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Abstract The topological embedding of a topological semigroup S, commutative with the property

of cancelation, into the group G ¼ S� S=R, (R the equivalence ða; bÞRða0; b0Þ () ab0 ¼ a0b) to

which S is algebraically embedded, was the subject of the search for the mathematicians of a long

period. It was based on the fact that Smust naturally be a uniform topological space, as every topo-

logical group was. The present paper is devoted to the fact that a quasi-uniformity is defined to any

topological space, thus to any topological semigroup.
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1. Introduction

1.1. In a series of papers for a long period the mathematicians
engaged in the embedding of a topological commutative semi-
group with cancelation to a topological group. The basic idea
was very simple: since a topological group is a uniform space,

that is a very nice space, it seems a natural demand for a topo-
logical semigroup, which embeds to a topological group, to be
a uniform space as well. (Cf. the paper of E. Scheiferdecker

[12, 1956] and the papers of [11,14,15,4,5,1,2,6] and others).
In [3, 2001] the authors refer to a quasi-uniformity on a
semigroup, that is: a topological semigroup S has a neutral
element e and a neighborhood filter gðeÞ of e which gives to

S a quasi-uniform structure. On the other hand, the operations
on the topological semigroups and groups must be continuous.

In the present paper we start with the quasi-uniformity

which every topological T0 structure has, hence every topolog-
ical commutative with cancelation semigroup has. We suppose
that the topology of the given topological semigroup is weaker

or equal than the one which this structure may has. It is evident
that if S is a semigroup and R is an equivalence relation on it,
the quotient S=R is not a group, not even a semigroup. Mean-
time, it is defined the specialization ordering which has every T0

but not T1 topological space. The compatibility of the struc-
tures (of topology and of being the space semigroup) and the
extension which Szpilran in [13] induces to an ordered space,

seem to be obligatory for us.
1.2. In the remaining part of this paragraph we give neces-

sary elements from the relative theory.
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A semigroup S is called topological semigroup, if there is a
topology s such that the function

U : S� S! S;Uðx; yÞ ¼ x � y ðor simply ¼ xyÞ
is continuous. A group G is called topological group if the

functions U and K

U : S� S! S;Uðx; yÞ ¼ x � y and K : G! G;KðgÞ ¼ g�1

are continuous.

A uniform space on a set X is a filter U on X� X such that:
(a) Each member of U contains the diagonal of X� X. (b) If
U 2 U, then V � V#U for some V 2 U. (c) There is a base

of U from symmetrical elements. The elements of U are called
entourages.

If the structure lacks the condition (c), then the space is a

quasi-uniform. In a semi-group S (resp. a group G) by sðUÞ
we denote the topology that originated by a quasi-uniformity
(resp. a uniformity) U. Also by ðS; �; sðUÞÞ we denote the whole
structure.

Besides, W.J. Pervin (in [9]) in 1962, firstly published the
statement: ‘‘For every topological space there is a quasi-unifor-
mity which induces the given topology’’. Pervin, in the above

paper, says that for a topological space ðX; sÞ, the sets

UO ¼ ðO�OÞ [ ½ðX nOÞ � X� j O 2 sf g

define a base for a quasi-uniformity, where O 2 s. For every
fixed O, the set UO is an entourage of the quasi-uniformity.

1.3. The quotient structure (or quotient semigroup)
Q ¼ QðS;RÞ, (R is a commutative sub-semigroup of S), is a
set whose elements are of the form aa�1; a 2 S; a 2 R. So

QðS;RÞ ¼ S� R=R, where R is an equivalence relation defined
by: ða; bÞRðc; dÞ () ad ¼ bc, the operation in S� R is compo-
nent-wise. If the semigroup S is commutative we can write
Q ¼ QðS;SÞ for the quotient structure and the structure

G ¼ S� S=R, (R the known relation), is a group to which S
is algebraically embedded. This topological embedding of S
into the above G is exactly the object of the ‘‘embedding’’

which mathematicians made during the period we have
referred to.

1.4. The authors of [3] define a quasi-uniformity for a topo-

logical commutative semigroup ðS; �; sÞ. The sets of the form

U ¼ fðx; yÞ j y 2 xU;U 2 gðeÞg:

are the entourages of the space. The proof of this proposition

is based on the fact that for every element U of the gðeÞ, there
is another element V, such that V � V#UðeÞ. On the other
hand, this construction of a quasi-uniform space is compatible
with the one introducing by Pervin.

1.5. In his classical paper [12], Scheiferdecker gave the
notion of the invariance for a uniformity U. Let U 2 U and
a; b; k 2 S. Then

ða; bÞ 2 U() ðka; kbÞ 2 U:

The main theorem in [12] which we are interesting to, is the
following:

1.6. Theorem (Scheiferdecker, [12, p. 375]). Necessary and

sufficient conditions for a topological semigroup ðS; �; sÞ (s the
topology of S) to embed into its quotient group G ¼ S� S=R,
where R is the known equivalence relation, are the following:
(a) The topology s is the one induced by a uniformity U.

(b) The uniform structure may be defined via entourages
which fulfill the ‘‘invariance’’ property. �

Scheiferdecker considered the above G and the structure
ðS; �; s ¼ sðUÞÞ, where the topology sðUÞ is the one that is
induced from the uniformity of U. He proved that the subsets

U1 ¼ ðA;BÞ 2 Q�QjðA ¼ a�1a;B ¼ b�1bÞ and
�

xa ¼ yb 2 R) ðxa; ybÞ 2 U;U 2 UÞð g

a; b 2 S; a; b 2 R, constitute the entourages of a new unifor-
mity, whose the trace on S is the same topology s. We denote

this new uniformity by U1.
1.7. This paper is divided into 3 paragraphs. More precisely,

in 1 the paper’s preliminaries are given. In paragraph 2 we pres-
ent the main part of this research. Especially we examine and

investigatemany properties of a topological semigroup, without
considering the notion of the quasi-uniformity (see for example
2.2, 2.3, 2.5, 2.6, 2.8, etc.). Finally, paragraph 3 refers to the spe-

cialization inequality define on a T0 and not a T1 space.

2. Quasi-uniform structure in a semigroup

In the sequel, S is always a commutative semigroup with cancel-
ation. The condition aS \ bS – ;; a; b 2 S ([8]), means that the
equivalence relation R such that

ða; bÞRðc; dÞ () ad ¼ bc; a; b; c; d 2 S;

is not void. We suppose that this condition is in valid through
all the paper. The function

p : S� S! G; pðða; bÞÞ ¼ ða; bÞ

assigns to each ða; bÞ 2 S� S the equivalence class in G con-

taining the element ða; bÞ and which we symbolize by ða; bÞ.
2.1. Examples

(1) In the real line we consider additively the setR, (the set of

real numbers), and as topology the one which has as base
the intervals ða;þ1Þ; a 2 R. The set R is the set of sym-
bols which finally we construct. We embed this in the set

G ¼ R�R=R;R the known equivalence relation, which
is the natural construction of real numbers with the nat-
ural topology. The first topology is weakest of the second.

(2) The same problem in the interval ½0; 1� with operation
the multiplication, the numbers their-selves are the sym-
bols we note and the topology, the one which has as base
the set of the form fða; 1Þ; a 2 ½0; 1Þg. It embeds into

G ¼ ½0; 1Þ � ½0; 1Þ=R of the natural construction of the
set of real number and with the natural topology. The
former topology is again weaker than the topology of G.

(3) If in 1. we consider as the first and the second topologies
the Sorgenfrey topology of R (the set of natural num-
bers) the results are the expected ones. The Sorgenfrey

topology of R which has as relation the couples:
fðx; yÞ j x 6 y < xþ �g.

2.2. Proposition. If a quasi-uniformity U is defined on a com-
mutative with cancelation semigroup ðS; �Þ and has the property

ð8U 2 UÞð8a 2 SÞ U# ða; aÞU½ �;

then S is a topological semigroup.
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Proof. It is enough to prove:

ð8UÞð9VÞð8x 2 SÞð8y 2 SÞ VðxÞ � VðyÞ#UðxyÞ½ �

or

ð8UÞð9VÞð8x0 2 VðxÞÞð8y0 2 VðyÞÞ x0y0 2 UðxyÞ½ �:

We suppose that U;V belong to the quasi-uniformity U and
fulfill V � V#U. Since ðx; x0Þ 2 V and because of the supposi-
tion, it is ðxy; x0yÞ 2 V. In the same way, since ðy; y0Þ 2 V, it is

ðx0y; x0y0Þ 2 V, hence x0y0 2 V � VðxyÞ or x0y0 2 UðxyÞ. h

2.3. Proposition. Let ðS; �; sðUÞÞ be a commutative with can-
celation semigroup and U a quasi-uniformity on S. If the trans-

lation x#a � x; a any element of S, is continuous, then S is a
topological semigroup.

Proof. Let Uðx � yÞ;U 2 U, be a neighborhood of xy. There

is a V0 such that V0 � V0#U. Then, there is a V00 such that
ðy; y0Þ 2 V00 ) ðay; ay0Þ 2 V0, for every a. Similarly, there is a
V000 such that ðx; x0Þ 2 V000 ) ðxy; x0yÞ 2 V0 \ V00, where we

have put y ¼ a and x ¼ y. Put V ¼ V00 \ V000 and then
ðx; x0Þ 2 V; ðy; y0Þ 2 V) ðxy; x0yÞ 2 V0 \ V00; ðx0y; x0y0Þ 2 V0\
V00, so ðx; x0Þ 2 V and ðy; y0Þ 2 V. Therefore ðxy; x0y0Þ 2 U. h

2.4. Remark.We know that under the conditions of the Prop-

osition 2.3, in the uniform case, if the semigroup S is a group,
then it is a topological group. In fact, we have to prove that
the function x#x�1 is continuous. Indeed: ð8UÞð9VÞ
ðx; yÞ 2 V#ðy�1; x�1Þ 2 U½ � and, as the entourages are sym-
metrical, we conclude a same result.

2.5. Proposition. Let ðS; �; sðUÞÞ be a topological commuta-

tive with cancelation semigroup, where U is a quasi-uniformity.
The following statements are equivalent:

(1) for every a; x in S, for every U 2 U; aUðxÞ# UðaxÞ,
(2) for every a; x; y in S, for every U 2 U; ðx; yÞ 2 U implies
ðax; ayÞ 2 U .

Proof. (1) implies (2)
ðx; yÞ 2 U implies y 2 UðxÞ, that is ay 2 aUðxÞ, hence

ay 2 UðaxÞ, so ðax; ayÞ 2 U.

(2) implies (1)

y 2 UðaxÞ implies y¼ ak;k2UðxÞ, that is y¼ ak;ðx;kÞ 2U,
hence y¼ ak;ðax;akÞ 2U or ðax;yÞ 2U. Thus y2UðaxÞ. h

2.6. Proposition. Let ðS; �; sðUÞÞ be a topological commuta-

tive with the property of cancelation semigroup, where U is a
quasi-uniformity. The following statements are equivalent:

(3) for every a; x in S, for every U 2 U;UðaxÞ# aUðxÞ,
(4) for every a; x; y in S, for every U 2 U; ðax; ayÞ 2 U implies
ðx; yÞ 2 U .

Proof. (3) implies (4)
ðax; ayÞ 2 U implies ay 2 UðaxÞ, hence ay 2 aUðxÞ or

ay ¼ ak for some k 2 UðxÞ. So y ¼ k and ðx; kÞ 2 U, that is
ðx; yÞ 2 U.

(4) implies (3)
y 2 UðaxÞ implies ðax; yÞ 2 U, hence ðax; aa�1yÞ 2 U, so

ðx; a�1yÞ 2 U, so a�1y 2 UðxÞ, that is aa�1y 2 aUðxÞ and
finally y 2 aUðxÞ. h
2.7. Remark. The statements (1) and (3) of Propositions 2.5
and 2.6 obtain the existence of the property of the invariance
for a semigroup S. Besides, the invariance property obtain both

the statements (1) and (3), for a semigroup.

2.8. Proposition. Let ðS; �; sðUÞÞ be a topological commuta-
tive with the property of cancelation semigroup, where U is a

quasi-uniformity. If moreover S has the property:

for every a; x; y 2 S; for every U 2 U;UðaxÞ# aUðxÞ;

then the translations are continuous and open.

Proof. Since the structure is a topological one, the opera-
tion is continuous and the inverse image of an open set A is
open. We suppose that x 2 S and A be an open subset of S.
It is enough to prove that xA is open, that is there is a

U 2 U such that UðaxÞ# xA, for a 2 A. We have that A is
open and a 2 A, hence there is a U 2 U such that UðaÞ#A,
hence xUðaÞ# xA. Because of the supposition, there holds

the demanded statement. h

2.9. Example. We suppose that in a space: 00y 2 UðaxÞ00 does
not mean that 00y 2 aUðxÞ00 (in which case we would invari-

ance). We consider, as an example, the space of ð0; 1Þ with
the natural product and the natural topology. Then,
ax ¼ 2

3
� 3
5
¼ 2

5
;U being the entourage which corresponds to

dðx; yÞ < 1
10
. Then, y 2 UðaxÞ means that 3

10
< y < 5

10
, while

00z 2 aUðxÞ00 gives 17
50
< z < 23

30
. It means that there are points

of Uða � xÞ which does not belong to a �UðxÞ.

2.10. Let S be a semigroup and Q ¼ QðS;RÞ (R is a commu-

tative sub-semigroup of S) the corresponding quotient struc-
ture. We shall use the following already function
p : S� R! Q; pða; bÞ ¼ ða; bÞ. If p is continuous, then is also

an open function. We also define P : S! Q;PðxÞ ¼ pðxb; bÞ
and q : S! S� R; qðsÞ ¼ ðsb; bÞ; b any element of R. It is q
continuous. If p is continuous, then the function P ¼ p � q is

continuous too. The image PðSÞ is exactly the embedding of
S to the quotient structure Q ¼ QðS;RÞ.

We point out that if the semigroup S becomes a quasi-uni-
form space by a topology sðUÞ and has the property of invari-

ance, then S is not necessary a topological group. The reason is
that the entourages are not obligatory symmetrical.

The following theorem refers to the constructions of the T0

and not a T1 quasi-uniform spaces. The constructions are the
ones of the basic Scheiferdecker’s statement cited in the para-
graph 1. The Ore conditions are, of course, in valid here.

2.11. Theorem. Let ðS; �; sðUÞÞ be a structure, where S is a
topological T0 and not a T1 commutative with the property of
cancelation semigroup, U be a quasi-uniformity generated by the

topology of S and BU be a base of U. Let, also, Q ¼ S� S=R;R
the known equivalence relation, the quotient structure of S. We
also suppose that U has the invariance property, that is:

ða; bÞ 2 U() ðx�a; x�bÞ 2 U; x� 2 S;U 2 U: ð1Þ

Then, in the quotient structure of a quasi-uniformity U1 is
defined a base BU1

which are given by

U1 ¼ ðA;BÞ 2Q�QjA¼ aa�1;B¼ bb�1; xa¼ yb!ðxa;ybÞ 2U½ �;xa6 yb
� �

;

ð2Þ

a; b; a; b 2 S. (The inequality is the specialization relation).
Thus, if the quotient structure Q is a T0 and not a T1 space,
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an inequality is defined in Q which is compatible with the alge-

braic structure. Moreover, there holds:

(a) ðA;BÞ 2 U 1 ) ðZA; ZBÞ 2 U 1; Z;A;B in Q;U 1 2 U1.

(b) ð8U 2 BU1
Þð9U 1 2 BU1

Þ U ¼ U 1 \ ðS � SÞ½ �.

Proof. The filter U1 ¼ fU1 j U 2 Ug defines a quasi-unifor-
mity. In fact:

(1) The relation is reflective: xa ¼ ya, hence x ¼ y and
ðxa; yaÞ 2 U , that is ðA;AÞ 2 U 1.

(2) ð8U 1 2 U1Þð9V 1 2 U1Þ V 1 � V 1 # U 1½ �: We suppose A;B
are as above and C ¼ cc�1.

We consider U and V such that V � V#U. If xa ¼ yc, then
ðxa; ycÞ 2 V and ðA;CÞ 2 V1. If also ðzc; tbÞ 2 V, we have
ðzc; tbÞ 2 V and then ðC;BÞ 2 V1. Therefore xza ¼ zyc and
zyc ¼ ztb, so ðxaz; yzcÞ 2 V and ðyzc; ztbÞ 2 V, because of

the invariance property. Hence ðxza; ztbÞ 2 U and finally
ðA;CÞ 2 V1; ðC;BÞ 2 V1 or ðA;BÞ 2 U1.

Since the space is T0 and not a T1, every couple belongs to

an entourage and gives an inequality.

Proof of (b)
First we prove that U#U1 \ ðS� SÞ
Let ða; bÞ 2 U. It is a ¼ A ¼ ðaaÞa�1; b ¼ B ¼ ðabÞa�1.

Hence ða; bÞ ¼ ðA;BÞ 2 U1. Also, ða; bÞ 2 S� S. Then,
ða; bÞ 2 U1 \ ðS� SÞ.

Now we show that: U1 \ ðS� SÞ#U
Let ðA;BÞ 2 U1 \ ðS� SÞ. Then A ¼ ðaaÞa�1;B ¼ ðbbÞb�1.

Due to (1), for xa ¼ yb, we have ðxaÞa; ðybÞbð Þ 2 U, thus
ða; bÞ 2 U.

Proof of (a)
First, we prove the following:
Under the invariance: ða�1a; a�1bÞ 2 U1 () ða; bÞ 2 U; a; b;

a 2 S.
Indeed:

) Let ðA ¼ a�1a;B ¼ a�1bÞ 2 U 1. If xa ¼ ya, then x ¼ y
and ðxa; ybÞ 2 U . Finally ða; bÞ 2 U .
( Let ða; bÞ 2 U . If A ¼ a�1a;B ¼ a�1b, then supposing
that xa ¼ ya, we have x ¼ y and ðxa; ybÞ ¼ ðxa; xbÞ ¼ ðx; xÞ
�ða; bÞ 2 U 1.Now it is enough to prove the following:
(i) ðc�1A; c�1BÞ 2 U 1 () ðA;BÞ 2 U 1; c 2 S.
(ii) ðdA; dBÞ 2 U 1 () ðA;BÞ 2 U 1; d 2 S.
(i) Put A ¼ a�1a;B ¼ a�1b. Then, c�1ða1aÞ; c�1 � ða�1bÞð Þ
2 U 1. By the above lemma we have ða; bÞ 2 U .
(ii) The elements A and B are as above. We also suppose

that d0a ¼ a0d; a; a0; d; d0 2 S. (It is possible, because of
(1)). So, a ¼ d0�1a0d and a�1 ¼ d�1a0�1 � d0. Hence
ðdA; dBÞ ¼ ðda�1a; da�1bÞ ¼ ðdd�1a0�1d0a; dd�1a0�1d0bÞ
¼ ða0�1d0a; a0�1d0bÞ:

That is: ðdA; dBÞ 2 U1 () ða0�1d0a; a0�1d0bÞ 2 U1, hence

ða�1a; a�1bÞ 2 U1 or ða; bÞ 2 U1. The rest are trivial. h

2.12. The above facts (a) and (b) express the process toward
the validity of the invariance of the given semi-group to the
quotient structure. We have mainly needed, for the sake of
brief, the same denominator.

All the elements of the quotient space Q ¼ QðS;RÞ=R have

the form a � a�1; a; a 2 S, or the form ða; a�1Þ. The relations
which rule the different operations and equivalences, based

on the following, where b; b 2 S:

(1) aa�1 ¼ bb�1 () ak ¼ bl; k 2 R; l 2 S.
(2) aa�1bb�1 ¼ atðbsÞ�1 with bs ¼ at; s 2 R; t 2 S.

So, in this set Q a commutative semigroup is defined and

the cancelation property is an easy consequence.
2.13. Theorem. (Cf. [12, p. 377]).With the suppositions of the

Theorem 2.11 in the semigroup ðS; �; sðUÞÞ the following state-

ments hold:

(i) ða; aÞ; ðb; bÞ
� �

2 U 1 ) ðka; aÞ; ðkb; bÞ
� �

2 U 1; k 2 S.

(ii) ða; aÞ; ðb; bÞ
� �

2 U 1 ) ðk; kÞ � ða; aÞ; ðk; kÞ
�

�ðb; bÞÞ 2 U 1; k 2 S.
(iii) A ¼ aa�1;B ¼ bb�1; ðA;BÞ 2 U 1 ) c�2A; c�2Bð Þ 2 U 1,

where c 2 S; c�2 ¼ c�1 � c�1.
(iv) Generally, if there holds the invariance for the U, then

there holds for the U1 as well.

Proof. We correspond to every U 2 U the entourage

U1 2 U1. The demonstrations follow, in a great part, the logic
of Scheiferdecker.

(i) If x1a ¼ x2b, then we may prove that ðkx1a; kx2bÞ 2 U ,
where k ¼ ðk; 1Þ 2 U 1. The theorem is true because of
the suppositions and the invariance property.

(ii) We suppose that x1a ¼ x2b, hence ðx1a; x2bÞ 2 U , so

x1a ¼ x2b and ðx1ka; x2kbÞ 2 U 1 because of the invariance
property in U.

(iii) It is c�2 ¼ ðk; kc2Þ for any k 2 S. We have to prove that:
ða; aÞ; ðb; bÞ
� �

2 U1 ) ðka; kcaÞ; ðkb; kcbÞ
� �

2 U1;
after the supposition x1a ¼ x2b. From this last relation
we have that x1kca ¼ x2kcb and from that we conclude
to our demand.

(iv) We suppose that ða; bÞ 2 U , that is ðax; xÞ; ðby; yÞ
� �

2 U 1.

We will prove that ðkax; xÞ; ðkby; yÞ
� �

2 U 1; k 2 S. It is

known that ðkax; kxÞ; ðkby; kyÞ
� �

2 U 1. That is, if

r1kx ¼ r2ky, then ðr1kax; r2kbyÞ 2 U or r1x ¼ r2y entails

ðr1ax; r2byÞ 2 U or ðkax; xÞ; ðkby; yÞ
� �

2 U 1 or ðka; kbÞ 2
U 1. h

2.14. For every U 2 U, the subsets p�1ðUÞ consist a base B

for a quasi-uniformity structure. In fact:
(a) Let V 2 U; p�1ðVÞ ¼ U;V1 � V1 #V. From the latter

relation: ða; bÞ 2 V1; ðb; cÞ 2 V1, that is ða; cÞ 2 V. So,

there holds p�1ðVÞ ¼ V1 and if ðx; yÞ 2 p�1ðVÞ, then

pðx; yÞ ¼ ða; bÞ, besides pðy; zÞ ¼ ðb; cÞ, that is
V1 � V1 #V.

(b) \fU jU2Bg¼\ðp�1fV jV2UgÞ¼ p�1ð\fV jV2UgÞ,
the latter containing the diagonal of S�R.
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2.15. Proposition. Let ðS; �; s ¼ sðUÞ; eÞ be a topological
commutative with the property of cancelation semigroup, e its
neutral element and U a quasi-uniformity on S. If

Q ¼ S� R=R (R the known equivalence relation), is the quo-
tient structure of S and if S has the additional property:

\if O is open; then x �O is open too";

then S is topologically embedded to Q.

Proof. Let p : S� R! Q; pðða; bÞÞ ¼ ða; bÞ and P : S! Q;
PðxÞ ¼ pðxb; bÞ. We consider the map:

q : ðS; sÞ ! ðS� S; s� sÞ; qðxÞ ¼ ðx; eÞ:

We have:

(i) The map q is 1� 1. It is qðx1Þ ¼ qðx2Þ. Hence,
ðx1; eÞ ¼ ðx2; eÞ implies x1 ¼ x2.

(ii) The map q is onto qðSÞ.
(iii) The set qðSÞ is a sub-semigroup of S � S. It is ðx; eÞ
�ðy; eÞ ¼ ðx � y; eÞ 2 qðSÞ.

(iv) The map q : ðS; sÞ ! ðS � S; s� sÞ, is a homomorphism
ðqðx; yÞ ¼ ðx � y; eÞ ¼ ðx; eÞ � ðy; eÞ ¼ qðxÞ � qðyÞÞ.

(v) The map: f1 : ðS2�S2;s2� s2Þ! ðS�S;s� sÞ;f1ðða;bÞ;
ðc;dÞÞ¼ ða � c;b �dÞ is continuous.
LetA be an open sub-set of S�S such that ða � c;b �dÞ 2A.
We have to find a subset B such that B#S2�S2;
ðða;bÞ;ðc;dÞÞ 2B;f1ðBÞ#A, where B is open. There are

neighborhoodsU a�c;U b�d of a �c;b �d respectively, such that
Ua�c�U b�d #A. Since the maps ða;cÞ# a � c and
ðb;dÞ# bd are continuous, there are neighborhoods

V a;V b;V c;V d of a;b;c;d respectively with V a �V c #U ac

and V b �V d #U bd . We put: B¼ V a �V c� V b �V d .
(vi) The structure ðS � S; s� sÞ is a topological semigroup.

(vii) The structure ðqðSÞ; sjqðSÞÞ (sjqðSÞ), the one reduced on
qðSÞ is a topological semigroup.

(viii) The map q is continuous.Let A # S � S be an open set

and ðx; eÞ 2 A. We have to find an open set B such that
B # S; x 2 B; qðBÞ# A. For the set A, there are open
neighborhoods U x;U e of x and e, respectively, such that
Ux � U e # A. If B ¼ U x, then qðBÞ ¼ qðU xÞ ¼ ðU x; eÞ
# A.

(ix) The map q : ðS; sÞ ! ðS � S; s� sjqðSÞÞ is open.
(x) The map p : ðS � S; s� sÞ ! ðQ; s� sjQÞ; pðx; yÞ ¼ ðx; yÞ

is continuous, (s� sjQ is, the natural topology on Q
according to its definition).

(xi) The map P : ðS; sÞ ! ðQ; s� sjQÞ; P ðxÞ ¼ ðx; eÞ is contin-
uous.
We observe that the maps:

q : ðS; sÞ ! ðS� S; s� sjqðSÞÞ
and

p : ðS� S; s� sÞ ! ðQ; s� sjQÞ

are continuous, hence the map pjqðSÞ is continuous, and there-

fore the map P ¼ q � pjqðSÞ is continuous.
(xii) The map P : ðS; sÞ ! ðQ; s� sjQÞ is open.

Since the set S� S is a topological group it is homeomor-
phic to S� S=R. hence we have an embedding of S into the
topological group S� S. h

2.16. Examples
(1) We consider the space ðRþ; sþÞ where Rþ is the set of

positive numbers and sþ is the usual topology of positive
numbers. We consider the space as an additive semigroup
and, similarly, we consider the space ðR; sÞ, where R is

the set of real numbers noted additively and s the usual
topology of real numbers. We note that for an open sub-
setO of the set of positive numbers and for any x 2 R the
set x � O is open. Thus, we have embedding of Rþ to R.

(2) Let J 1 ¼ ½0; 1�, under the usual multiplication, J 2 ¼ ½12 ; 1�
with multiplication defined by x � y ¼ maxð1

2
; xyÞ where

xy denotes the usual multiplication of real numbers

and J 3 ¼ ½0; 1� with multiplication defined by x � y ¼
minðx; yÞ. J 1 and J 2 have just the two idempotent num-
bers zero and identity, but in J 3 every element is an

idempotent. Every non-idempotent element of J 2 is alge-
braically nilpotent (see these examples in [12]).Let us
consider the topology which has as base the set of the
form fða; 1� : 0 6 a < 1g. We remark that the topology

in the three spaces is the topology of a quasi-uniformity.
The proposition of 2.15 is in valid for the spaces J 1; J 3

and there does not holds for J 2.

(3) If ðX ;UÞ is a quasi-uniform space, D ¼ \UU and a the
canonical mapping from ðX ;UÞ onto X=D. Given
U 2 U, select V 2 U such that V � V � V � U . Then

ða�aÞðV Þ : ða�aÞðV Þ¼ ða�aÞðV �D�V Þ� ða�aÞðUÞ.
Thus aU is a quasi-uniformity on X=D and is U-preserv-
ing. (C.f. [7]).

3. The specialization ordering on a semi-group

3.1. A quasi-uniformity induces on a space, say X, a relation

\fU 2 Ug; ð1Þ

which is reflective and transitive. This relation is a proper

inequality for a topological T0 and not a T1 space. As we have
already said, we denote it by x 6 y (or by x6Xy), for x; y 2 X
and it means that x 2 clfyg. If in the space exists an operation,
symbolized, say, by �, then the compatibility of relation and

operation is given by:

x 6 y; a 2 X) a � x 6 a � y: ð2Þ

Proposition. Let ðS; �; s ¼ sðUÞ;6SÞ, (6S the specialization
order) be a topological commutative with cancelation semigroup,

T0 and not T1;U is the quasi-uniformity on S such that s ¼ sðUÞ.
We also assume that:

ð8a 2 SÞ U 2 U) ða; aÞU 2 U½ �: ð�Þ

Then

a6Sb; x6Sy) x � a 6 y � b; a; b; x; y 2 S: ð��Þ

Proof. Let a 6 b. Then, the element a belongs to every neigh-
borhood of b. Thus, ifV;V0;U are entourages ofU, we have that

for every V; a 2 VðbÞ, hence ða; bÞ 2 V or -because of the
supposition- ðx � a; x � bÞ 2 V and thus x � a 6 x � b. Besides:
for every V;V0;U with V � V0#U there holds ða; bÞ 2 V)
ða � x; b � xÞ 2 V; x 2 VðyÞ ) ðx; yÞ 2 V0 ) ðb � x; b � yÞ 2 U

and thus ðx � a; y � bÞ 2 U. h

3.2. Remark. The inverse relation of the relation ð�Þ is:
ð8a 2 SÞ ða; aÞU 2 U) U 2 U½ �: ð3Þ
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If the specialization order is linear, then the condition ð��Þ
implies (3). In fact, if x � a < x � b and a P b, we have
x � a P x � b, which is a contradiction.

3.3. During sixties, mathematicians faced the following

problem:

‘‘Given a commutative semigroup S with the property of

cancelation, ordered by 6and given a semigroup Q of
quotient structure, under which conditions the order 6may
be extended to an order 6Q on Q?’’

In fact, the problem was similar to one that the structure Q

was a semigroup larger that the given one. Of course, the given
inequality is not obligatory, the specialization.

The extension of 6 on S to an order on Q means that there

is another order 6Q on Q such that

6 #6Q and a 6 b) a6Qb:

The first who gave sufficient conditions at the end to extend an
order of a semigroup S to its quotient group G, was Puttasw-

amaiah (cf. [10]). Beyond this, Weinert generalized the study of
the order of a semigroup S to the order of any quotient semi-
group T. Weinert (in [19]) recapitulated the conditions. The

operation in the product S� S is defined by the relations:
ða; aÞ � ðb; bÞ ¼ ðat; bsÞ; s; t 2 S, with bs ¼ a � t.
The definition is independent of the choice of the t and s

and the equivalence classes both of them. The proposition
below is owed to Puttaswamaiah, it has been generalized by
Weinert and the relative idea of a space T0 but not a T1 one,
is a new one.
3.4. Proposition. If S is a topological commutative with
cancelation semigroup T0 and not a T1 ordered by 6, (6the
specialization order), then this order has an extension 6Q to

every quotient semigroup Q, if there holds:

an 6 bn; a; b; n 2 S) a 6 b: � ð4Þ

The extended ordering 6Q is uniquely determined by the rela-
tion (5) below.

The set Q is one of the quotient semigroups and, of course,
is probably a group. The new relation 6Q is defined by the
following:

aa�16Qbb�1 () thereare l; k 2 S with a � k ¼ b � l and
a � k 6 b � l ð5Þ

So, the Proposition 3.4 may be transformed into the next one.
3.5. Proposition. Let ðS; �; s ¼ sðUÞÞ be a topological commu-

tative with the property of cancelation T0 and not T1 semigroup.

We also suppose that S fulfills the statement:

ð8a 2 SÞð8U 2 UÞ U 2 U() ða; aÞU 2 U½ �: ð� � �Þ

Then, the semigroup S is topologically embedded into the quo-
tient structure Q. If moreover the space Q is T0 and for S there

holds the above (3), then the specialization order of S is
extended to an inequality of Q.

Proof. If the space S is T0 and not T1, then the space has the

ordering of specialization and the condition ð� � �Þ assures that
the ordering is compatible with the operation in S. For the set
Q, it is not secure that it is not T1.

The condition a � n 6 b � n; a; b; n 2 S means that for any

U 2 U, it is ðn � a; n � bÞ 2 U, hence ða; bÞ 2 U, which, finally,
implies that a 6 b. So, we get the condition which assures
the extensibility of 6. h

3.6. Remark. The above condition ð� � �Þ expresses the

invariance of U and it is a rather hard condition. We remark
that in the basic Proposition 3.1 the above relation ð� � �Þ is
in valid for the structure of the quotient structure Q, for the

one only direction.
3.7.We refer, now, to the relation 6 itself. S.E. Szpilrajn (in

[13, 1930]) proved that

‘‘every partially ordered set is extended to a linear ordered
one’’.

For any topological space ðX; sÞ we consider a quasi-unifor-
mity U such that s ¼ sðUÞ and we make use, as usual, of the

following symbols: we put U�1 for the class fU�1 j U 2 Ug
and U� ¼ U _U�1, where U� is the supremum of the quasi-uni-
formities U and U�1. Let a; b 2 X. By ajjb we denote that the

elements a; b are non-comparable to each other.
For any two elements a; b in X and U 2 U, we define the

subset:

IU
ab ¼ fðx; yÞ j ðx; yÞ 2 U or ððx; aÞ 2 U and ðb; yÞ 2 UÞg:

ð6Þ

It is proved that this subset is the entourage of a quasi-unifor-
mity. During all the process the relation is the specialization

order. Of course, the relation must always be compatible and
the operation continuous.

We state the following:

3.8. Proposition. Let be the structure ðS; �; s ¼ sðUÞ;6Þ,
where S is a topological commutative with the property of
cancelation semigroup; moreover U is a quasi-uniformity with

s ¼ sðUÞ, the space is a T0 and not a T1 space and 6is the
specialization order defined on S. We assume that there holds
the above condition ð� � �Þ. For any U 2 U we construct (by
the above (6)) the set IU

ab and after that the filter

Fab ¼ fIU
ab j U 2 Ug:

Then,

(a) The filter Fab induces a T 0 quasi-uniformity on S.
(b) The point ða; bÞ belongs to all the elements of Fab, where

by Fab has not the T 1 property; moreover \U � \Fab.
(c) U� ¼ Fab _ F�1ab , (that is U

� is the supremum of Fab;F
�1
ab ).

(d) If in addition the relation

ð8k 2 SÞð8U 2 UÞð8ða; bÞÞ ðk; kÞIU
ab 2 \Fab ! IU

ab 2 Fab

� �
ð7Þ

is fulfilled, then the extension of the relation 6is the extension of

the \Fab.
(e) In all the levels of the demonstration, the relation ð� � �Þ

holds.

Proof. (a) The transitive property: it comes as follows: Given
U 2 U, let V 2 U with V � V � V#U. We also assume that

ða; bÞ, as also ðb; aÞ, are not contained to U. If ðx; yÞ 2 IV
ab�

IV
ab there is z 2 S such that ðx; zÞ 2 IV

ab and ðz; yÞ 2 IV
ab. We

distinguish the cases: ðx; zÞ 2 V; ðz; yÞ 2 V or ðx; zÞ 2 V; ðz; aÞ
2 V; ðb; yÞ 2 V etc. It is not very difficult for one to prove

the result in all the other cases.
The T0-property is a consequence of the result (c) below,

since the T0-property for U is equivalent to the property of

being the structure U� a T1-space.
(b) It is an easy consequence of the definition.
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The space is not T1, since a and b at least belong to all
IU

ab;U 2 U.
(c) We have to prove that for any IU

ab;U 2 U, there is a V

such that
IV
ab � IV

ab

� 	�1
#U \U�1:
Let V be such that V � V � V#U and ða; bÞ as well as

ðb; aÞ, is not contained to U. We distinguish cases, for
instance ðx; yÞ 2 V; ðx; yÞ 2 V�1, or ðx; yÞ 2 V; ðx; aÞ 2 V
and ðb; xÞ 2 V etc. In all the cases the demanded are easily

concluded.
(d) Firstly, we denote by the same symbol 6 every extension

of the given relation. Now, the condition n � a 6 n � b
means that for every U 2 U and for every a; b elements

of X, there holds ðn � a; n � bÞ 2 IU
ab;I

U
ab 2 Fab which

implies-from the relation ð� � �Þ-that there holds
ða; bÞ 2 IU

xy. If the elements are comparable in the start-

ing level, then it is again a 6 b, if there are non-compa-
rable, they imply again a 6 b.

(e) Since IU
ab 2 U, the condition ð� � �Þ is valid for all the

entourages of Fab. h
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