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This paper is devoted to the numerical comparison of methods applied to solve the gen-
eralized Ito system. Four numerical methods are compared, namely, the Laplace decomposition
method (LDM), the variation iteration method (VIM), the homotopy perturbation method
(HPM) and the Laplace decomposition method with the Pade approximant (LD-PA) with the exact
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1. Introduction

In recent years 1999, the variational iteration method (VIM)
was proposed by He in [1-6]. This method is now widely used
by many researchers to study linear and nonlinear partial dif-
ferential equations. The method introduces a reliable and effi-
cient process for a wide variety of scientific and engineering
applications, linear or nonlinear, homogeneous or inhomoge-
neous, equations and systems of equations as well. Many
authors [7-11] that this method is more powerful than existing
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techniques such as the Adomian method [12,16], perturbation
method, etc. showed it. The method gives rapidly convergent
successive approximations of the exact solution if such a solu-
tion exists; otherwise a few approximations can be used for
numerical purposes. Another important advantage is that the
VIM method is capable of greatly reducing the size of calcula-
tion while still maintaining high accuracy of the numerical
solution. Moreover, the power of the method gives it a wider
applicability in handling a huge number of analytical and
numerical applications. Many authors for different cases have
obtained some exact and numerical solutions of the general-
ized Ito system (see [17-20]).
Consider the generalized Ito system [21]:

U =vy, V=20 —06(uv), +aww, +bpw, + cwp,
+dpp, + fw, + &b,

Wy = Wany + 3uwy, P, = Py + 3up,. (1)

The general exact solution of above system is:
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u(x, 1) = # — 2tanh (x — 1f)%, v(x, 1)
= ﬁz; 2 + 4ftanh (x — 1)’
w(x, 1) = mlAs af(b_fzj; ade
s ErEma iii’i;f,""z) tanh(x - f)
+ —bc+ad ’

For simplicity, we take: a = =37, b=2, ¢ =1, d=—1,

f=2,8=2, ¢=-1, f—1 Wehave:

7 0?2 7 1 1?2
u(x7t):§—2tanh(,x—z> . v(x,t) = —@—l—itanh(x—z) ,

36 1 t 37 t
w(x, t) = fﬁJrgtanh( 4>7 p(x,t) = 4+Etanh (xfz)
3)

with initial conditions:

7 ) 7 1 )
u(x,0) = Vi 2tanh (x)7, v(x,0) = T + tanh (x)°,
w(x,0) = _36 Jrl tanh(x),p(x,0) =4 +£ tanh(x). Y

’ 376 12

The aim of this paper is to use the Laplace decomposition
method (LDM), the variation iteration method (VIM),
Homotopy perturbation method (HPM) and the Pade approx-
imant (LD-PA) to find the numerical solution of Eq. (1), com-
pare our obtained results with the exact solution, and compute
the error.

2. Methods and its applications

2.1. The variational iteration method [3—8]

For the purpose of illustration of the methodology to the pro-
posed method, using variational iteration method [22-26], we
write a system in an operator form as:

Lo+ R (u,v,w,p) + Ni(u,v,w,p) = g,
Ly + Ry(u,v,w,p) + Nao(u, v, w,p) = g5,
Low + Rsy(u,v,w,p) + N3(u,v,w,p) = g5,
Lp + Ry(u,v,w,p) + Na(u,v,w,p) = g4, (5)

with initial data

u(x,0)
w(x,0)

=/i(x), v(x,0) = fa(x),
:f3(x)7 p(xvo) :f4(x)7

where L, is considered a first-order partial differential opera-
tor, R;, 1 <j<4, and N;, 1 <j <4, are linear and nonlinear
operators respectively, and g, g, and g3 are source terms. In
what follows we give the main steps of He’s variational itera-
tion method in handling scientific and engineering problems.
The system (5) can be written as:

(6)

+ Ni(it, ¥,0, p) — &1 (7) b,
bt (5, 1) = v, 1) + /0 n{Lon(2) + Ro(it, 5, 0, )
F Nt 5.5, 5) - £3(0)} .
Wit (X, 8) = wy(x, 1) + /0[ J3{Lw,(t) + Rs (a1, ¥, W, p)
+ N3 (i, 9,9, p) — &(1) b,
o) = )+ [ 2e{Lpy(0) + s )
+ Ny(it, v, W, p) — g4(7) }dr, (7)
where /4;, 1 <j <4, are general Lagrange multipliers [7], which

can be 1dent1ﬁed optimally via the variational theory, and u,,
Vs, W, and p, are restricted variations which means du, = 0,
ov, = 0, 6w, = 0 and op,, = 0. It is required first to determine
the Lagrange multipliers /; that will be identified optimally via
integration by parts. The successive approximations u,, + 1(x, t),
Vot 10x, ), Wyt (X, 1), pu+1(x, 1), n = 0, of the solutions u(x, ¢),
v(x, 1), w(x, t) and p(x, ) will follow immediately upon using
the Lagrange multipliers obtained and by using selected func-
tions ug, vo, and wy. The initial values are usually used for the
selected zeroth approximations. With the Lagrange multipliers
/4j determined, then several approximations u,(x, ?), v(x, 1),
wix, 1), p{x, t) j = 0, can be determined. Consequently, the
solutions are given by

u(x, ) = lim u,(x,1), v(x, )= limv,(x,1),
n—000 n—000

(8)

wlx, 1) = lim p,(x,0),  p(x,1) = lm_p,(x,1).

2.2. The Laplace decomposition method (LDM) [27]

In this section, Laplace decomposition method [27-29] is ap-
plied to the system of partial differential Eq. (1). The method
consists of first applying the Laplace transformation to both
sides of (1)

£[Lu] = £[g,] + £[Ri (u, v, w,p) + Ni(u, v, w,p)],

E[Lv] = £lga] + E[Rau, v, w, p) + N, v, w,p)],

£[Lw] = £[g3] + £[Rs(u, v, w, p) + N3(u, v, w,p)],

£[L,p] = £lga] + £[Ru(ut, v, w,p) + Ny(ot, v, ,p)): 9)
Using the formulas of the Laplace transform, we get

S£[U] - M(O) = £[g1] + £[R1 (u7 v, w?])) + Nl (u7 v, W,[))L

S£[V] - V(O) + £[R2(u7 Vs W,p) + NZ(uv Vs wu”)L

sE[w] — w(0) = £]g5] + £[Rs(u, v, w, p) + N3(u, v, w, p)],

€£L’7] - ]7(0) = £[g4] + £[R4(147 Vs W,p) + N4(u7 v, W,p)}. (10)

In the Laplace decomposition method, we assume the solution
as an infinite series, given as follows:

o0 o0 o0 o0
u= E U, v= E Ve, W= E Wy, PpP= E Dys (11)
n n n n

where the terms u,, are to be recursively computed. In addition,
the linear and nonlinear terms R;, R, R3, R4 and Ny, N», N3,
N4 are decompose as an infinite series of Adomian polynomials
(see [12-16]):
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From a numerical point of view, the approximation

u(x) = lim[g,), v(x) = lim[dy,], w(x)

= ,}ng[¢3”]’ p(X) = ,}LTC[QS%L (12)
where
b= () b= ), b,
k=0 k=0
n— n—1
=Y we(x), Gay =D _pilx), (13)
k=0 k=0

can be used in the Laplace decomposition scheme for comput-
ing the approximate solution. It is also clear that a better
approximation can be obtained by evaluating more compo-
nents of the series solution (11) of u(x, ), v(x, ), w(x, ¢) and
px, 1).

2.3. The Pade approximant [27]

Here we will investigate the construction of the Pade approx-
imates [27,30-32] for the functions studied. The main advan-
tage of Pade approximation over the Taylor series
approximation is that the Taylor series approximation can ex-
hibit oscillati, which may produce an approximation error
bound. Moreover, Taylor series approximations can never
blow-up in a fin region. To overcome these demerits we use
the Pade approximations. The Pade approximation of a func-
tion is given by ratio of two polynomials. The coefficients of
the polynomial in both the numerator and the denominator
are determined using the coefficients in the Taylor series
expansion of the function. The Pade approximation of a func-
tion, symbolized by [m/n], is a rational function defined by

n

[m] ag+a X+ axt -+ @ X" (14)
T 4 bix+bx 4+ byxt

uexact

Fig. 1a

Exact solution of u(x, #) and numerical solution of u(x, ?),

where we considered by = 1, and the numerator and denomi-
nator have no common factors. In the LD-PA method, we
use the method of Pade approximation as an after-treatment
method to the solution obtained by the Laplace decomposition
method. This after-treatment method improves the accuracy of
the proposed method.

2.4. Homotopy perturbation method [33-36]

One considers the following nonlinear differential equation to
represent the procedure of this method,

A(U) - f) =0, re, (13)
with the boundary conditions:

oU
B(U—)=0 r 16
(055) =0, rer. (16)

where A4 and B are general differential operator and boundary
operator, respectively. I' is the boundary of the domain @, and
f(r) is a given analytical function. After dividing the general
operator into a linear part (L) and a nonlinear part (N), one
can rewrite the Eq. (15) as

L(U)+ N(U) —f(r) =0. (17)

By constructing the homotopy technique to Eq. (4), one can
write a homotopy in the form

H(V,p) = (1 =p)[L(V) = L(Uy)| + p[A(V) = f(r)]
=0,pe0,1], ree, (18)

where p € [0, 1] is an embedding parameter and Uj is an initial
approximation of the Eq. (15) that satisfies Eq. (16). In HPM,
one can use the embedding parameter as a small parameter.
Therefore, the solution of Eq. (17) can be written a power ser-
ies of p in the form

V="Vot+pV,+p Vot --. (19)

usm

0.4
0.2 I

0.4

0.8

-1 A o0

P G
NAA

0

—10<x< 10, 1 <1< 1.
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Fig. 1b  Exact solution of v(x, #) and numerical solution of v(x, 1), —10 < x< 10, -1 <7< 1.
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Fig. 1c

By setting p = 1, one can obtain an approximate solution of
Eq. (2) as,

U:lin11V=V0+V1+V2+A..7 (20)
) Zand

presented in Eq. (20).The combination of a small parameter
(perturbation parameter) with a homotopy is called HPM, as

3. Application

In this section, we demonstrate the analysis of all the numeri-
cal methods by applying methods to the system of partial dif-
ferential Eq. (1). A comparison of all methods is also given in
the form of graphs and tables, presented here.

wum
0.85-=
0.90-7 25022
B ><
0.95-
e
105
1.10--
=1 T
0 0
t X

Exact solution of w(x, ) and numerical solution of w(x, 7), —10 < x < 10, -1 << 1.

3.1. The variational iteration method [37]

To solve the system of Eq. (1), by means of variational itera-
tion method, we construct a correctional functional which
reads

t
un+l(xa t) = un(xa t) +/ /Il{unt - V,,x}d‘l,',
0

¢ Var + 2vnxxx + 6un Vix
Va1 (X, 8) = v (x,0) +/ I OV, +3TW Wiy —2p, Wy pdr,
0 1
_Ewnpnx +pnpnx - zwnx - 2pnx
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peact
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Fig. 1d  Exact solution of p(x, f) and numerical solution of p(x, 7), —10 < x < 10, —1 < ¢ <1.

Ulx ) Leplzce solution

04
02 ]‘

0.2~

Fig. 2a

t
W,,_H(X, l) = wn(x7 Z) +/ AB{Wm — Wixxx — 3uanX}dT,
0
: (21)
Dnt1 (X, t) :pn('x7 t) + / j'4{pnl — Puxx — 3uﬂpnx}d7:7
0
where 1y, 4, 43, and A4 are general Lagrangian multipliers are

to be determined [7]. With the aid of the above correction func-
tional stationary, we obtain

H@ =0, A =0, 4x)=0, K =0,
L+ @], =0, 14h@, =0, 1+i@)]_, =0,
I+ 24(1)]._, = 0. (22)

Vix 1) Laplace solution

Numerical solution of u(x, ¢) and v(x, ¢) with ten terms by (LDM), —10 < x < 10, —1 < r <1.

Eq. (21) are called Lagrange—Euler equations, one natural
boundary conditions. The Lagrange multipliers, therefore,
can be identified as A, = —1, A, = =1, Jz = =1, 44y = —1,
and the following variational iteration formula is given by:

t
u,,+1(x, t) = un(X, t) - / {unt - vnx}d'[a
0

Var1 (X, 8) = vy(x, 1)
(Yt 2 + 6t
— +6v,utyy + 3TWu Wi — 2D, Wy dr,
=3 WDy + Pulx = 2Wa = 2P,
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W{x 7) Laplzce solusion P(x, t) Laplace solution

7
6— >

: 3
5—
4—
34
2—
-1 R 10

X
0 0
1 x

Fig. 2b  Numerical solution of w(x, #) and p(x, f) with ten terms by (LDM), —10 < x < 10, -1 < <I.

. different values of times is shown in Figs. la, 1b, Ic and 1d.
W1 (X, 1) = wy(x, 1) — / (Wt — W — 3ty Wiy 1, The comparison shows that the two solutions obtained are in
0 excellent agreement.

t
= - — Dyx — . 2
pn+l(x7 t) pn(x7 Z) /0 {pnt Puxx 3unpnx}dT ( 3) 3.2. The Laplace deCOmpOSition method

We start with initial approximations u,(x, 0), vo(x, 0), w,(x, 0)
and p,(x, 0) given by Eq. (4) with the above iteration formula
(22), we get

To solve the system of Eq. (1) by means of Laplace decomposi-
tion method, we construct a correctional functional which reads

7
uy :=— — 2tanh (x)* 4 tanh(x) — tanh (x)’s,

12

- _ 1 —17cosh (x)* + 12sinh(x)z + 24 cosh(x)

T cosh (x)* ’
I 1 148sinh(x) cosh(x) — 864 cosh (x)* =37t

T cosh (x)? ’

1 148sinh(x) cosh(x) + 192cosh (x)* — 371

PT g cosh (x)* ’
e 1 24cosh(x)sinh(x) — 34cosh (x)* + 6cosh (x)*12 + 48 cosh (x)* — 972

S cosh (x)* ’
n(x, 1) = - 1 155cosh (x)*£ sinh(x) + 24 cosh (x)*ssinh(x) — 288 sinh(x)7* + 6 cosh (x)°12 — 34 cosh (x)” 4 48 cosh (x)* — 972 cosh (x)’

2 96 cosh (x)’ ’

1 592sinh(x)cosh (x)° — 37 cosh (x)’ 2 sinh(x) — 2967* 4 296 cosh (x)*1* — 3456 cosh (x)° — 148¢cosh (x)*
wa (X, 1) = == ¢ ,
3552 cosh (x)
1 592sinh(x) cosh (x)° — 37 cosh (x)*2sinh(x) — 2967 + 296 cosh (x)*#* + 768 cosh (x)° — 1487 cosh (x)*
P2 (x7 t) = T0> 6 .
192 cosh (x)
(24)

The behavior of the approximate solutions obtained by varia- ] = lu(O) n 1 £l
tional iteration method with the exact solutions (Eq. (3)) for s
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1 1

£p] = EV(O) + ;£[—2v,m — 6(uv), — 3Twwy + 2pw,

1
+ Ewpx — PPx + wa + pr ’

1 1

£[w] = =w(0) + —£[wx + 3uw,],
s s
1 1

We can define the Adomian polynomial as follows:

n n n

A, = E UiW(n—iyx, B, = § UiD (n—i)x» G, = E :uiv(”*i)x’
i=0 i=0 i=0
n n

E, = § Vill(n—i)xy F, = § WiW(n—i)xs
i=0 i=0

n n n
G” = E jiw("*")—"7 H’l = Zwip(n—i)x? M, = E pip(n—i),w
i=0 i=0 i=0

(26)
we define an iterative scheme
1 1
£[un+l] = E£[Vn.\’]> £[Wn+l] = E£[an.\'x + 3An]7
1
£LDH+I] = ?£h’n,\‘xx + 3BV!L
1
£[Vn+l} = §£[_2an,\’x - 6Cn - 6En - 37Fn + 2Gn
+ %Hn — M, + 2w, +2p,. |, n=l1 (27)
Applying the inverse Laplace transform, finally we get
tsinh(x 1 tsinh(x
U = ( )37 V](-Xat): ( )3a
cosh (x) 4 cosh (x)
1 t 37 t
wi(x, )= ———-, xf)=—->2—_
1) 24 cosh (x)’ Py, 1) 48 cosh (x)’
1 2(2cosh (x)* — 3
us(x, 1) = L 2eosh () = 3),
8 cosh (x)
1 #*(2cosh
by 1) = - CROSHE =)
32 cosh (x)*
1 £ sinh(x)
wy(x, 1) = —— ,
2 1) 96 cosh (x)°
37 sinh(x)
X, ) =—-35 3
Palx:1) 192 cosh (x)?
1 #sinh(x)(cosh (x)* — 3
(. L £ cosh () —3)
24 cosh (x)
1 £ sinh(x)(cosh (x)* — 3
) = L £sinhC)(cosh (x)* = 3)
96 cosh (x)
1 A(2cosh(x)* -3
W3(x7 [) = ! ( cos (X)4 )7
1152 cosh (x)
37 A(2cosh (x)* —3)
P 1) = =g S ) (28)

cosh (x)*

and so on,
Similarly, for the t6th term the solution takes the following
form:

Zu x, 1), w(x,1)
Zu X, 1), (29)

16
t) = Zui(xv t)7
=0
16
= Zu,«(x, ), p(x,1)
=0

or
7 , tsinh(x) 1 £2(2cosh (x)* —3)
u(x,t) = — — 2tanh (x)” + =
() 12 ) cosh (x)’ 8 cosh (x)*
1 #sinh(x)(cosh (x)* =3)
24 cosh (x)’
L L 4(2cosh (x)* — 15cosh (x)* + 15)
384 cosh (x)°
1 Asinh(x)(2cosh (x)* — 30 cosh (x)* + 45)
7 + SN
3840 cosh (x)
7 1 > 1 tsmh(x)
v(x, 1) = ——+= tanh (x —
1 £(2cosh(x)*=3) 1 £sinh(x)(cosh (x)* - 3)
32 cosh (x)* 96 cosh (x)’
1 (2cosh (x)* = 15cosh (x)* 4 15)
1536 cosh (x)°
~ 1 £sinh(x)(2cosh (x)* = 30 cosh (x)* + 45) N
15360 cosh (x)’ ’
36 1 1 t 1 sinh(x)
w(x,t) = —=—=+— tanh —
(o) = 37 6 ()= 24 cosh (x)? 96 cosh (x)°
1 F(2cosh(x)’ = 3)
1152 cosh (x)*
1 (cosh (x)* = 3) sinh(x)
4608 cosh (x)’
1 £(2cosh (x)* = 15cosh (x)* + 15)
92160 cosh (x)() ’

ﬂ t
48 cosh (x)’
£(2cosh (x)* — 3)
cosh (x)*
37 *(cosh (x)* — 3) sinh(x)
9216 cosh (x)’
37 £(2cosh (x)* = 15cosh (x)” + 15)
184320 cosh (x)°

px, 1) = 4+% tanh(x) —

37 Zsinh(x) 37
192 COSh( )3 2304

(30)

And Figs. 2a and 2b shows the numerical solution of system
(1) with ten terms by (LDM)

3.3. The Pade approximation

We use Maple to calculate the [6/4] the Pade approximant of
the infinite series solution (28), which gives the following ra-
tional fraction approximation to the solution:
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1

__ 20 u
= 2131782400 7793718517201423564800000 cosh (x)™ + 115359246933804711936000 cosh (x)™ + - - -,

u(x,t)

1 20 24
t) = —————-77937185172014235648 h — 115359246933804711936 h
v(x,t) 29727129600 793718517201423564800000 cosh (x) 53 3380 36000 cosh (x)™ + - - -,

1 7 5
= 4 45322752 h +1 1026944 h 4
w(x,1t) 32997113856009003 069038453227520000 cosh (x) 7370703537310269440000 cosh (x) ,

p(x,t) = m 5223968936873164800 cosh (x)'* sinh(x) — 5235475476381696000 cosh (x)'"” sinh (x)*

+695311416151769088000 sinh (x) cosh (x)* + - - (31)

unumapprox:-pade

vnumapprox:-pade

X
X XA
X
XX
A

=]
=
1
XX
X
XX

Fig. 32 Numerical solution of u(x, 7) and v(x, ) with ten terms by (LD-PA method), —10 < x < 10, —1 < <I.

wnumapprox:-pade

pmmapproz:-pade

0.85- 3L H’ K
0.90- &R
0.95-7

'l_t
1.05-=
1.]0-—_

-1 To10

0 0
t X

Fig. 3b  Numerical solution of u(x, 7) and v(x, f) with ten terms by (LD-PA method), —10 < x < 10, —1 < ¢ <1.
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u(x 1) HAM solution

W x, 1) HAV soluzen

.
0.4 >
0.2 | 1 2958
0.3—_ N ::31;)
0.2-— 3
2= 0.2 535S
0.4 | ] 9%
0.6- | 0.1
0.8- A
-1 ‘ o
1.2- 4
! 0.1
= =it 7 T
0 : 0 0 0
t 52 X 1 X

Fig. 4a  Numerical solution of u(x, ) and v(x, #) with ten terms by (HPM) method, —10 < x < 10, -1 << 1.

w( % ) HAM soluton

P, ) HAM solution

3

Fig. 4b  Numerical solution of w(x, ¢) and p(x, f) with ten terms by (HPM) method, —10 < x < 10, —1 < ¢ <1.

And the numerical solution (24) of system (1) obtained by u(x, t) = Ug(x,8) + pU,(x, 1) + p* - Us(x, 1)

(LD-PA) method §h0wed in Figs. 3a and 3b, anq §0mparison P Us(x, 0 - Us(x,0) + -,

of the results obtained by the Laplace decomposition method )

(LDM), the variation iteration method (VIM) and the Pade vix, 1) = Volx, ) +p - Vi(x, 1) +p7 - Va(x, 1)

approximant (LD-PA) with exact solution of system (1) pre- +p* Va(x, ) +pt - Va(x, ) + -+,

sented in Figs. 4a and 4b. wW(x, 1) = Wol(x, 1) +p- Wi(x, 1) + p* - Wa(x, 1)
+p3 . W3(X, t) +p4 . W4(X, t) +

h(xv t) = HO(x7 t) +p- H, (X, t) +p2 : H2(x7 t)

To solve system (1) by means of HPM, we choose that: +p* - Hy(x, 1) +p* - Hy(x,0) + .

3.4. Homotopy perturbation method [33]

(32)
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We choose the initial approximations (4) and using (18) we
have:

P U0+ g = (G Vals ) <o
OVt s + 2(83—; Vlx, z)) - (% W, z))
- (%Ho(x, t)) + 6(8% Us(x, z)) Vo, )
+ 6Ty (x, 1) (a% Volx, z)) — 6Wo(x, 1) (% Wo(x, z))
=7t (w.0) (35 W) ) = o) (g (o))

— Hy(x,1) (aﬁﬂo(x, t)> =0,

0 a

ER (xt)—O—amoxt (8x3W0 )
—3U0 X f( )

8 >

a (x [) a (71‘]0 ‘C l)

_3U0»cz( (x0)) =

. 0 0 _
p: EU,,(X, l) — (a V,,,](x, l)) = 0,

Solving system (33)—(35) we have:

_ tsinh(x) _ 1 tsinh(x)
cosh (x)*’ 1 4 cosh (x)*’
1
W= L t P = 37 t

24 cosh (x)*’ 48 cosh (x)*’

1 2(2cosh (x)* — 3)

v, = L £2cosh ()" —3)
'8 cosh (x)*
1 (2cosh (x) -3)
vy = L EQ2cosh(9 =3)
R cosh (x )
__ L sinh(y) 37 sinhlx
2= 96 cosh( ) 2T 192 COSh( )z s
1 £ sinh(x)(cosh (x)* — 3)
U3 24 5 )
24 cosh (x)
1 £ sinh(x)(cosh (x)* — 3)
V3 TS 5 )
96 cosh (x)
1 A(2cosh(x)* = 3)
VV3 - 4 )
1152 cosh ()
37 £(2cosh (x)* —3)
H3 - 4 )
2304 cosh (v)
1 [4(2 cosh (x)4 — 15cosh (x)z i 15)
Up=— : |
384 cosh (x)
Vy = b *(2cosh (x)* — 15cosh (x)* 4 15)
47 71536 cosh (x)6 ,
. L tsinh(x)(cosh (x) — 3)
T 4608 COSh (x)S )
37 ¢*sinh(x)(cosh (x)* — 3)
1= "5 : 36
I cosh (v’ (36)

For calculating 13" term and using (20), we obtain the follow-
ing solution:

1

9 63 n—1 9 n—1 9
EVH(X t>+2(8 nl(xz)+6ZU )Ct(a I1I| )+6’: (EUI ) ﬂll(x?[)

—6ZWxt( ,1,1xt)—7ZHxZ( nllxt)

-1
VV! X, t ( n i— I(X t))
i=1

fZH x, 1) ( H, i (x, z)) - <% W (x, z)) - (%Hn,l(x, t)> =0,

3

0 0
EHH(‘C Z) (m

,,1xz)—3ZU»ct( n,l(xt)) 0.
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1
u(x,t) = ~1030335087873200 wosh (O (144533304115200 cosh (x)'* + 1394852659207 cosh (x)"' + -+,
1 15 11
X, t) = 1445333041152 h 1394852659207 cosh e
V(%) = 308094035148800 cosh ()" ( 04115200 ¢0sh ()" + 0 cosh (x)" + ),
1 14
X, t) = — 88148311592140800 cosh (>
W05 1) =~ 50596873803033600 cosh ()" cosh (x)"+-+1),
1 14
X, 1) = 19588513687142400 cosh (x ). 37
P0e 1) = R9T128421783600 cosh ()™ cosh ()" +-+) (37)
Table 1 Absolute error of u(x, ¢).
t | uex — uLDm| | uex — upadLJ | uex — quMI | uex — uV1M|
0.2 3.1x107" 8.7x107% 1.0x107% 3.0x107%
0.4 4.1x107% 1.8x 1073 1.6 107>° 24x%x1073%
0.6 4.1x107% 1.6 x 1073 4.8x 1077 8.4x1073%
0.8 5.4% 107 4.1x1072 2.7% 1073 20x107
1.0 24%x107° 5.0%x 107! 6.2x 107 40x 1077
1.2 53%10°% 3.9% 107 8.0x 1073 7.0%x 10737
1.4 7.3%x1077 22x107% 7.0%x 1073 1.1x1073¢
1.6 7.1%1073¢ 1.0x 1048 4.5% 107! 1.7x1073¢
1.8 53% 107> 3.8x10°% 2.3%x107° 24x1073¢
2.0 3.1% 107> 1.3x 104 1.0x10°% 3.4x%x 1073¢

Table 2 Absolute error of v(x, ?).

4. Concluding remarks

In this work, we have applied the Laplace decomposition

‘ [vex — vipul | vex — vpaad  |vex —upppd | vex — vy method (LDM), the variation iteration method (VIM), the
02  7.7x10 7 20%10-°  25% 100  76x10%° Pade approximant (LD-PA) and Homotopy perturbation
04 1.0x10756 46x10°5  4.1x10°% 6.1%10°3° method (HPM) to the Generalized Ito System. The numerical
06 1.0x10°% 42%107%%  12x10°Y 2.1% 10738 study presented in Section 3 showed that all the methods give a
08 13x107% 1.0x1072%  6.8x107°° 5.0x 107 highly accurate results for a given system of partial differential
1.0 6.0x107% 13107 1.5x107* 1.0x 107 equations. The LDM, HAM and the VIM are simple and easy
12 13x10°%* 9.8x107"  2.0x107> 17x107Y to use, required less computational complexity. Since the
14 18x107 5.5%107°  17x 1072 2.8x 1077 methods of the VIM and the LDM are based on an approxi-
16 17x 10:: 25x 10:22 L.Ix 10:2: 4.2x 10:;; mation of the solution function with polynomial expansion,
;g ;;i }8755 ggi }8*48 gzi }8750 g;i }8737 this kind of approximation can exhibit oscillations which

Tables 1-4 displays the absolute error obtained by (LDM),
(LD-PD), (HAP) and (VIM) respectively.

Table 3 Absolute error of w(x, ?).

may produce an approximation error bound Moreover, the
approximate solution obtained by the LDM and the VIM
can never blow-up in a finite region. To overcome these demer-
its, we use the Pade approximations. This fact is also verified
by the system of our study. (see Figs. 5a and 5b.)

t | wex — wLD,,,| | wex — w,,ade| | wex — wH,,Ml | wex — wV,MI
0.2 1.3%x1077 3.6x 107 4.1x107%° 1.2x 1074
0.4 1.7x10°% 7.8% 1077 9.6x 107! 1.0x 1073
0.6 1.7x107% 7.0% 1073 20x 10738 3.5% 107
0.8 2.2%x107% 1.7%1073 1.1x107>° 8.4x 107
1.0 9.9x 107! 2.1x 10732 2.6x 1073 1.6 x 10738
1.2 22x107% 1.6 x 107! 3.3x107% 29x1073%
1.4 3.1x107%8 9.2x 107! 29%x1073 47%10738
1.6 2.9x 1077 42x107° 1.9x 1072 7.1x1073%
1.8 22x 107 1.6 x10°% 9.9x 1072 1.0x 10737
2.0 1.3x 1073 53%x107% 43%x107! 1.4x 10737
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Table 4 Absolute error of p(x, f).

|pex — PLDm |

1 | pex — tpaae | | pex — ugpa | | pex — pyia |
0.2 24%x1077 6.7x 107 7.7 % 10 23%x107%°
0.4 3.1x10°%¢ 1.4%x107% 1.2x107° 1.9x 10738
0.6 3.1%107% 1.3%x107°3 3.7% 1077 6.5% 10738
0.8 4.1x10°% 32x10°% 2.1x1073 1.5x107%
1.0 1.8x107%° 3.9% 107! 48%107%* 3.1x 107
1.2 4.1x1078 3.0x107° 6.2x1073 5.4x107%7
1.4 5.6x 1077 1.7x107% 5.4 %1072 8.7x 1077
1.6 5.6%x107¢ 7.7 %x107% 3.5%x 107! 1.3x107%
1.8 4.1%x1073 29x10°% 1.8x107%° 1.8x 107
2.0 24x107>* 9.8x 10 % 8.1x107 2.6x 1073
il i saites Y x, ) solugos
0.4
0_7-.
04
02--
0.4
0.6-
0.8-
1.0+
12-]
-4 -2 0 2 4
z
exactPlot ¢ pade Plot Laplace Plot exactPlot ¢ pade Plot Laplace Plot
> HAM Plot ¢ HAM Plot
Fig. 5a Comparison exact and approximate solutions by LDM, (LD-PD) and HPM at x = 1 of u(x, t) and v(x, 7).
p(x 1) sofutios
w(x, 7) solutos 74
0.82-
0.84-
0.86- 6
0.88-
0.90-
0.92- &
0.94-
0.96--
44
0.98-
1.00-4
B e A A L A
t t
exactPlot ¢ pade Plot Laplace Plot exactPlot ¢ pade Plot Laplace Plot
o HAM Plot °  HAM Plot

Fig. 5Sb  Comparison exact and approximate solutions by LDM, (LD-PD) and HPM at x = 1 of w(x, ¢) and p(x, ?).
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