Journal of the Egyptian Mathematical Society (2014) 22, 90-95

Egyptian Mathematical Society

Journal of the Egyptian Mathematical Society

\
)

. ‘N’“"‘e-ﬂ“.;” ;,_’)f'j,,,/

www.etms-eg.org
www.elsevier.com/locate/joems

ORIGINAL ARTICLE

Transient analysis of a two-heterogeneous servers

queue with impatient behavior

Sherif I. Ammar *

Department of Mathematics, Faculty of Science, Menoufia University, Menoufia, Egypt

Received 10 February 2013; revised 23 April 2013; accepted 6 May 2013

Available online 28 June 2013

KEYWORDS

M/M/2 queue;
Heterogeneous servers;
Balking;

Reneging;

Steady-state probability

system.

2000 MATHEMATICS SUBJECT CLASSIFICATION:

Abstract Recently, [1] have obtained the transient solution of multi-server queue with balking and
reneging. In this paper, a similar technique is used to drive a new elegant explicit solution for a two
heterogeneous servers queue with impatient behavior. In addition, steady-state probabilities of the
system size are studied and some important performance measures are discussed for the considered
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1. Introduction

In most studies on queueing systems, the customers always
wait in the system until service is completed. In many practical
systems, such as telephone switchboard customers, hospital
emergency rooms’ handling of critical patients, and perishable
goods storage inventory systems, the customers may become
impatient and leave (i.e., balk or renege) the system without
getting services when the waiting time is intolerable. For exam-
ple, for a call-in customer who cannot get service immediately
by the server, he/she is told how long he/she needs to wait. The
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customer might hang up (balk) or hold on (non-balk and wait-
ing). This is a balking behavior of the customer when the
queue length or waiting time is too long. In addition, a waiting
customer might hang up (renege) if he/she becomes impatient.
Someone who wants to buy a train ticket (or meal ticket) might
decide not entering the system (balk) if the waiting line is too
long. As a customer waiting in the queue, he/she might leave
the queue (renege) and choose an automat (or instant food).
Queueing models with balking, or reneging, or both have at-
tracted much attention from numerous researchers. For re-
lated literature, interested readers may refer to [1,2] and
references therein.

On the other hand, heterogeneity of service is a common
feature of many real multi-server queueing situations. The het-
erogeneous service mechanisms are invaluable scheduling
methods that allow customers to receive different quality of
service. Heterogeneous service is clearly a main feature of the
operation of almost any manufacturing system. The role of
quality and service performance is crucial aspects in customer
perceptions and firms must dedicate special attention to them
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when designing and implementing their operations. For this
reason, queues with heterogeneous servers have received con-
siderable attention in the literature [3].

In [4], the authors have pointed out that for the queueing
systems with more than two heterogeneous servers, analytical
results are intractable. Therefore, many researchers have stud-
ied queueing systems with two heterogeneous servers. In [5],
the author studied an M/M/2 queueing system with balking
and two heterogeneous servers. In [6], the authors have dis-
cussed the two-channels queue M/M/2 with both balking, het-
erogeneity and considering different probability in choosing
the server. In [7], the author proposed a transient solution of
the non-truncated queue M/M/2 involving balking, and an
additional server for longer queues. In [8], the authors have
analyzed an M/M/2 queueing system with two heterogeneous
servers and multiple vacations by using the matrix-geometric
solution method. In [3], the authors have derived the transient
solution for the probabilities in the two-server queueing
system subject to catastrophes, where one server is faster than
the other, by defining a suitable probability generating
function. In [9], the authors have presented the transient
solution of the M/M/2 queue with catastrophe at the service
station

The authors in [10] further considered the model in [8].
They have obtained the explicit expression of the rate matrix
and presented the conditional stochastic decomposition results
for the queue length and the waiting time. In [11], the authors
have investigated an M/M/2 queue with Bernoulli schedules
and a single vacation policy where the two servers provide het-
erogeneous exponential service to customers. They obtained
the steady-state probability generating functions of the system
size for various states of the servers. In [12], the authors intro-
duced an M/M/2 queueing system with balking and two heter-
ogeneous servers under Bernoulli schedules and a single
vacation policy. They presented a generalization of Model B
in [11] and obtained the explicit expressions of the steady-state
condition, the stationary distribution of the system size, and
the mean system size. In [13], the authors have discussed an
M/M/2 queueing system with two heterogeneous servers under
a variant vacation policy, where the two servers may take to-
gether at most J vacations when the system is empty. In [14],
the authors have displayed an M/M/2 queueing model with
heterogeneous servers where one server remains idle but the
other goes on vacation in the absence of waiting customers.

The two heterogeneous servers are extensively studied as
mentioned above, however, in the literature is no work on
an M/M/2 queue with heterogeneous servers subject to balking
and reneging. Based on this observation, we have investigated
the transient solution for the probabilities in the two server
subject to balking and reneging.

The rest of the paper is organized as follows. Section 2 pre-
sents a model description and obtains the time dependent state
probabilities for the number in the system.. In Section 3, we get
the solution for the steady-state probabilities. In Section 4, we
give some performance measures of the system.

2. Model description and main results

In this paper, we consider an M/M/2 queueing system with
impatient customers, where two servers have different rates.
The assumptions of the system model are as follows:

(a) Customers arrive at the system one by one according to
a Poisson process with rate A.

(b) The two servers provide heterogeneous exponential ser-
vice to customer on a first-come, first served (FCFS)
basis with service ratey; for jth server, j = 1, 2.

(c) A customer who on arrival finds at least two customers
in the system, either decides to enter the queue with
probability p or balk with probability 1—p. Let 4, = /ip.

(d) After joining the queue, each customer will wait a cer-
tain length of time 7 for service to begin. If it has not
begun by then, he will get impatient and leave the queue
without getting service. This time 7 is assumed to be dis-
tributed according to an exponential distribution with
mean 1/a. Since the arrival and the departure of the
impatient customers without service are independent,
the reneging rate when there are n customers is (7 — 2)o.

(e) Let {X(¢),t € R"} be the number of customers in the
system at time f let P,(t) = P(X(¥) = n),
n=2,3,4,... denote the probability that there are n
customers in the system at time ¢.

(f) Let Pyo(f) = P(X(f) = 0) be the probability that the sys-
tem is empty at time 7, P;o(f) = P(X(f) = 1) be the
probability that there is one customer in the system
and he is served by server 1 and Py (f) = P(X(f) = 1)
be the probability that there is one customer in the sys-
tem and he is served by server 2.

(g) If a customer arrives to an empty system, it always joins
server 1.

From the above assumptions, the forward equations for the
system

dP(;z)(l) = —2Poo(t) + 1 Pro(1) + ma P (1), @1)
P — (3t ) Pro(0) + 2Poa(0) + o), 22
POE) it ) Poa () + 1o, 23
dP;t([) = (% + 1) Pa(1) + A(Po,1 (1) + Pro(1))

+ (e + ) P3(1) 24
and
dPa"—1Z(0 = _()L17 + u+ (n - 2)0()1),,(1) + A”P"_l (l) + (/1

+ (l’l — 1)06)P,,+1(l): n

- (2.5)

where u = u; + o
We assume that there is no customer in the system at time
t = 0, so that Py,(0) = 1.
We define the probability generating function
P(z,1) = Ro(t) + Y _Pus(t)z"" (2.6)
n=0

where

Ro(1) = Poo(t) + Po(t) + P1o(t) + Pa(2)

with initial condition P(z,0) = 1
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The system of Egs. (2.1)~(2.6) yields the following partial
differential equation

R R L R )
X [P(z,1) = Ro(1)] + 2y (z = 1) P2(1)
(2.7)
The solution of (2.7) is easily obtained as
P(z,0) = exp{~[(p—o)(z"" = 1) + %, (z = D]r}
+ [ ke = P20 + {0tz = 1)
+ gz = D}Ry(w)]. exp{—[(u— 1)~ — 1)
+ A, (z = D](t — u) }du. (2.8)
It is well known that if r = 2,/4,( o)and f = +/4,/
then
€Xp {()LPZ + ?) } Z (ﬂz) n(”)

n=—00

where 7,(°) is the modified Bessel function of first kind order n.
Substituting this in Eq. (2.8), expanding P(z,f) as a series in z
and comparing the coefficient of z” on either side, we get, for
n=1,2,3...,

Para(t) = exp{~iy + (u— )|} B' 1, (11
5 [ exp(=y + (1= )t - )
X 1 (= ) = B0 — )} o)
5 [ enp(=Giy+ (=) la - )
(0 1)+ o= )
— By + (= ) (o — ) Rofu0) 29)

and for n = 0,

BR(1) = expi 1y + (1 — )]0} lo(r)
+ [ exp(= + (=) )
X 1 (1 — ) = B — )} Pa(a)
— [ Ralwexp(~(y + (u= )t )

X 221 (r(t = u)) = B2 + (= @) Io(r(t — u))]du
(2.10)

As P(z,t) does not contain terms with negative powers of z, the
right hand side of (2.9) with n replaced by —n, must be zero.
Thus,

! / exp(—(dy + (1= @) (t = ) iy Ll (r(1 — w))

L (0 = )} = Bl + (1= ), (2 — ) Rol)
— exp{—[, + (1 — @)]1} B'L, (1)

5 [ exp(— U + (= )t — 1) Ul (2 — )

— BL,(r(t — u))} P2 (u)]du (2.11)

where we have used 7_,(-) = I(-). The usage of (2.11) in (2.9)
considerably simplifies the working and results in elegant
expression forP,(f). This yields, forn = 1,2, ...

2))(t — u))

n+1 (I”([

Pui(t) = f | exp(—(4 + (1 -

X [Ap{ Loy (r(t — u)) —
— )} Py (u)]du
Now, the probabilities Py (1), Po.1(f), P o(f) and P,(f) remain
to be found. For this, we consider the system of Egs. (2.1)-

(2.3) subject to the condition (2.10). Egs. (2.1)—(2.3) can be ex-
pressed in matrix form as

4P

(2.12)

7 AP(t) + u, Pr(1)e; + uy P2(1)ey (2.13)
where
—4 H Ha
P(t) = (Poo(t), Por (1), Pro(t)) ", A= | 2 —(A+m) 0
0 0 —(A4p,)

= (0,1,0)7, and bf e» = (0,0, 1)".
In the sequel, let P;(s) denote the Laplace transform of
P,(f). Now, by taking Laplace transform, the solution of
(2.13) is obtained as

P(s) = [s— 4] [1Py(s)e + u P5(s)es + P(0)]

with

(2.14)

P(0) = (1,0,0)".
Thus, only P;(s) is to be found. We note that, if e = (1,1,1)7,
R (s) = e"P*(s) + P;(s).

Using (2.10) in the above equation and simplifying, we get,
withg =5+ 4, + (u— ),

1 —se”(sI— A)"'P(0)

Py(s) = —
S+ 4y = (q_ ;2_"2) +seT(sT— A) " e + wen]
(2.15)
Let
(sT = A) ™" = (a(5))35
We can use the usual method to find (s/ — 4)~" and is given by
| (SHA+m)(s+A+m)  ws+i+mp) (s+A+m)
] Ms+2+ 1) (s+A)(s+ 4+ 1) Aty
0 0 (s+A)(s+A4+p)— Ay
(2.16)
where | D(s| = 5* + 34 + w)s® + G2 + Mu + w) + wim)s +
P20+ 1)

The characteristic roots of the matrix 4 are given by
|D(s)| =0 (2.17)
Let s, k = 1, 2, 3 the characteristic roots of (2.17). Then,

ST = _(;L + :u2)7
5.5y = AT ) E VA + It

2
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We observe that g, ( ) are rational algebraic functions in s.
The cofactor of the (i,j)” element of (sI — A) is a polynomial of
degree 2 —|i—j. Since the characteristic roots of A are all
real and distinct, the inverse transform a() of a}(s) can be ob-
tained by partial fraction decomposition and are given below.

—v“m+msw

W+ A+ oot M

an(t) =
u) 23/ 4y + 15 23/ 4y + 15
H 5 5
anlt) =@ o),
an(f) = Mo (g — 1) S Ho
‘ Ha(ty = ) — 2y LY
oAV VA
th =24 — /Ay + 14 *2H2+ VA + 1
a (l) _ % (exzr _ es;t)
SRV VI 7
_V 4 + ﬂl Hy POTNY Ao + ﬂl + 1 e,
“ 24/ 4y + 1 2/ 4y + 1
;“/12 sit 22“.“2
ai(t) = e ———
" o (o — ) — Ay YT
1 1
% 2(’52/ _ 26531 ,
= 24y — /Ay + 1 thy = 2y + /Ay +
LZ}}(Z) — ESII,

and a31(f) = a32(l) = 0.
Now using (2.16), we get

el(sI— A) = sz (2.18)
and

eT[s] — A e + e = s[u,zlaﬂ s) + .“120,3 (2.19)

=
Substituting (2.18) and (2.19) in (2.15), we obtain
1 — by (s

P = T T Jq(")“> TR0 220
where

bi(s) = S[aTl(S) + a3, (5)}7
bi(s) = s[pa (a1, (s) + ax () + p (a
Using Eq. (2.16) in (2.14), we have

13(8) + @ (s) + af{}(s))]-

[(s+ 2+ w) (s + 2+ 1)

5(8) + (s + A4 ) Py(s)] (2.21)

[A(s + A4 1) + pa (s + 2) (s + A4 1) P ()

. 1
Fool) =53]

Ty (s + A+ ) P
. 1
Pl =g

AP (5)] (2.22)

[(ﬂl(5+’1)(s+)“+#l) _/IHI)P;(S)} (2.23)

g1
D)

After considerable simplification, (2.20) reduces to
Pi(s)

> :M%{‘*bl(s)}[]_(Hgiﬁl)]/’zqi\/,ﬁ(l_z;fi)}il
:§<7q*\/fzj>{1_h:<s>}{1_( ) P b;@)}"

n—o

On inversion, we get an explicit expression for P,(7) as

0= 0 () ﬂﬂ;>(ui>

m=0 k=0
o)Ju){Ln(ru)

t

x| Bt lexp(= (2 + (-

~ )} = [ b= ) exp(=0, + (0

= )L (rv) — Lya(rv) }dv]du

where b;k is the k-fold convolution of b,(#) with itself. We note

by (1) = 8(1).
Using (2.21)—(2.23) and inverting, we obtain

(2.24)

Poo(1) = an (1) + /Ol(ﬂzalz(u) + wars () Py(t — u)du,  (2.25)
Plo(l) = dy (Z) + /Ot(uzazz(u) + ,U16123(u))P2(Z — u)du, (226)
Por(t) = asi (1) + /Ot(ﬂzazz(u) + was(u) Pr(t — u)du,  (2.27)

Thus, (2.12),(2.24),(2.25),(2.26) and (2.27) completely deter-
mine all the system size probabilities.

Remark. It is observed that our results are coincident with
those of Kumar and Madheswari [9] when y =0 for
ty = po,p=1and a = 0.

3. Steady-state probabilities

In this section, we shall investigate the behavior of the steady-
state probabilities of the M/M/2 queueing system with hetero-
geneous servers, balking and reneging. It is worthy to mention
that the system is always stable for o > 0.

Theorem 1. The steady-state distribution of the M|M|2 queue
with heterogeneous service rate, balking and reneging is obtained
as follows:

(i) ForA# u, then

Py = ! (3.1)

Ly — ot/ (lp+p—a)* —r?)

Pn+2=<§> Dp+u—oady/(Gp+u—a) —r"Ppn=123,.. (32)

11 (224 1)

= P, 3.3
0,0 lz()»-i-uz) 2 (3.3)

_(Atw)
RN IvETiE G4
and

H

Py =— P 3.5
o (A+ 1) ? (3:3)
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(i1) Ford = u, then

Y —ptat/(Gp+u—0)—r)

Poo= (é) [Ap+u—o+/ (A +pu— oc)2 — 12" Py,

n=1,23,... (3.7)
3ty
Pyg=—=11"2 p 3.8
O () (32)
2u,
Poy=—=—P 3.9
TR (39)
and
!
Py = P 3.10
o (1 + ) : ( )

Proof. For A# u, from (2.20), we have

1 —bi(s)
s+ 4 ,%(q, V@& —r2) +by(s)

Multiplying the above equation by s on both sides and taking
limit as s — 0, we get

Py(s) =

1

() =

3(Zp —pto+ (/lﬂ'i'.“_a)z_rz)
The result (3.1) follows directly from (3.11) by Tauberian
theorem. Taking Laplace transform of (2.12), we have

} (3.11)

% ﬁ ! n %
Pn+2() (i [q+ qu_,,z] P2(S)7 n:1a2a3a"'
As before, multiplying (3.12) by s on both sides and taking
limit as s — 0, we get

11m5P:;+2( 5) = lim (g) [q+ /@ — r]"sPi(s),n

=1,2,3,... (3.12)
Which yields (3.2), by applying Tauberian theorem again.

Similarly, the results (3.3)~(3.5) can be obtained from
(2.21)-(2.23).

For A = p,the results (3.6)—(3.10) can be obtained directly
by putting 2 = pin (3.1)—(3.5). O

4. Performance measures

LetN(¢) be the number of customers in the system at time ¢.
The average number of customers in the system at time ¢ is gi-
ven by

00

= Pio(t) + Por (1) + Y _(n+2)Pyia(0).

n=0

E(N(1))

Using (2.12), (2.19) and (2.20), the above relation can be writ-
ten as

BV = as (1) + | Tt — ) + (i — )

+ 033(t — u))}Pz(u)du + 2P2(f)

00

S g [ " exp(— U + (1 — )t — W)

n=1
X [ {lua (r(t = ) = L (r(1 = w)) } Py (u) | du
(4.1)
where P,(¢) is given in (2.24).
If 4 # p, the mean number of customers in the system under
steady state is computed as

2u{du— (b +u—o—/(4h+u— a)’ — rz)}P
= 2
2=y +u—a—\/(p+u—a?=r)}
LAt ) + I P,
24+ 1)
(4.2)
and for 1 = u,
2f{du— (B +p—o =\ (p + 1 —2)* =)} ,
= 2
2u—p+u—a—\/(p+u—a?=r)}
Lt ) + 15 P,
u(p+ py)
(4.3)

where P, is given in (3.1) for 2 # p and in (3.6) for A = pu.
The probability that an arriving customer is required to join
the queue at time ¢ is given by

00

P(N(1) = 2) = > Pual)

n=0

Pyl +Zﬂ"‘ / xp(—(2 + (= ) (t — )
% U Lua (r( = 1)) = Ly ({2 = )} Pa ()]
(4.4)

Similarly, the steady-state probability that an arriving cus-
tomer joins the queue is

2) = ipn+2

n=0

_ 2P (4.5)

bptu—a—\(Gp+pu—0)—r

Let the random variableM(¢) denote the number of busy serv-
ers at time ¢. The probability that the system has n busy servers
is given as,

P(N([) = 1) = le()(l‘) +P071([),I’l =1

1) = imz(r) n=

n=0

P(M(1) = n) =

(4.6)
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and the corresponding steady-state probability is obtained for
A#pas
P(N())=1)= ({)P,, n=1
P(M=n)= 2P, N2 (4.7)
Aptu—o—y/ (/l,;+ufz)27r2 ’
Similarly, the above probability can be obtained directly, for
A = u by substituting 1 = p in (4.7).
Furthermore, the mean number of busy servers at time at
time ¢ is given by

00

E(M(1)) = Pro(1) + Po(r) +2)_Puia(1)

This can be simplified as
E(M(1)) = 2[1 = Poo()] = [Pro(2) + Po(1)] (4.8)

For 4 # u, the corresponding steady-state result is given as

2 o ,
E(M) = {2[7~ (A+ ) mzuz(ZA + 1]+ Ap(Z+ ﬂz)}P2
A2+ 1)
(4.9)
and for A = g,
2+ py) = 3ppo] + plp + .“2)}

EM) = P 4.10

o= WO+ ) S
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