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Abstract This paper is devoted to the numerical comparison of methods applied to solve the gen-

eralized Ito system. Four numerical methods are compared, namely, the Laplace decomposition

method (LDM), the variation iteration method (VIM), the homotopy perturbation method

(HPM) and the Laplace decomposition method with the Pade approximant (LD–PA) with the exact

solution.
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1. Introduction

In recent years 1999, the variational iteration method (VIM)
was proposed by He in [1–6]. This method is now widely used

by many researchers to study linear and nonlinear partial dif-
ferential equations. The method introduces a reliable and effi-
cient process for a wide variety of scientific and engineering

applications, linear or nonlinear, homogeneous or inhomoge-
neous, equations and systems of equations as well. Many
authors [7–11] that this method is more powerful than existing
4012802.
yahoo.cm (M.A. Mohamed),

orky).
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techniques such as the Adomian method [12,16], perturbation
method, etc. showed it. The method gives rapidly convergent
successive approximations of the exact solution if such a solu-

tion exists; otherwise a few approximations can be used for
numerical purposes. Another important advantage is that the
VIM method is capable of greatly reducing the size of calcula-

tion while still maintaining high accuracy of the numerical
solution. Moreover, the power of the method gives it a wider
applicability in handling a huge number of analytical and
numerical applications. Many authors for different cases have

obtained some exact and numerical solutions of the general-
ized Ito system (see [17–20]).

Consider the generalized Ito system [21]:

ut ¼ vx; vt ¼ �2vxxx � 6ðuvÞx þ awwx þ bpwx þ cwpx

þ dppx þ fwx þ gpx;

wt ¼ wxxx þ 3uwx; pt ¼ pxxx þ 3upx: ð1Þ

The general exact solution of above system is:
gyptian Mathematical Society. Open access under CC BY-NC-ND license.
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uðx; tÞ ¼ 2� b
3
� 2 tanh ðx� tbÞ2; vðx; tÞ

¼ b2 � 2

3
þ 4b tanh ðx� tbÞ2;

wðx; tÞ ¼ �bfþ ag� b2c0 þ adc0
aðb� cÞ

þ
2 � b2c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�8ab�5ab2
p
a
ffiffiffiffiffiffiffiffiffiffiffi
�bcþad
p þ bd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�8ab�5ab2
p ffiffiffiffiffiffiffiffiffiffiffi
�bcþad
p

� �
tanhðx� tbÞ

�bcþ ad
;

Pðx; tÞ ¼ c0 �
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�8ab� 5ab2

p
tanhðx� tbÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�bcþ ad
p ; ð2Þ

For simplicity, we take: a ¼ �37; b ¼ 2; c ¼ 1
2
; d ¼ �1;

f ¼ 2; g ¼ 2; c0 ¼ �1; b! 1
4
. We have:

uðx; tÞ ¼ 7

12
� 2 tanh x� t

4

� �2
; vðx; tÞ ¼ � 7

48
þ 1

2
tanh x� t

4

� �2
;

wðx; tÞ ¼ � 36

37
þ 1

6
tanh x� t

4

� �
; pðx; tÞ ¼ 4þ 37

12
tanh x� t

4

� �
;

ð3Þ

with initial conditions:

uðx; 0Þ ¼ 7

12
� 2 tanh ðxÞ2; vðx; 0Þ ¼ � 7

48
þ 1

2
tanh ðxÞ2;

wðx; 0Þ ¼ � 36

37
þ 1

6
tanhðxÞ; pðx; 0Þ ¼ 4þ 37

12
tanhðxÞ:

ð4Þ

The aim of this paper is to use the Laplace decomposition
method (LDM), the variation iteration method (VIM),

Homotopy perturbation method (HPM) and the Pade approx-
imant (LD–PA) to find the numerical solution of Eq. (1), com-
pare our obtained results with the exact solution, and compute

the error.
2. Methods and its applications

2.1. The variational iteration method [3–8]

For the purpose of illustration of the methodology to the pro-
posed method, using variational iteration method [22–26], we
write a system in an operator form as:

Ltuþ R1ðu; v;w; pÞ þN1ðu; v;w; pÞ ¼ g1;

Ltvþ R2ðu; v;w; pÞ þN2ðu; v;w; pÞ ¼ g2;

Ltwþ R3ðu; v;w; pÞ þN3ðu; v;w; pÞ ¼ g3;

Ltpþ R4ðu; v;w; pÞ þN4ðu; v;w; pÞ ¼ g4; ð5Þ

with initial data

uðx; 0Þ ¼ f1ðxÞ; vðx; 0Þ ¼ f2ðxÞ;
wðx; 0Þ ¼ f3ðxÞ; pðx; 0Þ ¼ f4ðxÞ;

ð6Þ

where Lt is considered a first-order partial differential opera-

tor, Rj, 1 6 j 6 4, and Nj, 1 6 j 6 4, are linear and nonlinear
operators respectively, and g1, g2 and g3 are source terms. In
what follows we give the main steps of He’s variational itera-

tion method in handling scientific and engineering problems.
The system (5) can be written as:
unþ1ðx; tÞ ¼ unðx; tÞ þ
Z t

0

k1fLunðsÞ þ R1ð�u; �v; �w; �pÞ

þN1ð�u; �v; �w; �pÞ � g1ðsÞgds;

vnþ1ðx; tÞ ¼ vnðx; tÞ þ
Z t

0

k2fLvnðsÞ þ R2ð�u; �v; �w; �pÞ

þN2ð�u; �v; �w; �pÞ � g2ðsÞgds;

wnþ1ðx; tÞ ¼ wnðx; tÞ þ
Z t

0

k3fLwnðsÞ þ R3ð�u; �v; �w; �pÞ

þN3ð�u; �v; �w; �pÞ � g3ðsÞgds;

pnþ1ðx; tÞ ¼ pnðx; tÞ þ
Z t

0

k4fLpnðsÞ þ R4ð�u; �v; �w; �pÞ

þN4ð�u; �v; �w; �pÞ � g4ðsÞgds; ð7Þ

where kj, 1 6 j 6 4, are general Lagrange multipliers [7], which

can be identified optimally via the variational theory, and un,
vn, wn and pn are restricted variations which means dun = 0,
dvn = 0, dwn = 0 and dpn = 0. It is required first to determine

the Lagrange multipliers kj that will be identified optimally via
integration by parts. The successive approximations un+1(x, t),
vn+1(x, t), wn+1(x, t), pn+1(x, t), n P 0, of the solutions u(x, t),
v(x, t), w(x, t) and p(x, t) will follow immediately upon using

the Lagrange multipliers obtained and by using selected func-
tions u0, v0, and w0. The initial values are usually used for the
selected zeroth approximations. With the Lagrange multipliers

kj determined, then several approximations uj(x, t), vj(x, t),
wj(x, t), pj(x, t) j P 0, can be determined. Consequently, the
solutions are given by

uðx; tÞ ¼ lim
n!1@

unðx; tÞ; vðx; tÞ ¼ lim
n!1@

vnðx; tÞ;

wðx; tÞ ¼ lim
n!1@

pnðx; tÞ; pðx; tÞ ¼ lim
n!1@

pnðx; tÞ:
ð8Þ
2.2. The Laplace decomposition method (LDM) [27]

In this section, Laplace decomposition method [27–29] is ap-

plied to the system of partial differential Eq. (1). The method
consists of first applying the Laplace transformation to both
sides of (1)

£½Ltu� ¼ £½g1� þ £½R1ðu; v;w; pÞ þN1ðu; v;w; pÞ�;
£½Ltv� ¼ £½g2� þ £½R2ðu; v;w; pÞ þN2ðu; v;w; pÞ�;
£½Ltw� ¼ £½g3� þ £½R3ðu; v;w; pÞ þN3ðu; v;w; pÞ�;
£½Ltp� ¼ £½g4� þ £½R4ðu; v;w; pÞ þN4ðu; v;w; pÞ�: ð9Þ

Using the formulas of the Laplace transform, we get

s£½u� � uð0Þ ¼ £½g1� þ £½R1ðu; v;w; pÞ þN1ðu; v;w; pÞ�;
s£½v� � vð0Þ þ £½R2ðu; v;w; pÞ þN2ðu; v;w; pÞ�;
s£½w� � wð0Þ ¼ £½g3� þ £½R3ðu; v;w; pÞ þN3ðu; v;w; pÞ�;
s£½p� � pð0Þ ¼ £½g4� þ £½R4ðu; v;w; pÞ þN4ðu; v;w; pÞ�: ð10Þ

In the Laplace decomposition method, we assume the solution
as an infinite series, given as follows:

u ¼
X1
n

un; v ¼
X1
n

vn; w ¼
X1
n

wn; p ¼
X1
n

pn; ð11Þ

where the terms un are to be recursively computed. In addition,
the linear and nonlinear terms R1, R2, R3, R4 and N1, N2, N3,
N4 are decompose as an infinite series of Adomian polynomials
(see [12–16]):
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From a numerical point of view, the approximation

uðxÞ ¼ lim
n!1
½/1n�; vðxÞ ¼ lim

n!1
½/2n�; wðxÞ

¼ lim
n!1
½/3n�; pðxÞ ¼ lim

n!1
½/4n�; ð12Þ

where

/1n ¼
Xn�1
k¼0

ukðxÞ; /2n ¼
Xn�1
k¼0

vkðxÞ; /3n

¼
Xn�1
k¼0

wkðxÞ; /4n ¼
Xn�1
k¼0

pkðxÞ; ð13Þ

can be used in the Laplace decomposition scheme for comput-
ing the approximate solution. It is also clear that a better
approximation can be obtained by evaluating more compo-

nents of the series solution (11) of u(x, t), v(x, t), w(x, t) and
p(x, t).

2.3. The Pade approximant [27]

Here we will investigate the construction of the Pade approx-
imates [27,30–32] for the functions studied. The main advan-
tage of Pade approximation over the Taylor series

approximation is that the Taylor series approximation can ex-
hibit oscillati, which may produce an approximation error
bound. Moreover, Taylor series approximations can never

blow-up in a fin region. To overcome these demerits we use
the Pade approximations. The Pade approximation of a func-
tion is given by ratio of two polynomials. The coefficients of

the polynomial in both the numerator and the denominator
are determined using the coefficients in the Taylor series
expansion of the function. The Pade approximation of a func-
tion, symbolized by [m/n], is a rational function defined by

m

n

h i
¼ a0 þ a1xþ a2x

2 þ � � � þ amx
m

1þ b1xþ b2x2 þ � � � þ bnxn
; ð14Þ
Fig. 1a Exact solution of u(x, t) and numerical
where we considered b0 = 1, and the numerator and denomi-

nator have no common factors. In the LD–PA method, we
use the method of Pade approximation as an after-treatment
method to the solution obtained by the Laplace decomposition

method. This after-treatment method improves the accuracy of
the proposed method.

2.4. Homotopy perturbation method [33–36]

One considers the following nonlinear differential equation to
represent the procedure of this method,

AðUÞ � fðrÞ ¼ 0; r 2 X; ð15Þ

with the boundary conditions:

B U;
@U

@n

� �
¼ 0; r 2 C; ð16Þ

where A and B are general differential operator and boundary

operator, respectively. C is the boundary of the domain X, and
f(r) is a given analytical function. After dividing the general
operator into a linear part (L) and a nonlinear part (N), one

can rewrite the Eq. (15) as

LðUÞ þNðUÞ � fðrÞ ¼ 0: ð17Þ

By constructing the homotopy technique to Eq. (4), one can
write a homotopy in the form

HðV; pÞ ¼ ð1� pÞ½LðVÞ � LðU0Þ� þ p½AðVÞ � fðrÞ�
¼ 0; p 2 ½0; 1�; r 2 X; ð18Þ

where p 2 [0, 1] is an embedding parameter and U0 is an initial
approximation of the Eq. (15) that satisfies Eq. (16). In HPM,

one can use the embedding parameter as a small parameter.
Therefore, the solution of Eq. (17) can be written a power ser-
ies of p in the form

V ¼ V0 þ pV1 þ p2V2 þ � � � : ð19Þ
solution of u(x, t), �10 6 x6 10, �1 6 t 6 1.



Fig. 1b Exact solution of v(x, t) and numerical solution of v(x, t), �10 6 x6 10, �1 6 t 6 1.

Fig. 1c Exact solution of w(x, t) and numerical solution of w(x, t), �10 6 x 6 10, �1 6 t 6 1.
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By setting p = 1, one can obtain an approximate solution of
Eq. (2) as,

U ¼ lim
p!1

V ¼ V0 þ V1 þ V2 þ � � � ; ð20Þ

presented in Eq. (20).The combination of a small parameter
(perturbation parameter) with a homotopy is called HPM, as

3. Application

In this section, we demonstrate the analysis of all the numeri-
cal methods by applying methods to the system of partial dif-

ferential Eq. (1). A comparison of all methods is also given in
the form of graphs and tables, presented here.
3.1. The variational iteration method [37]

To solve the system of Eq. (1), by means of variational itera-
tion method, we construct a correctional functional which
reads
unþ1ðx; tÞ ¼ unðx; tÞ þ
Z t

0

k1funt � vnxgds;

vnþ1ðx;tÞ¼ vnðx;tÞþ
Z t

0

k2

vntþ2vnxxxþ6unvnx

þ6vnunxþ37wnwnx�2pnwnx

�1
2
wnpnxþpnpnx�2wnx�2pnx

8><
>:

9>=
>;ds;



Fig. 1d Exact solution of p(x, t) and numerical solution of p(x, t), �10 6 x 6 10, �1 6 t 61.

Fig. 2a Numerical solution of u(x, t) and v(x, t) with ten terms by (LDM), �10 6 x 6 10, �1 6 t 61.
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wnþ1ðx; tÞ ¼ wnðx; tÞ þ
Z t

0

k3fwnt � wnxxx � 3unwnxgds;

pnþ1ðx; tÞ ¼ pnðx; tÞ þ
Z t

0

k4fpnt � pnxx � 3unpnxgds;
ð21Þ

where k1, k2, k3, and k4 are general Lagrangian multipliers are
to be determined [7]. With the aid of the above correction func-

tional stationary, we obtain

k01ðsÞ ¼ 0; k02ðsÞ ¼ 0; k03ðsÞ ¼ 0; k04ðsÞ ¼ 0;

1þ k1ðsÞjs¼t ¼ 0; 1þ k2ðsÞjs¼t ¼ 0; 1þ k3ðsÞjs¼t ¼ 0;

1þ k4ðsÞjs¼t ¼ 0: ð22Þ
Eq. (21) are called Lagrange–Euler equations, one natural
boundary conditions. The Lagrange multipliers, therefore,
can be identified as k1 = �1, k2 = �1, k3 = �1, k4 = �1,
and the following variational iteration formula is given by:

unþ1ðx; tÞ ¼ unðx; tÞ �
Z t

0

funt � vnxgds;

vnþ1ðx; tÞ ¼ vnðx; tÞ

�
Z t

0

vnt þ 2vnxxx þ 6unvnx

þ6vnunx þ 37wnwnx � 2pnwnx

� 1
2
wnpnx þ pnpnx � 2wnx � 2pnx

8><
>:

9>=
>;ds;



Fig. 2b Numerical solution of w(x, t) and p(x, t) with ten terms by (LDM), �10 6 x 6 10, �1 6 t 61.
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wnþ1ðx; tÞ ¼ wnðx; tÞ �
Z t

0

fwnt � wnxxx � 3unwnxgds;

pnþ1ðx; tÞ ¼ pnðx; tÞ �
Z t

0

fpnt � pnxx � 3unpnxgds: ð23Þ

We start with initial approximations un(x, 0), v0(x, 0), wn(x, 0)
and pn(x, 0) given by Eq. (4) with the above iteration formula
(22), we get
u1 :¼ 7

12
� 2 tanh ðxÞ2 þ tanhðxÞt� tanh ðxÞ3t;

v1 :¼ � 1

48

�17 cosh ðxÞ3 þ 12 sinhðxÞtþ 24 coshðxÞ
cosh ðxÞ3

;

w1 :¼ 1

888

148 sinhðxÞ coshðxÞ � 864 cosh ðxÞ2 � 37t

cosh ðxÞ2
;

p1 :¼ 1

48

148 sinhðxÞ coshðxÞ þ 192 cosh ðxÞ2 � 37t

cosh ðxÞ2
;

u2 :¼ 1

24

24coshðxÞt sinhðxÞ � 34cosh ðxÞ4 þ 6 cosh ðxÞ2t2 þ 48 cosh ðxÞ2 � 9t2

cosh ðxÞ4
;

v2ðx; tÞ ¼ �
1

96

155 cosh ðxÞ2t3 sinhðxÞ þ 24cosh ðxÞ4t sinhðxÞ � 288 sinhðxÞt3 þ 6 cosh ðxÞ5t2 � 34 cosh ðxÞ7 þ 48cosh ðxÞ5 � 9t2 cosh ðxÞ3

cosh ðxÞ7
;

w2ðx; tÞ ¼
1

3552

592 sinhðxÞ cosh ðxÞ5 � 37cosh ðxÞ3t2 sinhðxÞ � 296t3 þ 296 cosh ðxÞ2t3 � 3456cosh ðxÞ6 � 148t cosh ðxÞ4

cosh ðxÞ6
;

p2ðx; tÞ ¼¼
1

192

592 sinhðxÞ cosh ðxÞ5 � 37 cosh ðxÞ3t2 sinhðxÞ � 296t3 þ 296 cosh ðxÞ2t3 þ 768 cosh ðxÞ6 � 148t cosh ðxÞ4

cosh ðxÞ6
:

ð24Þ
The behavior of the approximate solutions obtained by varia-
tional iteration method with the exact solutions (Eq. (3)) for
different values of times is shown in Figs. 1a, 1b, 1c and 1d.
The comparison shows that the two solutions obtained are in
excellent agreement.

3.2. The Laplace decomposition method

To solve the system of Eq. (1) by means of Laplace decomposi-
tionmethod, we construct a correctional functional which reads
£½u� ¼ 1

s
uð0Þ þ 1

s
£½vx�;
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£½v� ¼ 1

s
vð0Þ þ 1

s
£ �2vxxx � 6ðuvÞx � 37wwx þ 2pwx

�

þ 1

2
wpx � ppx þ 2wx þ 2px

�
;

£½w� ¼ 1

s
wð0Þ þ 1

s
£½wxxx þ 3uwx�;

£½p� ¼ 1

s
pð0Þ þ 1

s
£½pxxx þ 3upx�: ð25Þ

We can define the Adomian polynomial as follows:

An ¼
Xn
i¼0

uiwðn�iÞx; Bn ¼
Xn
i¼0

uipðn�iÞx; Cn ¼
Xn
i¼0

uivðn�iÞx;

En ¼
Xn
i¼0

viuðn�iÞx; Fn ¼
Xn
i¼0

wiwðn�iÞx;

Gn ¼
Xn
i¼0

piwðn�iÞx; Hn ¼
Xn
i¼0

wipðn�iÞx; Mn ¼
Xn
i¼0

pipðn�iÞx;

ð26Þ

we define an iterative scheme

£½unþ1� ¼
1

s
£½vnx�; £½wnþ1� ¼

1

s
£½wnxxx þ 3An�;

£½pnþ1� ¼
1

s
£½pnxxx þ 3Bn�;

£½vnþ1� ¼
1

s
£ �2vnxxx � 6Cn � 6En � 37Fn þ 2Gn½

þ 1

2
Hn �Mn þ 2wnx þ 2pnx

�
; n P 1: ð27Þ

Applying the inverse Laplace transform, finally we get

u1 ¼
t sinhðxÞ
cosh ðxÞ3

; v1ðx; tÞ ¼ �
1

4

t sinhðxÞ
cosh ðxÞ3

;

w1ðx; tÞ ¼ �
1

24

t

cosh ðxÞ2
; p1ðx; tÞ ¼ �

37

48

t

cosh ðxÞ2
;

u2ðx; tÞ ¼
1

8

t2ð2 cosh ðxÞ2 � 3Þ
cosh ðxÞ4

;

v2ðx; tÞ ¼ �
1

32

t2ð2 cosh ðxÞ2 � 3Þ
cosh ðxÞ4

;

w2ðx; tÞ ¼ �
1

96

t2 sinhðxÞ
cosh ðxÞ3

;

p2ðx; tÞ ¼ �
37

192

t2 sinhðxÞ
cosh ðxÞ3

;

u3ðx; tÞ ¼
1

24

t3 sinhðxÞðcosh ðxÞ2 � 3Þ
cosh ðxÞ5

;

v3ðx; tÞ ¼ �
1

96

t3 sinhðxÞðcosh ðxÞ2 � 3Þ
cosh ðxÞ5

;

w3ðx; tÞ ¼ �
1

1152

t3ð2 cosh ðxÞ2 � 3Þ
cosh ðxÞ4

;

p3ðx; tÞ ¼ �
37

2304

t3ð2 cosh ðxÞ2 � 3Þ
cosh ðxÞ4

; ð28Þ

and so on,
Similarly, for the t6th term the solution takes the following

form:
uðx; tÞ ffi
X16
i¼0

uiðx; tÞ; pðx; tÞ ffi
X16
i¼0

uiðx; tÞ; wðx; tÞ

ffi
X16
i¼0

uiðx; tÞ; pðx; tÞ ffi
X16
i¼0

uiðx; tÞ; ð29Þ

or

uðx; tÞ ¼ 7

12
� 2 tanh ðxÞ2 þ t sinhðxÞ

cosh ðxÞ3
þ 1

8

t2ð2 cosh ðxÞ2 � 3Þ
cosh ðxÞ4

þ 1

24

t3 sinhðxÞðcosh ðxÞ2 � 3Þ
cosh ðxÞ5

þ 1

384

t4ð2 cosh ðxÞ4 � 15 cosh ðxÞ2 þ 15Þ
cosh ðxÞ6

þ 1

3840

t5 sinhðxÞð2 cosh ðxÞ4 � 30 cosh ðxÞ2 þ 45Þ
cosh ðxÞ7

þ � � � ;

vðx; tÞ ¼ � 7

48
þ 1

2
tanh ðxÞ2 � 1

4

t sinhðxÞ
cosh ðxÞ3

� 1

32

t2ð2 cosh ðxÞ2 � 3Þ
cosh ðxÞ4

� 1

96

t3 sinhðxÞðcosh ðxÞ2 � 3Þ
cosh ðxÞ5

� 1

1536

t4ð2 cosh ðxÞ4 � 15 cosh ðxÞ2 þ 15Þ
cosh ðxÞ6

� 1

15360

t5 sinhðxÞð2 cosh ðxÞ4 � 30 cosh ðxÞ2 þ 45Þ
cosh ðxÞ7

þ � � � ;

wðx; tÞ ¼ � 36

37
þ 1

6
tanhðxÞ � 1

24

t

cosh ðxÞ2
� 1

96

t2 sinhðxÞ
cosh ðxÞ3

� 1

1152

t3ð2 cosh ðxÞ2 � 3Þ
cosh ðxÞ4

� 1

4608

t4ðcosh ðxÞ2 � 3Þ sinhðxÞ
cosh ðxÞ5

� 1

92160

t5ð2 cosh ðxÞ4 � 15 cosh ðxÞ2 þ 15Þ
cosh ðxÞ6

þ � � � ;

pðx; tÞ ¼ 4þ 37

12
tanhðxÞ � 37

48

t

cosh ðxÞ2

� 37

192

t2 sinhðxÞ
cosh ðxÞ3

� 37

2304

t3ð2 cosh ðxÞ2 � 3Þ
cosh ðxÞ4

� 37

9216

t4ðcosh ðxÞ2 � 3Þ sinhðxÞ
cosh ðxÞ5

� 37

184320

t5ð2 cosh ðxÞ4 � 15 cosh ðxÞ2 þ 15Þ
cosh ðxÞ6

þ � � � : ð30Þ

And Figs. 2a and 2b shows the numerical solution of system
(1) with ten terms by (LDM)
3.3. The Pade approximation

We use Maple to calculate the [6/4] the Pade approximant of
the infinite series solution (28), which gives the following ra-

tional fraction approximation to the solution:



Fig. 3a Numerical solution of u(x, t) and v(x, t) with ten terms by (LD–PA method), �10 6 x 6 10, �1 6 t 61.

Fig. 3b Numerical solution of u(x, t) and v(x, t) with ten terms by (LD–PA method), �10 6 x 6 10, �1 6 t 61.

uðx; tÞ ¼ 1

7431782400
� 7793718517201423564800000 cosh ðxÞ20 þ 115359246933804711936000 cosh ðxÞ24 þ � � � ;

vðx; tÞ ¼ 1

29727129600
7793718517201423564800000 cosh ðxÞ20 � 115359246933804711936000 cosh ðxÞ24 þ � � � ;

wðx; tÞ ¼ 1

3299711385600
90034069038453227520000 cosh ðxÞ7 þ 17370703537310269440000 cosh ðxÞ5 þ � � � ;

pðx; tÞ ¼ 1

178362777600
5223968936873164800 cosh ðxÞ12 sinhðxÞ � 5235475476381696000 cosh ðxÞ10 sinh ðxÞ3

þ 695311416151769088000 sinhðxÞ cosh ðxÞ8 þ � � � : ð31Þ

A comparative study of numerical methods for solving the Generalized Ito System 109



Fig. 4a Numerical solution of u(x, t) and v(x, t) with ten terms by (HPM) method, �10 6 x 6 10, �1 6 t 6 1.

Fig. 4b Numerical solution of w(x, t) and p(x, t) with ten terms by (HPM) method, �10 6 x 6 10, �1 6 t 61.
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And the numerical solution (24) of system (1) obtained by
(LD–PA) method showed in Figs. 3a and 3b, and comparison

of the results obtained by the Laplace decomposition method
(LDM), the variation iteration method (VIM) and the Pade
approximant (LD–PA) with exact solution of system (1) pre-

sented in Figs. 4a and 4b.

3.4. Homotopy perturbation method [33]

To solve system (1) by means of HPM, we choose that:
uðx; tÞ ¼ U0ðx; tÞ þ pU1ðx; tÞ þ p2 �U2ðx; tÞ
þ p3 �U3ðx; tÞ þ p4 �U4ðx; tÞ þ � � � ;
vðx; tÞ ¼ V0ðx; tÞ þ p � V1ðx; tÞ þ p2 � V2ðx; tÞ
þ p3 � V3ðx; tÞ þ p4 � V4ðx; tÞ þ � � � ;
wðx; tÞ ¼W0ðx; tÞ þ p �W1ðx; tÞ þ p2 �W2ðx; tÞ

þ p3 �W3ðx; tÞ þ p4 �W4ðx; tÞ þ � � � ;
hðx; tÞ ¼ H0ðx; tÞ þ p �H1ðx; tÞ þ p2 �H2ðx; tÞ

þ p3 �H3ðx; tÞ þ p4 �H4ðx; tÞ þ � � � : ð32Þ
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We choose the initial approximations (4) and using (18) we

have:

p0 :
@

@t
U0ðx; tÞ �

@

@t
r0ðx; tÞ

� �
¼ 0;

@

@t
V0ðx; tÞ �

@

@t
s0ðx; tÞ

� �
¼ 0;

@

@t
W0ðx; tÞ �

@

@t
m0ðx; tÞ

� �
¼ 0;

@

@t
H0ðx; tÞ �

@

@t
n0ðx; tÞ

� �
¼ 0; ð33Þ

p1 :
@

@t
U1ðx; tÞ þ

@

@t
r0ðx; tÞ �

@

@x
V0ðx; tÞ

� �
¼ 0;

@

@t
V1ðx; tÞ þ

@

@t
s0ðx; tÞ þ 2

@3

@x3
V0ðx; tÞ

� �
� @

@x
W0ðx; tÞ

� �

� @

@x
H0ðx; tÞ

� �
þ 6

@

@x
U0ðx; tÞ

� �
V0ðx; tÞ

þ 6U0ðx; tÞ
@

@x
V0ðx; tÞ

� �
� 6W0ðx; tÞ

@

@x
W0ðx; tÞ

� �

� 7H0ðx; tÞ
@

@x
W0ðx; tÞ

� �
�W0ðx; tÞ

@

@x
H0ðx; tÞ

� �

�H0ðx; tÞ
@

@x
H0ðx; tÞ

� �
¼ 0;

@

@t
W1ðx; tÞ þ

@

@t
m0ðx; tÞ �

@3

@x3
W0ðx; tÞ

� �

� 3U0ðx; tÞ
@

@x
W0ðx; tÞ

� �
¼ 0;

@

@t
H1ðx; tÞ þ

@

@t
n0ðx; tÞ �

@3

@x3
H0ðx; tÞ

� �

� 3U0ðx; tÞ
@

@x
H0ðx; tÞ

� �
¼ 0;

. . . ; ð34Þ
pn :
@

@t
Unðx; tÞ �

@

@x
Vn�1ðx; tÞ

� �
¼ 0;

@

@t
Vnðx; tÞ þ 2

@3

@x3
Vn�1ðx; tÞ

� �
þ 6
Xn�1
i¼1

Uiðx; tÞ
@

@x
Vn�i�1ðx; tÞ

� �
þ 6

� 6
Xn�1
i¼1

Wiðx; tÞ
@

@x
Wn�i�1ðx; tÞ

� �
� 7
Xn�1
i¼1

Hiðx; tÞ
@

@x
Wn�i�1ðx; tÞ

�

�
Xn�1
i¼1

Hiðx; tÞ
@

@x
Hn�i�1ðx; tÞ

� �
� @

@x
Wn�1ðx; tÞ

� �
� @

@x
Hn�1ðx

�

@

@t
Wnðx; tÞ �

@3

@x3
Wn�1ðx; tÞ

� �
� 3
Xn�1
i¼1

Uiðx; tÞ
@

@x
Wn�i�1ðx; tÞ

� �
¼

@

@t
Hnðx; tÞ �

@3

@x3
Hn�1ðx; tÞ

� �
� 3
Xn�1
i¼1

Uiðx; tÞ
@

@x
Hn�i�1ðx; tÞ

� �
¼ 0
Solving system (33)–(35) we have:

U1 ¼
t sinhðxÞ
cosh ðxÞ3

;V1 ¼ �
1

4

t sinhðxÞ
cosh ðxÞ3

;

W1 ¼ �
1

24

t

cosh ðxÞ2
; P1 ¼ �

37

48

t

cosh ðxÞ2
;

U2 ¼
1

8

t2ð2 cosh ðxÞ2 � 3Þ
cosh ðxÞ4

;

V2 ¼ �
1

32

t2ð2 cosh ðxÞ2 � 3Þ
cosh ðxÞ4

;

W2 ¼ �
1

96

t2 sinhðxÞ
cosh ðxÞ3

; P2 ¼ �
37

192

t2 sinhðxÞ
cosh ðxÞ3

;

U3 ¼
1

24

t3 sinhðxÞðcosh ðxÞ2 � 3Þ
cosh ðxÞ5

;

V3 ¼ �
1

96

t3 sinhðxÞðcosh ðxÞ2 � 3Þ
cosh ðxÞ5

;

W3 ¼ �
1

1152

t3ð2 cosh ðxÞ2 � 3Þ
cosh ðxÞ4

;

H3 ¼ �
37

2304

t3ð2 cosh ðxÞ2 � 3Þ
cosh ðxÞ4

;

U4 ¼
1

384

t4ð2 cosh ðxÞ4 � 15 cosh ðxÞ2 þ 15Þ
cosh ðxÞ6

;

V4 ¼ �
1

1536

t4ð2 cosh ðxÞ4 � 15 cosh ðxÞ2 þ 15Þ
cosh ðxÞ6

;

W4 ¼ �
1

4608

t4 sinhðxÞðcosh ðxÞ2 � 3Þ
cosh ðxÞ5

;

H4 ¼ �
37

9216

t4 sinhðxÞðcosh ðxÞ2 � 3Þ
cosh ðxÞ5

: ð36Þ

For calculating 13th term and using (20), we obtain the follow-
ing solution:
Xn�1
i¼1

@

@x
Uiðx; tÞ

� �
Vn�i�1ðx; tÞ

�
�
Xn�1
i¼1

Wiðx; tÞ
@

@x
Hn�i�1ðx; tÞ

� �

; tÞ
�
¼ 0;

0;

: ð35Þ



Table 2 Absolute error of v(x, t).

t Œvex � vLDmŒ Œvex � vpadeŒ Œvex � uHPMŒ Œvex � vVIMŒ

0.2 7.7 · 10�72 2.2 · 10�59 2.5 · 10�64 7.6 · 10�40

0.4 1.0 · 10�66 4.6 · 10�56 4.1 · 10�60 6.1 · 10�39

0.6 1.0 · 10�63 4.2 · 10�54 1.2 · 10�57 2.1 · 10�38

0.8 1.3 · 10�61 1.0 · 10�52 6.8 · 10�56 5.0 · 10�38

1.0 6.0 · 10�60 1.3 · 10�51 1.5 · 10�54 1.0 · 10�37

1.2 1.3 · 10�58 9.8 · 10�51 2.0 · 10�53 1.7 · 10�37

1.4 1.8 · 10�57 5.5 · 10�50 1.7 · 10�52 2.8 · 10�37

1.6 1.7 · 10�56 2.5 · 10�49 1.1 · 10�51 4.2 · 10�37

1.8 1.3 · 10�55 9.6 · 10�49 5.9 · 10�51 6.1 · 10�37

2.0 7.9 · 10�55 3.2 · 10�48 2.6 · 10�50 8.5 · 10�37

uðx; tÞ ¼ � 1

102023508787200

1

cosh ðxÞ15
ð144533304115200 cosh ðxÞ15 þ 139485265920t6 cosh ðxÞ11 þ � � �Þ;

vðx; tÞ ¼ 1

408094035148800

1

cosh ðxÞ15
ð144533304115200 cosh ðxÞ15 þ 139485265920t6 cosh ðxÞ11 þ � � �Þ;

wðx; tÞ ¼ � 1

90596875803033600

1

cosh ðxÞ14
ð88148311592140800 cosh ðxÞ14 þ � � �Þ;

pðx; tÞ ¼ 1

4897128421785600

1

cosh ðxÞ14
ð19588513687142400 cosh ðxÞ14 þ � � �Þ: ð37Þ

Table 1 Absolute error of u(x, t).

t Œuex � uLDmŒ Œuex � upadeŒ Œuex � uHPMŒ Œuex � uVIMŒ

0.2 3.1 · 10�71 8.7 · 10�59 1.0 · 10�63 3.0 · 10�39

0.4 4.1 · 10�66 1.8 · 10�55 1.6 · 10�59 2.4 · 10�38

0.6 4.1 · 10�63 1.6 · 10�53 4.8 · 10�57 8.4 · 10�38

0.8 5.4 · 10�61 4.1 · 10�52 2.7 · 10�55 2.0 · 10�37

1.0 2.4 · 10�59 5.0 · 10�51 6.2 · 10�54 4.0 · 10�37

1.2 5.3 · 10�85 3.9 · 10�50 8.0 · 10�53 7.0 · 10�37

1.4 7.3 · 10�57 2.2 · 10�49 7.0 · 10�52 1.1 · 10�36

1.6 7.1 · 10�56 1.0 · 10�48 4.5 · 10�51 1.7 · 10�36

1.8 5.3 · 10�55 3.8 · 10�48 2.3 · 10�50 2.4 · 10�36

2.0 3.1 · 10�54 1.3 · 10�47 1.0 · 10�49 3.4 · 10�36
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Tables 1–4 displays the absolute error obtained by (LDM),
(LD-PD), (HAP) and (VIM) respectively.
Table 3 Absolute error of w(x, t).

t Œwex � wLDmŒ Œwex � wpadeŒ

0.2 1.3 · 10�72 3.6 · 10�60

0.4 1.7 · 10�67 7.8 · 10�57

0.6 1.7 · 10�64 7.0 · 10�55

0.8 2.2 · 10�62 1.7 · 10�53

1.0 9.9 · 10�61 2.1 · 10�52

1.2 2.2 · 10�59 1.6 · 10�51

1.4 3.1 · 10�58 9.2 · 10�51

1.6 2.9 · 10�57 4.2 · 10�50

1.8 2.2 · 10�56 1.6 · 10�49

2.0 1.3 · 10�55 5.3 · 10�49
4. Concluding remarks

In this work, we have applied the Laplace decomposition

method (LDM), the variation iteration method (VIM), the
Pade approximant (LD–PA) and Homotopy perturbation
method (HPM) to the Generalized Ito System. The numerical

study presented in Section 3 showed that all the methods give a
highly accurate results for a given system of partial differential
equations. The LDM, HAM and the VIM are simple and easy
to use, required less computational complexity. Since the

methods of the VIM and the LDM are based on an approxi-
mation of the solution function with polynomial expansion,
this kind of approximation can exhibit oscillations which

may produce an approximation error bound Moreover, the
approximate solution obtained by the LDM and the VIM
can never blow-up in a finite region. To overcome these demer-

its, we use the Pade approximations. This fact is also verified
by the system of our study. (see Figs. 5a and 5b.)
Œwex � wHPMŒ Œwex � wVIMŒ

4.1 · 10�65 1.2 · 10�40

9.6 · 10�61 1.0 · 10�39

2.0 · 10�58 3.5 · 10�39

1.1 · 10�56 8.4 · 10�39

2.6 · 10�55 1.6 · 10�38

3.3 · 10�54 2.9 · 10�38

2.9 · 10�53 4.7 · 10�38

1.9 · 10�52 7.1 · 10�38

9.9 · 10�52 1.0 · 10�37

4.3 · 10�51 1.4 · 10�37



Fig. 5a Comparison exact and approximate solutions by LDM, (LD-PD) and HPM at x = 1 of u(x, t) and v(x, t).

Table 4 Absolute error of p(x, t).

t Œpex � pLDm Œ Œpex � upade Œ Œpex � uHPM Œ Œpex � pVIM Œ

0.2 2.4 · 10�71 6.7 · 10�59 7.7 · 10�64 2.3 · 10�39

0.4 3.1 · 10�66 1.4 · 10�55 1.2 · 10�59 1.9 · 10�38

0.6 3.1 · 10�63 1.3 · 10�53 3.7 · 10�57 6.5 · 10�38

0.8 4.1 · 10�61 3.2 · 10�52 2.1 · 10�55 1.5 · 10�37

1.0 1.8 · 10�59 3.9 · 10�51 4.8 · 10�54 3.1 · 10�37

1.2 4.1 · 10�58 3.0 · 10�50 6.2 · 10�53 5.4 · 10�37

1.4 5.6 · 10�57 1.7 · 10�49 5.4 · 10�52 8.7 · 10�37

1.6 5.6 · 10�56 7.7 · 10�49 3.5 · 10�51 1.3 · 10�36

1.8 4.1 · 10�55 2.9 · 10�48 1.8 · 10�50 1.8 · 10�36

2.0 2.4 · 10�54 9.8 · 10�48 8.1 · 10�50 2.6 · 10�36

Fig. 5b Comparison exact and approximate solutions by LDM, (LD-PD) and HPM at x = 1 of w(x, t) and p(x, t).

A comparative study of numerical methods for solving the Generalized Ito System 113



114 M.A. Mohamed, M.Sh. Torky
Acknowledgments

We would like to express our gratitude to the reviewers for the

careful reading of the manuscript and for their helpful advices
and constructive comments.

References

[1] D.D. Ganji, M. Nourollahi, M. Rostamian, A comparison of

variational iteration method with Adomian’s decomposition

method in some highly nonlinear equations, International

Journal of Science & Technology 2 (2) (2007) 179–188.

[2] M.N. abadi, F.M. Ghaini, M. Arab, Application of He’s

variational iteration method for Lie’nard equations, World

Applied Sciences Journal 7 (9) (2009) 1077–1079.

[3] S.A. Yousefi, A. Lotfi, M. Dehghanb, He’s variational iteration

method for solving nonlinear mixed Volterra–Fredholm integral

equations, Computers and Mathematics with Applications 58

(2009) 2172–2176.

[4] S. Abbasbandy, E. Shivanian, application of the variational

iteration method for system of nonlinear Volterra’s integro-

differential equations, Mathematical and Computational

Applications 14 (2) (2009) 147–158.

[5] M. Matinfar, M. Ghanbari, Solution of systems of integral-

differential equations by variational iteration method, Journal

of Mathematics and Computer Science 1 (2) (2010) 46–57.

[6] S.Q. Wang, J. He, Variational iteration method for solving

integro-differential equations, Physics Letters A 367 (2007) 188–

191.

[7] Z.M. Odibat, A study on the convergence of variational

iteration method, Mathematical and Computer Modelling 51

(2010) 1181–1192.

[8] H. Jafari, A. Alipoor, A New Method for Calculating General

Lagrange Multiplier in the Variational Iteration Method 27 (4)

(2011) 996–1001.

[9] M. Labidi, A. Biswas, Application of He’s principles to

Rosenau-Kawahara equation, Mathematics in Engineering,

Science and Aerospace 2 (2) (2011) 183–197.

[10] G. Ebadi, E.V. krishnan, M. Labidi, E. Zerrad, A. Biswas,

Analytical and numerical solutions for Davey-Stewartson

equation with power law nonlinearity, Waves in Random and

Complex Media 21 (4) (2011) 559–590.

[11] M. Labidi, G. Ebadi, E. zerrad, A. Biswas, Analytical and

numerical solutions of the Schrodinger-KdV equation, Pramana

78 (1) (2012) 59–90.

[12] J. Biazar, Solution of systems of integral–differential equations

by Adomian decomposition method, Applied Mathematics and

Computation 168 (2005) 1232–1238.

[13] M.I. Syam, Adomian decomposition method for approximating

the solution of the Korteweg–deVries equation, Applied

Mathematics and Computation 162 (2005) 1465–1473.

[14] A.M.A. El-Sayed, M. Gaber, The Adomian decomposition

method for solving partial differential equations of fractal order

in finite domains, Physics Letters A 359 (2006) 175–182.

[15] H. Jafari, V.D. Gejji, Solving linear and nonlinear fractional

diffusion and wave equations by Adomian decomposition,

Applied Mathematics and Computation 180 (2006) 488–497.

[16] Qi Wang, Numerical solutions for fractional KdV–Burgers

equation by Adomian decomposition method, Applied

Mathematics and Computation 182 (2006) 1048–1055.

[17] G. ebadi, A.H. kara, M.D. Petkovic, A. Yildirim, A. Biswas,

Solitons and conserved quantities of the Ito equation,

Proceedings of the Romanian Academy Series, A 13 (3) (2012)

215–224.

[18] H.A. Zedan, E. Al-Aidrous, Numerical solutions for a

generalized Ito system by using Adomian decomposition
method, International Journal of Mathematics and

Computation 4 (S09) (2009) 9–19.

[19] E.S.A. Alaidarous, F-expansion method for the nonlinear

generalized Ito system, International Journal of Basic &

Applied Sciences 10 (2) (2010) 90–117.

[20] H.A. Zedan, Symmetry analysis of an integrable Ito coupled

system, Computers and Mathematics with Applications 60 (12)

(2010) 3088–3097.

[21] A. Karasu, A. Karasu, S.Y. Sakovich, Integrability of a

generalized Ito system: the Painlev’e test, Journal of the

Physical Society of Japan 70 (5) (2001) 1165–1166.

[22] B. Raftari, A. Yildirim, Analytical solution of second-order

hyperbolic telegraph equation by variational iteration and

homotopy perturbation methods, Results in Mathematics 61

(1–2) (2012) 13–28.

[23] M. Labidi, H. Triki, E.V. Krishnan, A. Biswas, Soliton solutions

of the long-short wave equation with power law nonlinearity,

Journal of Applied Nonlinear Dynamics 1 (2) (2012) 125–140.

[24] A.J.M. Jawad, M.D. Petkovic, A. Biswas, Soliton solutions of a

few nonlinear wave equations, Applied Mathematics and

Computation 216 (2010) 2649–2658.

[25] A.J.M. Jawad, M.D. Petkovic, A. Biswas, Applications of He’s

principles to partial differential equations, Applied Mathematics

and Computation 217 (2011) 7039–7047.

[26] S. Duangpithak, Variational iteration method for special

nonlinear partial differential equations, International Journal

on Mathematical Analysis 6 (22) (2012) 1071–1077.

[27] D. Bahuguna, A. Ujlayan, D.N. Pandey, A comparative study

of numerical methods for solving an integro-differential

equation, Computers and Mathematics with Applications 57

(2009) 1485–1493.

[28] Y. Khan, N. Faraz, Application of modified Laplace

decomposition method for solving boundary layer equation,

Journal of King Saud University (Science) 23 (2011) 115–119.

[29] E. Yusufoglu (Agadjanov), Numerical solution of Duffing

equation by the Laplace decomposition algorithm, Applied

Mathematics and Computation 177 (2006) 572–580.

[30] M. Torabia, H. Yaghoobi, K. Boubaker, Accurate solution for

motion of a spherical solid particle in plane Couette Newtonian

fluid mechanical flow using HPM–Padé approximant and the
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