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Abstract In this paper, we propose a numerical algorithm for solving system of fractional differ-
ential equations by using the homotopy analysis transform method. The homotopy analysis trans-
form method is the combined form of the homotopy analysis method and Laplace transform
method. The solutions of our modeled equations are calculated in the form of convergent power
series with easily computable components. The numerical results shows that the approach is easy
to implement and accurate when applied to various fractional differential equations.

34A08; 35A20; 35A22

© 2014 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.

1. Introduction

Fractional order ordinary and partial differential equations, as
generalization of classical integer order differential equations,
are increasingly used to model problems in fluid mechanics,
viscoelasticity, biology, physics and engineering, and others
applications [1-4]. The most important advantage of making
use of fractional differential equations in mathematical model-
ling is their non-local property. It is well known that the inte-
ger order differential operator is a local operator but the
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fractional order differential operator is non-local. This means
that the next state of a system depends not only upon its cur-
rent state but also upon all of its historical states. This is more
realistic and it is one reason why fractional calculus has
become more and more popular in scientific and technological
fields [5-11]. The homotopy analysis method is introduced by
Liao [12] for solving linear and non-linear differential and inte-
gral equations. Different from perturbation technique, the
HAM does not need any small or large parameters in the equa-
tions. The HAM was successfully applied to solve many non-
linear problems [13-17]. In recent years various techniques
have been applied to handle various physical problems [18-24].
The Laplace transform [25] is a powerful technique for solving
various linear partial differential equations having consider-
able significance in various fields such as engineering and
applied sciences. Coupling of semi-analytical methods with
Laplace transform giving time-consuming consequences and
less C.P.U time (Processor 2.65 GHz or more and RAM-1
GB or more) for solving non-linear problems. Many authors

1110-256X © 2014 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.

http://dx.doi.org/10.1016/j.joems.2014.04.003


http://crossmark.crossref.org/dialog/?doi=10.1016/j.joems.2014.04.003&domain=pdf
mailto:guptasumit.edu@gmail.com
mailto:devendra.maths@gmail.com
mailto:devendra.maths@gmail.com
mailto:jagdevsinghrathore@gmail.com
http://dx.doi.org/10.1016/j.joems.2014.04.003
http://www.sciencedirect.com/science/journal/1110256X
http://dx.doi.org/10.1016/j.joems.2014.04.003

Numerical study for systems of fractional differential equations via Laplace transform 257

have paid attention for using these techniques in literature
[26-28]. On the other hand, homotopy analysis method
(HAM) is also combined with well defined Laplace transform
to produce highly effective technique, namely the homotopy
analysis transform method (HATM) for non-linear problems [29].

In this paper we consider the system of fractional differen-
tial equations of the type:

D x =a1x" + b1y" + ¢ 2",
D%y = ayx" + byy" + 7", (1)
D7z = a;x" + b3y" + 32",

with the initial conditions:
D" 'x(0) = A,_,, D" 'y(0) = B,_; and D"'z(0) = C,_;, (2)

where D E%,ai,b,,ci,An,l,Bﬂ,l and C,_; are constant. For
n = 1 the system of Eq. (1) combined with initial conditions
is said to be linear fractional differential equations while for
n = 2 the system is non-linear. Momani and Odibat [30] used
Adomain decomposition method (ADM) and homotopy per-
turbation method (HPM) for solving these types of differential
equations. Zurigat et al. [31] applied homotopy analysis
method (HAM) for solving systems of differential Eq. (1).

In this paper we implement the homotopy analysis trans-
form method (HATM) for solving systems of differential equa-
tions. The HATM is an elegant combination of the Laplace
transform method and HAM. The advantage of this technique
is its capability of combining two powerful methods for
obtaining exact and approximate analytical solutions for
non-linear equations.

2. Basic definitions of fractional calculus and Laplace transform

In this section, we mention the following basic definitions of
fractional calculus and Laplace transform.

Definition 1.1. The Laplace transform of the function f{z) is
defined as

nw:Lvmw:A“avmm. (3)

Definition 1.2. The Laplace transform L[u(x,t)] of the
Riemann-Liouville fractional integral is defined by [7]:

LITu(x,t)] = s *Llu(x, 1)]. 4)

Definition 1.3. The Laplace transform L[u(x,?)] of the Caputo
fractional derivative is given as [7]:

L[Du(x,1)] = s"Llu(x,0)] =Y s Du®(x,0),

0
n—1<a<n (5)

=~
Il

3. Basic idea of homotopy analysis transform method (HATM)

To illustrate the basic idea, let us consider the following frac-
tional differential equation
Dv(1) = F(t,v(1).V' (1)),

t=20, 0<a<?2. (6)

subject to the initial conditions:
v(0) = a. (7)
Applying Laplace transform on both sides of Eq. (6), we get

£lv(0)] = %+ LI (0, (1) ®)

The zero-order deformation equation of the Laplace Eq. (8)
has the form

(1= )[¢(s:9) = 7o(s)] = ghlgp(s:q) ==
- LLIFG s ) sl ©)

where ¢ € [0,1] is an embedding parameter, h # 0 is a non-zero
auxiliary parameter, we have ¢(s;0) = vy(s) and ¢(s; 1) = v(s).
Thus, as g increases from 0 to 1, the solution ¢(s;g) varies from
the initial guess 7,(s) to the solution ¥(s). Expanding ¢(s;q) by
Taylor series with respect to g, we get

B(s:9) = o(s) + > Wuls)g", (10)
m=1
where
" P(s;
‘7111(5):$#|q:0- (]1)

If the auxiliary linear operator, the initial guess, the auxiliary
parameter h and the auxiliary function are so properly chosen,
the series (10) converges at ¢ = 1, then we have

00

‘7(‘9) = 170(5) + Z ‘7»1(5)7 (12)

m=1

which must be one of the solutions of the original non-linear
equation. The governing equation can be deduced from the
zero-order deformation Eq. (9). Define the vector

Vi, = {vo(s), vi(s),...v(s)} (13)

Differentiating Eq. (9) m-times with respect to the embedding
parameter ¢, then setting ¢ = 0 and finally dividing them by
m!, we obtain the mth-order deformation equation.

Vi (8) = ZVm-1 — Rin(Vm=1(5)), (14)
where
Ry (Vn1(5)) = V1 (5)

(o L0 bl )=o)

s* \(m—1)19gm-!
a
7;(17Am)7 (15)
and
0, m<l1
, - ’ ) 16
m={ ") (16)

Operating inverse Laplace transform of Eq. (14), we get power
series solution of Eq. (6) with convergence control parameter.

4. Numerical implementations

In order to assess both the accuracy and convergence of the
HATM presented in this paper for fractional system of differ-
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ential equations, we have applied it to the following three
examples.

Example 4.1. Consider the following linear system of frac-
tional differential equations:

D'x=x+y,

DPy=—-x+y, 0<o,om<I, (17)

subject to the initial condition:
x(0)=0, p(0)=1. (18)
The exact solution of this system, when o; = o, = 1, is

given by

x(t) = e'sint, y(t) = e'cost.
Taking Laplace transform both of sides, we get

s* Llx(1)] = s"x(0) = LIx(1) + y(1)],
s* Ly(n)] = s*7'y(0) = L[=x(1) + »(1)].

By applying initial conditions, we get

£x(0)] = £Ix(0) + (1), (19)
L] =+ Ll-x(t) + (0] (20)

We now define the non-linear operators as

N1 (5:0),9:(6:0)) = Ll (1:0)) ~ L[4 (:0) + da(5), (21)

Na(hy (), d(6:0)) = LIba(:0)] —— L L[ (1:0) + ba(t:0).

s s
(22)
Using the above definition, we construct the zero-order defor-
mation equation

(1= q)L[¢:(t:9) — xi0(0)] = qh:Hi()Ni[$, (1 q)po(15.9)]. (23)
Obviously when ¢ = 0 and ¢ = 1

$1(50) = xi10=x0(t),  ¢1(151) = x(1),
$2(1;0) = X209 = y,(2), ¢ (651) = y(1). (24)

We now define the mth-order deformation equation is given by

ﬁ[XWI(I) - mei(mfl)(t)} = hiHi(t)Rim(f(m—l)(t)7J7())1—1)t)7
i=1,2,3...n (25)

Where R17)11(xaln717fn171) = L[xmfl (l)} - Slwc[xmfl (t) + ym—l (t)}

- o 1
R2,m(xm*l7ym*1) = ‘C[ym—l(l)] - ; (1 - Xm)

1
- ; E[—Xm,1 (t) + ym—l (t)] (26)
Applying inverse Laplace transform, we get
xm(t) - me(m—l)(t) + hl ﬁil[Rl,m(fm—lyfm—l)L (27)
ym(t) - me(m—l)(t) + hy ct [Rl,ln()?rn—hﬁm—l)}' (28)

for simplicity let us take h; = h, = hand H(¢) = H, (t) = 1.

xl(l) = 7hl7
yl(l) = 7hta
7i2@-m)
) =-h+Pt——m—
) G a2 —a) 29)
72 (2-m)

f)=-ht——eo———
»() 2 —a)T(2—a)
and so on.

We now define the mth-order deformation equation is given
by

L[xm(t) - me(m—l)(t)] - hlﬁlle(f(m—l)(t)y)_;(m—l)[)7
E[ym(t) - me(m—l)(l)] = hz‘]yZRzm(f(m*])(t%)7(’"*1)[)'

Taking inverse Laplace transform, we get

X,,,(l) = X’"x(””l)([) + h‘cil[‘]ﬁclRl,m(#ﬁn—hﬁm—l)L (30)
y’”(t) = me(’”*l)(t) + hﬁil [J%ZRZM(fm—lvfm—l)}' (31)
Then we obtain the following components as follows:
hirm
x (1) = T 1)
hir*
()= — ————
) I(1+o)’
A(l + k)™ 72 (e +2) frede
wo(n = - AN RGPS
I(1+o) T(+oa+m) I(1420)
([) . ﬁ(l + h)t“l 72 flou+o2) N B2
2 B r(1+a2) F(1+oc1 +O€2) r(l+2o(2)7

Settingh = —1in Egs. (29) and (32), the above expressions are
exactly the same as given by the HPM and ADM [30] and
HAM [31].

Example 4.2. Consider the following non-linear fractional
system

1
D¥'x ==X,
szy=x2+y, 0<oap,ou<1. (33)

The exact solution of this system, when o; = o, = 1, is given
by

x(1) = e, »(1) =te.

To solve above system using HATM, we select the initial
guesses as xo (1) = 1, yo(t) = 0

Rl,m(~fm—la)7m—1) = ['[xm—l (t)} - é (1 - /.,m) - %['[xmfl (I)L

2s
m—1
Ron (o 1) = L (0] = 5 £ 3005010 43,
(34)
Applying inverse Laplace transform, we get
X (1) = LX) (1) + by L7 Ry (Rt )], (35)

ym(t) = Zmy(m—l)(l) + hz ‘Cil [RZ,m (fm—lv.)_;m—l)]
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for simplicity let us take h; = h, = hand H(¢) = H, (t) = 1.
Then we obtain the following components as follows:

ht
xi (1) = BEE
(1) = —ht,
it WP 12 ¢2-m)
R e T T (36)
220

— 22_—
nl) = A = TR =)

and so on.

we now define the mth-order deformation equation is given
by

‘cbym(t) - me(m—l)(t)] = hl‘]mle()?(’”*I)(t)’.)?(mfl)[)v
L[y, (8) = 2 1y (D] = B T™ Rayy(F(n1) (), Fim-—1)1)-

Taking inverse Laplace transform, we get

.X,,,([) = me(m—l)([) + hL_l [JmlRl‘m(fm—ly)_;m—])L (37)
ym(t) = me(mfl)(t) + hﬁ*l [szRZ,m(fmfhfmfl)]' (38)
Then we obtain the following components as follows:
hr
)= ————
)= =3 i)
ht*
)= ——=——,
yl( ) r(l 4 OCZ)
(1 + Ry T2 39
) = = F0 T AT 720 (39)
() = B(1 + )= gt W 2n
P = T T 0wy T tm toa) T+ 20)
and so on.

Setting h = —1 in Egs. (36) and (39), the above expressions
are exactly the same as given by the HPM and ADM [30] and
HAM [31].

Example 4.3. Consider the following non-linear fractional
system

D¥x = x,
Dy = 2%, (40)
Dz = 3xy,

with the initial conditions:
X(0) = 1,1(0) = 1,2(0) = 0. (41)

To solve above system using HATM, we select the initial
guesses as xo (1) = 1,yo(#) = 1 and zy(¢) = 0.

. 2 1 1

Rl,m(xm—l s Vm—1 7Zm—l) = £[x111—l (t)} _;(] - Xm) _;[f[xm—l (t)}'
- 4 = 1

RZ,m(xm—l 7ym—l7zm—l) = L‘«D/m,] (t)] 7}(1 - Xm)

‘slx‘ ZZ xi<t)xml,~(z)}, (42)

=0

" - R 1
R},m(xm—l 7ym—lazm—l) = [*[Zm—l (Z)] 7S_a£

3§xf<z)yn1li<z>} |

Applying inverse Laplace transform, we get

xm(t) - me(mfl)(t) + hl L71 [Rl.m()_c‘mfl 7)7mfl ) Emfl)]7

ym(t) = me(mfl) (Z) + h2 ‘671 [le(fmfl 7.}7})171 ) mel )]7 (43)
Zm([) = sz(mfl) (t) + h3 ['7I [RB,m()—C'mfl ) }—)’mfl ) mel )]

for simplicity let us take h;y = h, = hand H(¢) = H, (1) = 1.
Then we obtain the following components as follows:

x (1) = —nt,
i (t) = 72ht7
Z](t) = —3hl,
e e
W) = it G T )
25 2}}!21‘27“2 (44)
t)y=-2ht+2ht" — ————,
»(0) 2 — )2 —a)
3

_ 9 2.2
(1) = 3hz+2ht BT —w)

and so on.
We now define the mth-order deformation equation is given
by

L% (1) = tmXm1()] = I Ry (X1, Pint15 Zmc1),

L[Yu() = AV 1 ()] = BT Ro (X1, Y15 Zm1)s (45)
Lzn(t) = tmzm—1(0)] = 1397 R3 j(X—1, Vi1, Zm—1)-

Taking inverse Laplace transform, we get

Xn(1) = Xy (O) 1 L7 Ry (Rt Tty Zn)]s

Yol0) = Ty () + 1 L7 T2 Ry (R, ety Zur)], - (46)
Zn(8) = AonZny (D) + T L7 TRy (Xt Pt Zt))-

Then we obtain the following components as follows:

X (t) = 773[#
R NTET )
2ht>
) () = — ————
(1) T +)
3hes
z1(1) T+ )
_ h(l+m)em et
)= " v a) T 20)”
(1) = 2h(1 + h)» 477 P+ 2 2
Yo\l) = T(l+o) T4 +wm) T4+20)’
3h(1 + h)rs O 172+ 3Rt
ZZ(I) - = + ,
I'(l4+o3) T(l4m+oa) T(l+o+ow)
(47)
and so on

Setting h = —1 in Egs. (44) and (47), the above expressions
are exactly the same as given by the HPM and ADM [30] and
HAM [31].

5. Discussions

Setting h = —1 in the above three examples of two and three
respective systems of equations, it can be seen that the above
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Fig. 1  Exact solution graph of x[7] of Example 4.1 for 7 € [0,2.5),
when o = o, = 1.

0 05 i 15 2 25
t
Fig. 2 Approximate solution graph of x[f] of Example 4.1 by

HATM for fourth-order approximations for 7 € [0,2.5), when o,
=o, =landh = —1.

0 0.2 0.4 0.6 0.8 1
t

Fig. 3  Exact solution graph of y[f], of Example 4.1 for ¢ € [0,1),
when o = o, = 1.

expression are exactly same as those by HPM and ADM [30]
respectively. This illustrates that the two methods are indeed
special cases of HAM [31] and HATM. However, the results
given by the ADM and HPM converge to the corresponding
numerical solutions in a rather small region and calculations
of complicated Adomain’s polynomials. But, different from
those two methods, the HATM provides us with a simple

22
2.1 '
19 -

181

1.7 /

1.6 /

154 /

t

Fig. 4 Approximate solution graph of y[f] of Example 4.1 by
HATM for fourth-order approximations for ¢ € [0,1), when o
=0 =1landh = —1.

180 @)
160
140
120 - s
x[#] 100 4 / =
80 | a
60 w Qos"’/
o Py
20 1 o EEL _}"ﬁﬁ:/
DU
0 T T T T 1
0 1 2 3 4 5
f
0 ; g 3 3
i ¥ 0%
(b) Sea, T
-20 N Qeoo
_ N Teo

Fig. 5 Plot of system (17) for (a) and (b) when o) = a, = 1;
dotted line: exact solution; upper and lower solid lines denote
approximate solution at: h = —1.4 and h = —0.8 respectively for
Example 4.1

way to adjust and control the convergence region of series
solution by choosing proper values for the auxiliary parameter
h, by using the suitable auxiliary linear operators L; = 7“’[, and
L; = D% . It is to be noted that only four terms of the HATM
series solution were used in evaluating the approximate solu-
tions as shown in the Figs. 1-10. It manifests that the efficiency
of this approach can be significantly improved by computing

further terms of x(¢), y(¢) and z(¢).
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18

16 -
14
12

x[£] °]

6
4

2]

0 1 2 3 4 5

Fig. 6 plot of system (46) for x[¢f] when o; = o, = 1; red line:
exact solution; green and yellow solid lines denote approximate
solution at: h = —1.4 and h = —0.8 respectively for Example 4.2

100
80
60

vl

20

Fig. 7 Plot of system (46) for y[tf] when o = o, = 1; red line:
exact solution; green and yellow solid lines denote approximate
solution at: h = —1.4 and h = —0.8 respectively for Example 4.2.

50
40,
30 F -
x[t] yyayd
20
10
0 1 2 3 4 5

Fig. 8 plot of system (40) for x[¢f] when o; = a, = 1; red line:
exact solution; green and yellow solid lines denote approximate
solution at: h = —1.4 and h = —0.8 respectively for Example 4.3

6. Concluding remarks

In the present paper the HATM has been successfully applied
to calculate the approximate solutions for systems of fractional

700

600

¥ [t

Fig. 9 Plot of system (40) for y[¢] when o = o, = 1; red line:
exact solution; green and yellow solid lines denote approximate
solution at: h = —1.4 and h = —0.8 respectively for Example 4.3

[=]

Fig. 10  Plot of system (40) for z[¢] when a; = oy = 1; red line:
exact solution; green and yellow solid lines denote approximate
solution at: h = —1.4 and h = —0.8 respectively for Example 4.3.

differential equations. Different from all other analytic meth-
ods, it provides us with a convenient way to adjust and control
the convergence region of solution series by choosing proper
values for auxiliary parameter hand auxiliary linear operator.
In conclusion, the HATM may be considered as a nice refine-
ment in existing numerical techniques and might find the wide
applications in science and engineering.
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