converges to z 2 X
implies xn � z for all n 2 N.

Then the maps f and g have a common fixed point.

If we set wðtÞ ¼ t in Corollary 2.2, we get the following.

Corollary 2.3. Let ðX;�Þ be a partially ordered set and f and g

be weakly increasing self mapping on a complete Gp-metric space
X satisfying

Gpðfx; gy; gyÞ 6Mðx; y; yÞ � uðMðx; y; yÞÞ ð2:8Þ

for all comparable x; y 2 X where u 2 U and

Mðx; y; yÞ ¼ a1Gpðx; y; yÞ þ a2Gpðx; fx; fxÞ þ a3Gpðy; gy; gyÞ
þ a4½Gpðx; gy; gyÞ þ Gpðy; fx; fxÞ�
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where ai > 0 for i=1,2,3,4 with a1 þ a2 þ a3 þ 2a4 6 1.

Suppose that one of the following cases is satisfied:

(i) f or g is continuous,

(ii) if a nondecreasing sequence fxng converges to z 2 X
implies xn � z for all n 2 N.

Then the maps f and g have a common fixed point.

Corollary 2.4. Let ðX;�Þ be a partially ordered set and f and g
be weakly increasing self mapping on a complete Gp-metric space
X satisfying

Gpðfx; gy; gyÞ 6 kmaxfGpðx; y; yÞ;Gpðx; fx; fxÞ;
Gpðy; gy; gyÞ; ½Gpðx; gy; gyÞ
þ Gpðy; fx; fxÞ�=2g; ð2:9Þ

for all comparable x; y 2 X.
Suppose that one of the following cases is satisfied:

(i) f or g is continuous,
(ii) if a nondecreasing sequence fxng converges to z 2 X

implies xn � z for all n 2 N.Then the maps f and g have
a common fixed point.

Proof. Define u;w : ½0;1Þ ! ½0;1Þ by wðtÞ ¼ t and uðtÞ ¼
ð1� kÞt for all t 2 ½0;1Þ, where k 2 ½0; 1Þ. Then it is clear that

w 2 W and u 2 U. The result follows from Theorem 3.2. h

Corollary 2.5. Let ðX;�Þ be a partially ordered set and f and g
be weakly increasing self mapping on a complete Gp-metric space
X satisfying

wðGpðfx; gy; gyÞÞ 6 wðGpðx; y; yÞÞ � uðGpðx; y; yÞÞ ð2:10Þ

for all comparable x; y 2 X where w 2 W;u 2 U.

Suppose that one of the following cases is satisfied:

(i) f or g is continuous,
(ii) if a nondecreasing sequence fxng converges to z 2 X

implies xn � z for all n 2 N.Then the maps f and g have
a common fixed point.

Corollary 2.6. Let ðX;�Þ be a partially ordered set and f and g
be weakly increasing self mapping on a complete Gp-metric space
X satisfying

Gpðfx; gy; gyÞ 6
Gpðx; y; yÞ

1þ Gpðx; y; yÞ
ð2:11Þ

for all comparable x; y 2 X.
Suppose that one of the following cases is satisfied:

(i) f or g is continuous,
(ii) if a nondecreasing sequence fxng converges to z 2 X

implies xn � z for all n 2 N.Then the maps f and g have

a common fixed point.
Example 2.1. Let X ¼ ½0; 1� be a set endowed with order
x � y() y 6 x. let Gpðx; y; zÞ ¼ maxfx; y; zg be a Gp-metric
space on X Define by f; g : X! X by fðxÞ ¼ x

12
8x 2 X,
gðxÞ ¼
x
6
; x 2 ½0; 1

2
Þ;

x
3
; x 2 ½1

2
; 1Þ:

(

it’s clear that f is continuous and g is not continuous. and the
pair ðf:gÞ is weakly increasing. f; g is commuting at x ¼ 1

2

y ¼ x
12
;wðtÞ ¼ t2 and /ðtÞ ¼ t2

25
; t 2 Rþ, then we have from

Theorem 2.1

wðGpðfx; gy; gyÞÞ 6 wðMðx; y; yÞÞ � uðMðx; y; yÞÞ

since wðGpðfx; gy; gyÞÞ ¼ wð½maxffx; gy; gygÞ ¼ wðmaxð x
12
; y
6
; y
6
Þ

¼ wð x
12
Þ ¼ ð x

12
Þ2 ¼ 1

288
¼ 0:0034

since y ¼ x
12

Mðx; y; yÞ ¼ maxfGpðx; y; yÞ;Gpðx; fx; fxÞ;Gpðy; gy; gyÞ;
½Gpðx; gy; gyÞ þ Gpðy; fx; fxÞ�=2g

¼ maxfmaxfx; y; yg;maxfx; fx; fxg;maxfy:gy:gyg;
1

2
½maxfx; gy; gyg þmaxfy; fx; fxgg

¼ max x; x; y;
1

2
xþ x

12

h i� �
¼ x

Therefor

wðMðx; y; yÞÞ � uðMðx; y; yÞÞ ¼ wðxÞ � uðxÞ

¼ ðx2Þ � x2

25

� �

¼ 24

25
x2

¼ 24

25

� �
1

4

� �
¼ 0:24

then wðGpðfx; gy; gyÞÞ ¼ 1
288
¼ 0:0034 6 wðMðx; y; yÞÞ � u

ðMðx; y; yÞÞ ¼ 0:24 Hence all the conditions of Theorem 2.1

are satisfied. Moreover, 0 is the common fixed point.
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