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Abstract With influenza as a prototype, we propose a compartmental model for a pandemic by
taking into account of recruitment. The model has a threshold dynamics. Precisely, when the basic
reproduction number Ry < 1, the disease free equilibrium is globally asymptotically stable; when
Ry > 1, the disease free equilibrium is unstable and there is a unique endemic equilibrium which
globally attracts all solutions except the trivial one (the disease free equilibrium). These results
are established by applying the LaSalle’s invariance principle.
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1. Introduction

Influenza is one of the most common contagious respiratory
illnesses caused by viruses related to negative-sense RNA orth-
omyxovirade family [1]. The virus can spread from person to
person through air by coughs, sneezes or from infected
surfaces, and by the direct contact of infected persons. It is also
able to shift from species to species and to change its form
rapidly. This highly spreadable disease causes about three to
five million cases of acute respiratory infections and
250,000-500,000 deaths every year worldwide [2,3]. Even in
the developed countries such as USA, Europe, and Canada,
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the morbidity and the mortality are very high. As an example,
in USA more than 200,000 people are hospitalized from flu
complication that results in an average 23,600 (approximately)
annual deaths [4].

Anyone infected by flu may have symptoms of fever, sore
throat, muscle pains, headache, coughing and fatigue. Individ-
uals incubate the virus for nearly 1-3 days before becoming
infectious. The infectious period is generally 3-6 days, and
the duration of the disease is typically 2—7 days [5].

Epidemic models are important to study the transmission
dynamics of infectious diseases and their future risks to human
population, and to seek the optimum prevention and control
strategies. They provide us with useful information, such as
disease transmission, spread of disease agent, epidemiological
trends, and preparedness for the disease outbreak.

Arino et al. [6] argued that ““as a general policy in preparing
for an outbreak of a disease whose parameters are not yet
known, it would be better to use a general compartmental
model involving relatively few parameters and not depending
critically on the particular as yet unknown setting.” As a
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result, they proposed a compartmental SLIAR epidemic model
with influenza being a prototype. This model was built on the
assumption that a significant fraction of the infected individu-
als never develop symptoms (called asymptomatic cases). The
people with asymptomatic infection are able to transmit the
disease although they do not have any sign of the disease.
Therefore, infectious population is divided into two compart-
ments according to whether or not they develop the symptoms
after being infected. They calculated the basic reproduction
number and obtained the final size relation. In their study, they
neglected the important factor of recruitment.

The purpose of this paper is to study the effect of recruit-
ment. It turns out that the dynamics is quite different from that
in [6]. The remaining of this paper is organized as follows. First
we formulate the model in Section 2. Then, in Sections 3 and 4,
we study the stability of the disease free equilibrium and the
endemic equilibrium, respectively. The paper concludes with
a brief discussion.

2. Model formulation

The total population N(¢) is divided into five classes: suscepti-
ble (S(7)), latent (L(¢)), symptomatically infective (I(t)),
asymptomatically infective (A4(¢)), and recovered (R(?)). It is
assumed that there is an incubation period between infection
and development of disease before an infected person is being
infectious. Thus after being infected the susceptible individuals
first move to latent class, then to infectious class (either /(¢) or
A(t)), and finally progress to recovered class.

To build a concrete model, we make the following
assumptions.

e There is a constant recruitment rate A into the susceptible
class and the natural death rate is u.

e The transmission coefficient of the symptomatic infective is
p, whereas the infectiousness due to asymptomatic individ-
uals is reduced by a factor 9.

e The rate of having infectiousness is k& while the probability
being symptomatic infective is p.

e The recovered rates for symptomatic and asymptomatic
classes are r; and r,, respectively, and the death rates due
to symptomatic and asymptomatic infection are d; and
d,, respectively.

Based on the above assumptions, we can sketch the trans-
mission diagram in Fig. 1. These assumptions lead to the
model

%:Afzx(z)sfus,

% = A(t)S — kL — uL,

di

E:ka—l']I— ([.l+d1)17 (21)
dA

dR

E:VII—‘—}"zA—MR,

where A,(f) = f(I+ 0A4). Since the fifth equation in (2.1) is
decoupled from the other four equations, we only focus on
the first four equations of (2.1) in the sequel, namely,

(1 d2)A

(4 di)l
Fig. 1 The transmission diagram for an SLIAR model of
influenza.
ds
— =A— A(t)S — uS,
7 (NS —p
dL

— =) (1)S— kL — uL,
dt (2.2)

dl

E = ka — i‘]I— (,LL+ dl)L

dA

e k(1 =p)L—1md— (u+dr)A.

It is not difficult to show that the feasible region of (2.2)
A
= {(S,L,I,A) ERY:S+L+1+4 g_}
u

is a positively invariant and attracting set that attracts all solu-
tions of (2.2) with nonnegative initial conditions. For the long
term behavior of (2.2), we only consider solutions in I'. In the
following two sections, we study the stability of the disease free
equilibrium and the endemic equilibrium.

3. The global asymptotic stability of the disease free equilibrium

It is easy to see that (2.2) has a unique disease free equilibrium
E’ = (8,,0,0,0), where Sy = A/u. We first study the local sta-
bility of E° by linearization.

Let

BSokp
(k+w)(ri +u+di)

BoSok(1 — p)

Ro = .
! (k + ) (r2 + p+ do)

Note that R, is called the basic reproduction number and it can
be calculated by the next generation matrix method [7].

Theorem 3.1. The disease free equilibrium E° of (2.2) is locally
exponentially stable if Ry < 1 and is unstable if Ry > 1.

Proof. The Jacobian matrix of (2.2) at E° is

—ﬂ 0 —ﬁS() —ﬂ&So
0 —(k S A
J(EO) _ ( + :“) ﬁ 0 ﬁ 0
0 kp *(I‘] +,U+d]) 0
0 k(1-p) 0 —(ntut+d)
Denote
—(k+w) BSo B6So
Ay = kp —(1'1 +ﬂ+d1) 0
k(1 - p) 0 —(r 4 p+dy)
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Clearly, one eigenvalue of J(E°) is A; = —u (which is negative)
and the other three ones are those of 45,. Since
det(Axn) = —(k+ p)(r1 + p+di)(r2+p+d)
+ BSokp(r2 + 1+ d) + BéSok(1 — p)(r1 + p+ dy)
= (k+ ) (11 + 1+ dy) (12 + 1+ do)(Ro — 1),
If Ry > 1 then det(A4y) > 0. It follows that A4,, and hence
J(E®) has a positive eigenvalue. Therefore, E° is unstable if
Ro > 1. Now, assume that Ry < 1. In this case, det(4) <0
and obviously trace(4y) < 0. Moreover, the second additive
compound matrix [8] of A, is

—(l+m) 0 —poS,
A3 = 0 —(l+n) BSo ,

—k(1—p) kp —(m+n)
where [ =k+um=r +pu+d, and n=r, + u+ d,. It fol-
lows that
det(AZ) = (14+m)(I+ n)(m + n)

BSokp 9BSok(1 —p) 1l <o
(I+n)(m+n) (I+m)(m+n)

since 7 +/f7 g“,ﬁin —+ (‘),ﬁfl"(:;’y’, <Ry < 1. By Lemma 3 [9], all eigen-

values of Ay, have negative real parts and this is also true for
J(E®). Therefore, E° is locally exponentially stable if Ry < 1.
This completes the proof. [

In fact, E is globally asymptotically stable if Ry < 1

Theorem 3.2. The disease free equilibrium E° of (2.2) is
globally asymptotically stable if Ry < 1.

Proof. Note that, for any solution of (2.2),
ally positive and the set

S(¢) will be eventu-

A
:{(S,L,I,A)e[R{i:S>0,S+L+I+A<;}

is a positively invariant subset of (2.2). So we only need to show
that E° is globally asymptotically stable in Q. To this purpose,
we consider the Lyapunov function V': Q — R defined by

S
I/(S7 L7 I,A) = (S— SO — So IHF) + L+a11+ azA,
0

where a; = BSo/(ri +u+d) and ay = BoSy/(r2 + pu+ da).
Obviously, Vis C', V(E°) = 0 and V attains the global mini-
mum 0 in Q only at E°.

Now, we calculate the time derivative of ' along the
trajectories of (2.2).
av < 1— )dS dL dl - dA

dt a A Tty

(1 7%) [A— B(I+34)S — S|+ [B(I+64)S — (k+ w)L]

+a[kpL — (r, + p+d\) 1) + a:[k(1 — p)L —
<1 77) (1So — BT+ 0A4)S — uS|+ [B(I+6A4)S — (k+ ) L]

(r+pt+d)l+alk(l-p)L -

(r2+u+d>)A|

+a [ka— (1‘2 +ﬂ+dz)A]
S

—(k+u)L+a] [k[)L— (r1 +H+d])1]

+arlk(1=p)L—(r2+p+dn)A].

2
_ fﬂs(1 7&) BT+ 8A)S+ BT+ 54)So+ BT+ 54)S

Here, we have used the fact that A4 = uS,. With the choices of g,
and a, (it should be clear why we made such choices), we see that

N e i

= _ﬂs(l —%)2 = (k4 w)(1 = Ro)L.

It follows that "}r/ 0 when Ry < Observe that
{(S,L,1,4) : &= o}c{ (S,L,I,4):S= SO}. We claim that
the only complete orbit in {(S, L, 1, 4) : S = S°} is the disease
free equilibrium. In fact, if (S(¢), L(¢), I(z), A(z)) is such a solu-
tion, then
0
dt

which implies that /(¢) + 6A4(¢) = 0. As both I(¢) and A(¢ )
nonnegative, we get that I(r) = A(r) =0. Then 0= m =
kpL(t) produces L(t) = 0. This proves the claim. The observa-
tion and the claim combined tell us that the only complete
orbit in {(S,L,1,4) : 9/ =0} is the disease free equilibrium
E°. Therefore, by Ldelle s invariance principle [10,pp. 127],
E’ is globally asymptotically stable in Q if Ry < 1. This com-
pletes the proof. O

0= = A= B(I(1) + 6A4(1))S" — pS",

4. The global asymptotic stability of the endemic equilibrium

In this section, we consider the endemic equilibria of (2.2). For
an endemic equilibrium (S*, L*, I, 4™), we have at least one of
I' and A" is nonzero. Moreover,
A= B+ 04")S" — uS* =0,
P +06A4")S" — (k+u)L* =0,

N 4.1)
kpL* — (ri+p+d)I =0,

k(1 =p)L* —(rn+p+dr)A" =0.
From the third and fourth equations of (4.1), we have
k * o *
. R PR 1€t ) 2
(r+u+d) (r2+p+da)

Substituting these values into the second equation of (4.1) and
noting that L* # 0, we get S* = Sy/Ro. These, combined with
the first equation of (4.1), give us
1So(Ro — 1)

(k+wRo
It follows that biologically meaningful endemic equilibrium
exists if and only if Ry > 1. When the endemic equilibria exist,
there is only one, denoted by E* = (S*, L*, I', A™), where
So
Ry’
wSo(Ro — 1)

(k+wRo ’

k
o+ p+d

k(1 —p)

n+u+d

*

St =

L —

*

* *



254

S. Lamichhane, Y. Chen

Though with given parameter values we can obtain the
local stability of £* by linearization and the Hurwitz criterion,
it is difficult to discuss its local stability in general. In the fol-
lowing, we use the LaSalle’s invariance principle to establish
the globally asymptotic stability of E*. Before doing it, we need
a result on persistence of (2.2).

It is easy to see that a solution (S(¢), L(¢), (1), A(¢)) of (2.2)
with L(0) + I(0) + A(0) > 0 is eventually (componentwise)
positive. Hence, for the global stability of the endemic equilib-
rium E*, we only need to consider the interior of the feasible
region I,

I={(S,L,I,A)el:S>0,L>01>0,4>0},

since it is also a positively invariant set of (2.2). This is
achieved with an algebraic approach by Li et al. [11] to con-
struct a suitable Lyapunov function. First we need the perma-
nence of the system. With similar arguments as those in [12],
one can easily prove the uniform persistence of system (2.2).

Proposition 4.1. If Ry > 1, then (2.2) is uniformly persistent,
that is, there exists a positive constant ¢ > 0 such that

1—00 1—00 t—00

min {lim infS(7), lim infL(z), lim inf/(z), lim ian(t)} > c.
—0o0
As I' is attractive, it follows that

A
max {lim supS(#), lim sup£(¢), lim sup/(z), lim sup4 (Z)} <—.

1—00 1—00 1—00 1—00 ,u
This, combined with Proposition 4.1, implies that (2.2) is per-
manent if Ry > 1. Therefore, system (2.2) has a compact
absorbing set K C I (see, for example, [13]).

Theorem 4.1. If Ry > 1, then the unique endemic equilibrium E*
of (2.2) is globally asymptotically stable in I'.

Proof. We only need to prove that E* is globally asymptoti-
cally stable in a compact absorbing set of I', which exists as

we have argued above. Let K be such a compact absorbing
set. Define a Lyapunov function V' : K — R by

S L
S*> Jra] (L—L* —L* 111;)
+ I1-Ir-ri !

a — — HF

A
+a3(A—A*—A*1n—*),

V(S,L,1,4) = (S— S —SIn

A

where a;,a,, and a; are nonnegative constants to be deter-
mined. Clearly, V is C', V(E") =0 and V is strictly positive
at other points in K.

The time derivative of V" along the solutions of (2.2) is given
by

av_ (| SNdS_ () LY
dr s)a L) dt
va (1D (1A

@ 1)a+® A ) dr

= <1 —%) [A—=B(I+04)S—puS]

+a <1 7%) [BUI+64)S— (k+p)L]

+a2(1 —?) lkpL — (ri +p+d))1

rar (1= )= pL = )

=[A—BI+04)S—uS)+ {—A%ZL pI+94)S" +us*}
[P+ 04)S— (k+ W L] +a [7ﬁ(1+ 5A)L*%+ (k+ u)L*}

L
+arlkpL —(r+pu+di)l] +a; {—kpl*7+(r1+u+d1)1*}
+aslk(l =p)L— (r2+p+dr)A]
L
+as —k(l —p)A*Z-‘r(Vz +/l+dz)A*:|

=[A+uS +a(k+p) L +a(r+p+d)I +as(r+u+dy) A7)
—,LtS—(l—QI)BSI—(I—al)ﬁ(SSA-‘r[,BS*—az(I‘]+,Ll+d1)}1
+[poS" —as(ry+p+dr)|A — [a) (k+ 1) — axkp — ask(1 —p)|L
S* ST SA L L
E—aIBL*Z—aIﬂ(SL*T—azka‘7—a;k(l —p)A*Z.
For the simplicity of notation, denote w=&,x=2%£,y=1
and z =4 Let C=A+uS" +a (k+p)L* +ax(r1 + p+dy) I+
(13(1’2+‘u+dz)A*. Then
dVv
dt

—A

=C—uS'w—(1—a)pSTwy—(1—a)poS A" wz

— [a1(k + u) — axkp — ask(1 — p)|L*x — [ax(ry

tutd) = BSIy — las(ra+ p+ ds)

— oS’z — arkpL' S — ask(1 — p)L*E — A
y z

w

—apos A (4.2)

—apsr

As in [11], define a set D of the above terms by

I x x wy wz
D= Wy Xy Vs Z, WY, WZ, — s — s~ s~ (-
w'yz X X

Then we can consider the arithmetic means and geometric
means of the following three sets to determine ay, a,, and as,

{w;}, {lﬂg}, and {l,Ej}’
w w o x 'y w X Zz

while the following relationships among S*, L*, I, and 4" are
useful.

A= pI+04")S + uS*,

P +04")S" = (k+ u)L",
kpL® = (ri +p+d)r",
k(1=p)L* =(rn+p+dy)A".

(4.3)

Suppose the right hand side of (4.2) can be rewritten as

b1(2—w—1)+b2(3—l—g—§>
w woox oy

where the coefficients b, b,, and b; are unknown quantities.
Then equating the coefficients of like terms of these two
expressions gives us

2by + 3b, 4+ 3b; = C,

by = us’,

1 - a = 0,
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a(r+u+d) = pS,

az(ry + w4+ dy) = BoS*,
bi+b,+b3;=A4,

by = akpL” = a\fS* T,

by =a\péS A" = ask(1 — p)L*,
k+ u= axkp + ask(1 — p).

With (4.3), the above linear system is consistent and we can
choose

a1 _ pS* _ pSr
' rn+u+d  kpL’
“ = poS* _ pos A*
T n4u+d k(1-p)L

By the arithmetic mean-geometric mean inequality, we get

av . 1 1wy x
=S <27w7;>+/3S*I*(3——7777>

w ¥
1 2
+ Bos* *<3777573> 0
X oz
Note that {(S,L,,4) e K: 4 =0} ={(S,L,1,A) e K:S=
S, L =ZX=4} We claim that the only complete orbit in
{(S,L,1,4) € K:9 =0} is the endemic equilibrium E*. In
fact, let ( () L(1),1(t), A(t)) be such a solution. Denote
L0 - 1(’) = A( = [(t). Then
75
ds(t) ds”
0=——=—=A—-pI)(I" + 04")S" — uS*
) A A +o4)S s
which implies that

A —puS
= prsas

Therefore, (S(¢), L(¢),1(¢),A(t)) = E*. This proves the claim.
By LaSalle’s invariance principle, we dedyce that £ is globally
asymptotically stable in K and hence in I'. This completes the
proof. [

=1

5. Discussion

In this paper, we modified a compartmental model proposed by
Arino et al. [6] with the consideration of recruitment. The new
model has different dynamics from the original model. For the
original model, every equilibrium is a disease free equilibrium
and there are infinitely many equilibria. Every solution tends
to an equilibrium where the final size is determined. The mod-
ified model has a threshold dynamics. There is a basic reproduc-
tion number Ry. If Ry < 1, then there is only the disease free
equilibrium and it is globally asymptotically stable. If Ry > 1,
then the disease free equilibrium is unstable and there is also
a unique endemic equilibrium which attracts all solutions other
than the disease free equilibrium. The basic reproduction num-
ber is expressed in terms of the model parameters. Therefore,
prediction and prevention strategies can be easily made.

Nevertheless, the model is a little simple. There are several
factors need to be considered. For example, on the one hand,
as mentioned in Introduction, there is an incubation period for
an infected to be infectious. Hence, it is more reasonable to
build models described with delay differential equations. On
the other hand, for influenza, the recovered can be susceptible
again. As a result, SLIARS models may be proposed. We want
to check whether the threshold dynamics preserves or not. We
leave these as future study.
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