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The aim of this paper is to study the concept of ordered LA-semihypergroup. Here we
consider some LA-semihypergroups and define a binary relation on them such that to become par-
tially ordered LA-semihypergroups.
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1. Introduction and preliminaries

Hyperstructure theory was introduced in 1934, when Marty [1]
defined hypergroups, began to analyze their properties and
applied them to groups. In a classical algebraic structure, the
composition of two elements is an element, while in an alge-
braic hyperstructure, the composition of two elements is a
set. Several books and papers have been written on hyperstruc-
ture theory, see [2-6].

Let H be a non-empty set, then themapo : H x H — P*(H)
is called hyperoperation or join operation on the set H, where
P*(H) =P(H) \ {0} denotes the set of all non-empty subsets
of H. A hypergroupoid is a set H together with a (binary)
hyperoperation.
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If A and B are two non-empty subsets of H, then we denote

AoB= U aob, aoB={a}oBand Aob= Ao {b}.

acA,beB

There are several authors who study the ordering of hyper-
structures, for instance, Bakhshi and Borzooei [7], Chvalina
[8], Chvalina and Moucka [9], Heidari and Davvaz [10], Hos-
kova [11], Kondo and Lekkoksung [12] and Novak [13].

Recently, Hila and Dine [14] introduced the notion of LA-
semihypergroups as a generalization of semigroups, semihy-
pergroups, and LA-semigroups. Yaqoob, Corsini and You-
safzai [15] extended the work of Hila and Dine and
characterized intra-regular left almost semihypergroups by
their hyperideals using pure left identity.

A hypergroupoid (H, o) is called an LA-semihypergroup if
for every x,y,z € H, we have (xoy) oz = (zoy)ox. The law
(xoy)oz=(zoy)oxiscalled a left invertive law. An element
e € H is called a left identity (resp., pure left identity) if for all
x € H x € eox (resp., x = eox). In an LA-semihypergroup,
the medial law (x o y) o (zow) = (xoz) o (yow) holds for all
x,y,z,w € H. An LA-semihypergroup may or may not contain
a left identity and pure left identity. In an LA-semihypergroup
H with pure left identity, the paramedial law (x o y) o (zow) =
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(woz)o (yox) holds for all x,y,z,w € H. If an LA-semihy- ol #9 Pz
pergroup contains a pure left identity, then by using medial 7z y
law, we get xo (yoz) = yo(xoz) for all x,y,z € H. (cf. [15]). y z {y,2} {y,2}
v {2} {y,2}

Lemma 1 [15]. If H is an LA-semihypergroup with left identity,
then Ho H = H.

Definition 1 [15]. Let H be an LA-semihypergroup. A non-
empty subset 4 of H is called a sub LA-semihypergroup of
H if xoyC A for every x,y € A.

Definition 2 [15]. A subset I of an LA-semihypergroup H is
called a right (left) hyperideal of H if Ioc HCI (HoIC])
and is called a hyperideal if it is two-sided hyperideal.

Definition 3 [15]. By a bi-hyperideal of an LA-semihyper-
group H, we mean a sub LA-semihypergroup B of H such that
(BoH)oBCB.

Definition 4 [15]. A non-empty subset Q of an LA-semihyper-

group H is called a quasi-hyperideal of H if
QoHNHoQCO.
Let (H, o) be an LA-semihypergroup and o an equivalence

relation on H. If A and B are non-empty subsets of H, then
AG B means that for all a € 4, there exists b € B such that
acb and for all b7 € B, there exists a/ € 4 such that a/gb/. Also,
AG B means that for all « € A and b € B, we have acb.

Definition 5. The equivalence relation o is called

(1) regular on the right (resp., on the left) if for all x € H,
from acb, it follows that (aox)a(box) (resp.,
(xoa)a(xob));

(2) strongly regular on the right (resp., on the left) if for all
x € H, from aob, it follows that (aox)G(box) (resp.,
(xoa)o(xob));

(3) o is called regular (resp., strongly regular) if it is regular
(resp., strongly regular) on the right and on the left.

A partial order is a binary relation ¢ on a set X which sat-
isfies the conditions of reflexivity, anti-symmetry and
transitivity.

2. Partially ordered left almost semihypergroups

Here we introduce the concept of partially ordered left almost
semihypergroups and discuss their related properties.

Definition 6. An ordered LA-semihypergroup (H,o,<) is a
poset (H,<) at the same time an LA-semihypergroup (H,o)
such that: for any a,b,x € H,a < b implies xoa < xo b and
aox < box.

If 4 and B are non-empty subsets of H, then we say that
A < B if for every a € A there exists b € B such that a < b.
Example 1. Let H = {x, y,z}. The binary hyperoperation “o”
the order “<” and the corresponding Hasse diagram are glven
as follows:

< = {0 x), (6 ), (x2), (0:9):(2,2)) )

It is easy to verify that (H,o,<) is an ordered LA-
semihypergroup.

Definition 7. If (H,o,<) is an ordered LA-semihypergroup
and A C H, then (4] is the subset of H defined as follows:
(A]={t€ H:t<a,for some a e A}.

Lemma 2. Let (H,o,<) be an ordered LA-semihypergroup.
Then the following assertions hold:

(i) A C (4] for every ACH.
(if) If AC B, then (4] C (B] for every A,BC H.
(iii) (4] o (B] C (4 o B] for every 4,BC H.
(iv) ((4]] = (4] for every ACH.
v) ((4] o (B]] = (Ao B] for all 4,BCH.
(vi) If 4,B,C C H such that ACB then CoA4C CoB and

AoCCBoC.

Proof. The proof is straightforward. O

Definition 8. A non-empty subset 4 of an ordered LA-semihy-
pergroup (H, o, <) is called a sub LA-semihypergroup of H if
(Ao A]C(4].

Definition 9. A non-empty subset 4 of an ordered LA-semihy-
pergroup (H, o, <) is called a left (resp., right) hyperideal of H
if the following conditions hold:

(i) Ho ACA (resp., Ao H C A);
(ii) f a€ 4 and b < a, then b € 4 for every b € H.

A is called a hyperideal of H if it is a left and a right
hyperideal.

Definition 10. A sub LA-semihypergroup B of an ordered LA-
semihypergroup (H, o, <) is called a bi-hyperideal of H if the
following conditions hold:

(i) (BoH)oBCB;
(ii) If a € Band b < a, then b € B for every b € H.

Definition 11. A non-empty subset Q of an ordered LA-semi-
hypergroup (H,o,<) is called a quasi-hyperideal of H if the
following conditions hold:

(i) Qe HNHoQCO;
(ii) If a € Q and b < a, then b € Q for every b € H.

Definition 12. A non-empty subset P of an ordered LA-semi-
hypergroup (H,o,<) is called a prime hyperideal of H if the
following conditions hold:
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(i) AoBCP= ACP or BCP for any two hyperideals A
and B of H;
(#i) If a € P and b < a, then b € P for every b € H.

Definition 13. A non-empty subset 7 of an ordered LA-semihy-
pergroup (H, o, <) is called a semiprime hyperideal of H if the
following conditions hold:

(i) AoACI = ACP for any hyperideal 4 of H,
(ii) Ifael and b < a, then b € [ for every b € H.

Proposition 1. Let (H,o,<) be an ordered LA-semihypergroup
such that H = H o H, then every right hyperideal of H is a
hyperideal.

Proof. Let 4 be a right hyperideal of H. Let x € H o A which
implies that x € y oz for some y € H and z € 4 with z < i for
some i€ A. Nowas H=Ho Hsoy € boc forsomeb,c € H.
Therefore

x<yoiC(boc)oiC(ioc)obe(AoH)o HC A.
This implies that x € 4. Alsoif a€ A and b < a, then b€ 4

for every b € H holds obviously. Thus 4 is left hyperideal of
H. Hence A is a hyperideal. [

Theorem 1. The intersection of two hyperideals of an ordered
LA-semihypergroup H, if it is non-empty, is a hyperideal of H.

Proof. The proof is straightforward. O

Lemma 3. Let (H, o, <) be an ordered LA-semihypergroup with
pure left identity such that H= Ho H, then (Hoa] is a left
hyperideal of H, for all a € H.

Proof. First we will show that (H o a] is a left hyperideal of H,
ie Ho(Hoa|C(Hoa]. Let x € Ho (Hod] then x € yob for
some y in H and b in (H o a] where b < ¢ o a for some ¢ € H.
Since H= Ho H, so let y € z; 0 z,. We have

x <yolcoa)C(zo0m)o(coa)

aoc)o(z;0z),by paramedial law
zy02z)1)0c¢)oa,by left invertive law

Therefore x € (H o a]. For the second condition, let x be any
element in (H o a], then x < b o a for some boa in Hoa. Let
y be any other element of H such that y < x < b oa, which
implies that y is in (H o a]. Hence (H o d] is a left hyperideal
of H. 0O

Lemma 4. Let (H, o, <) be an ordered LA-semihypergroup with
pure left identity and let A be a left hyperideal of H then (4 o A|
is a hyperideal of H.

Proof. First we show that (4 o A] o HC (A4 o A4]. For this, let
x€(AoA]joH, which implies that x € yoz for some
y€(AoAd] and ze€H, where y<aob for some
aobC Ao A. Now we consider

x<yozC(aob)oz=(zob)oaC(HoA)oAC Ao A.

Thus (4 o A] o HC (A4 o A]. Next we show that Ho (40 A] C
(A o A]. For this, let us consider x € H o (A4 o A], which implies
that x € yoz for some y € H and z € (4 o A], where z < ao b
for some aobhC Ao A. Now consider x < yozCyo(aob).
Now using the fact that (H, o, <) be an ordered LA-semihyper-
group with pure left identity, we have

x<yozCyo(aob)=ao(yob)CAo(HoA)CT Ao A.

Again let x € (Ao 4] then x < aob for some aobC Ao A.
Let w be any other element of H such that w < x < a o b then
w € Ao A. Hence (A o 4] is a hyperideal of H. O

Theorem 2. An ordered LA-semihypergroup H is an ordered
semihypergroup if and only if xo(yoz)=(zoy)ox for all
X, v,z € H.

Proof. The proof is straightforward. O

Lemma 5. Let H be an ordered LA-semihypergroup with pure
left identity and a € H. Then < a >= (H o a].

Proof. As H is an ordered LA-semihypergroup with pure left
identity, so we have Ho (H o a]C (H o a], which shows that
(H o a] is a left hyperideal of H containing a. Let I be another
left hyperideal containing a. Thus Hoa C 1, so (Hoa]C I
O

Definition 14. Let H be an ordered LA-semihypergroup. A
non-empty subset M of H is called an M-hypersystem of H
if for each a,b € M, there exist x € H and ¢ € M such that
c<ao(xob) orequivalently ¢ € (ao (Hob)].

Definition 15. Let H be an ordered LA-semihypergroup. A
non-empty subset N of H is called an N-hypersystem of H if
for each a € N, there exist x € H and ¢ € N such that
¢ < ao(xoa) orequivalently ¢ € (ao (H o a)).

Remark 1. Every M-hypersystem of H is an N-hypersystem of
H.

Definition 16. A left hyperideal P of an ordered LA-semihy-
pergroup H is called quasi-prime hyperideal if for all left
hyperideals 4; B of H, Ao BC P implies AC P or BC P.

Definition 17. A left hyperideal P of an ordered LA-
semihypergroup H is called quasi-semiprime hyperideal if for
any left hyperideal 4 of H, 40 A C P implies 4 C P.

Remark 2. Every quasi-prime hyperideal of H is a quasi-
semiprime hyperideal.

Lemma 6. Let I be a left hyperideal of an ordered LA-semihy-
pergroup H with pure left identity e. Then I is quasi-prime
hyperideal if and only if for all a,b € H,a o (H o b) C I implies
aclorbel

Proof. Suppose that ao (Hob)C 1 We get Ho (ao (Hob))
C HoIC I Consider
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Ho(ao(Hob)) =(HoH)o(ao(Hob))=(Hoa)o(Ho(Hob))
=(Hoa)o((HoH)o(Hob))
=(Hoa)o((boH)o(HoH))
=(Hoa)o((boH)oH)=(Hoa)o((HoH)ob)
=(Hoa)o(Hob)

Now since 7 is a left hyperideal of H, so
(Hoalo(Hob|C((Hoa)o(Hob)|=(Ho(ao(Hob))|CL

Since (Hoa] and (H o b] are left hyperideals of H and I is
quasi-prime hyperideal, (Hoa] C I or (Hob]CI. By Lemma
5,aclor bel Conversely, let A and B be left hyperideals
of H such that Ao BC T and A ¢ I. Then there exist x € 4
and x ¢ I. Now for all y € B, we have xo(Hoy)C Ao
(HoB)CAoBCI Hence by assumption, y €l for all
y € B. Hence B C I, this implies that [ is quasi-prime hyperide-
al. O

Theorem 3. Let I be a left hyperideal of an ordered LA-semihy-
pergroup H with pure left identity e. Then I is quasi-prime
hyperideal if and only if H\ I is an M-hypersystem.

Proof. Let [ be quasi-prime hyperideal and let a,b € H\ L
Assume that ¢ ¢ (ao(Hob)] for all c¢e€ H\I Then
(ao (Hob)]CI This implies that ao (Hob)CI=a €l or
b € I, which contradicts the assumption that a,b € H\ I. So
c€(ao(Hob)] for all ce H\I Hence H\I is an M-
hypersystem.

Conversely assume that H \ /is an M-hypersystem. Assume
that ao (Hob) C 1 Suppose that a,b € H\ I, so there exist
some c€ H\I and x€H such that c¢<ao(xob)
ubseteq(a o (H o b)], which implies that ¢ € I, it contradicts
the assumption ¢ € H\ I. Hence ao (Hob) CI implies that
a € lorbel Hence [is quasi-prime hyperideal. [

Lemma 7. Let I be a left hyperideal of an ordered LA-semihy-
pergroup H with pure left identity e. Then I is quasi-semiprime
hyperideal if and only if for all a € H,ao (Hoa) CI implies
acl

Proof. The proof is straightforward. O

Theorem 4. Let I be a left hyperideal of an ordered LA-semihy-
pergroup H with pure left identity e. Then I is quasi-semiprime
hyperideal if and only if H\ I is an N-hypersystem.

Proof. The proof is straightforward. [

Theorem 5. If' N is an N-hypersystem of an ordered LA-semihy-
pergroup H and a € N,then there exists an M-hypersystem M of
H such that a € M C N.

Proof. Let N be an N-hypersystem of an ordered LA-semihy-
pergroup H and a € N, then by definition there exists some
¢1 € N such that ¢; € (ao(Hoa)], so (ao(Hoa)]NN # 0.
Take a; € (ao (Hoa)]N N and again using the definition of
N-hypersystem there exist ¢; € N such that ¢, € (a0

(Hoa)], so (ajo(Hoa)]NN# . Continuing in this way,
we take a; € (4,10 (Hoa;1)]NN# . Take a =ay and let
M ={ap,a,....} then this set M is an M-hypersystem and
ae MCN. O

Definition 18. A left hyperideal 7 of an ordered LA-semihyper-
group H is called quasi-irreducible hyperideal if for all left
hyperideals 4; B of HANBC I implies AC/Ior BCI.

Definition 19. Let H be an ordered LA-semihypergroup with
pure left identity. A non-empty subset / of H is called an I-
hypersystem of H if foreacha,b € I, (< a>N<b>) NI # 0.

Theorem 6. Let I be a left hyperideal of an ordered LA-semihy-
pergroup H with pure left identity e. Then I is quasi-irreducible
hyperideal if and only if H\ I is an I-hypersystem.

Proof. Let 7 be a quasi-irreducible hyperideal of H and sup-
pose that for each a,b € H\ I, such that (<a>nN<b>)
NH\I=®. This implies that (<a>nN<b>)CIL So
a,b € I, which is a contradiction to the assumption that
a,b € H\I. Hence (<a>N<b>NH\I#0, so H\I is
an [ -hypersystem.

Conversely let for any left hyperideals A; Bof HLANBC 1.
Suppose that A € Tor B € Iand let a € 4 and b € B, which
implies that a,b € H\ I. Since H\ [ is an I-hypersystem so
there exist some ¢ €< a > N < b >and ¢ € H\ I, which shows
that ce<a>N<b> CANBCI which is not possible.
Thus ACI or BCI Hence [ is quasi-irreducible
hyperideal. [

Definition 20. Let (H,,0,,<,) and (H,,0,,<,) be two ordered
LA-semihypergroups. Then (H; x H,,0) is an ordered LA-
semihypergroup, where the hyperoperation o defined as
follows: (x1,x2) o (¥1,¥,) = (X101py, X202),)-

The order relation defined on H; x H, as follows:
(x1,x2) < (»1,»,) if and only if x<;y, or x; =y, and
x2<,y,. In the following we prove that (H, x H,,0,<) is an
ordered LA-semihypergroup and is called the direct product
of ordered LA-semihypergroup (H;,o1,<;) and (H,, 05, <,).

Theorem 7. Let (Hy,01,<;) and (H,03,<5) be two ordered
LA-semihypergroups. Then (Hy x Hy,0,<) is an ordered LA-
semihypergroup.

Proof. Suppose that (x1,x2) < (1, 0,) for
()Cl,)Cz), (yl,yz) S Hl X H2 and (t17 tz) S (I’lh/’lz) o (X],)Cz) for
(l’l|,h2) € Hy x H,. Then t; € hjo;x; and t, € hyo,x,. Since
(x1,x2) < (31, ¥,), 80 we have two cases:

Case (i) x1<1y;. Then #; € hjo;x;<1hjo1y, so there exists
§1 € hjoyy; such that #;<;s;. Now, if sy € oy, then
(Z1>Z2) g (S17S2) € (h17h2) © (ylvy2)'

Case (ii) x; = y; and x2<,),. Then 1, € hy0yx2<; hyo2y, SO
there exists sy € hpoay, such that 6<ys. (11,6) < (s1,5) €
(hi,h2) o (¥1,¥,). Therefore, (H, X H»,0,<) is an ordered LA-
semihypergroup. [
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3. Regular ordered LA-semihypergroups

In this section we present some results on regular ordered LA-
semihypergroup.

Definition 21. Let (H,o,<) be an ordered LA-semihyper-
group, and ¢ € H. Then a is said to be regular element of H if
there exists an element x € H such that a < (¢ox)oa, or
equivalently a < (ao H) o a. If every element of H is regular
then H is said to be a regular ordered LA-semihypergroup.

Lemma 8. Every right hyperideal of a regular ordered LA-semi-
hypergroup H is a hyperideal.

Proof. Let (A4] be any right hyperideal of a regular ordered
LA-semihypergroup H, then for each a € H there exist
x € Hsuch that a < (aox)oa. Let y € A4, then

aoy<((aox)oa)oyC(yoa)o(aox)CA,

which shows that (4] is a left hyperideal of H. Hence (4] is a
hyperideal of H. [

Lemma 9. Let (H,o0,<) be an ordered LA-semihypergroup. If H
is regular ordered LA-semihypergroup, then (Ao B] = (AN B
for right hyperideal A and left hyperideal B of H.

Proof. The proof is straightforward. [

Theorem 8. Every hyperideal of a regular ordered LA-semihy-
pergroup H is prime hyperideal if and only if it is irreducible
hyperideal of H.

Proof. Suppose that P is a prime hyperideal of H and let
(AoB]CP. Then by Lemma 9, (4doB]=(4ANB] so
(AN B]C P which implies that either (4]CP or (B|CP.
Hence P is irreducible hyperideal of H.

Conversely, suppose that P is an irreducible hyperideal of
H. Then (4 N B] C P implies either (4] C P or (B] C P. Again
by above Lemma 9, (40 B]= (4N B]. Hence P is prime
hyperideal. O
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