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In this research, we construct the traveling wave solutions for some nonlinear evolution equations in
mathematical physics. New solutions such as soliton solutions are found. The method used is the gener-
alized Kudryashov method (GKM). We apply the method successfully to find the exact solutions of the
following nonlinear integro-partial differential equations: the (1+ 1)-dimensional integro-differential Ito
equation, (2 + 1)-dimensional integro-differential Sawada-Kotera equation and two members of integro-
differential Kadomtsev-Petviashvili (KP) hierarchy equations. These equations have numerous important
applications in mathematical physics as well as in engineering. This method is efficient, powerful and
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1. Introduction

Nonlinear partial differential equations (NPDEs) have a very im-
portant role in describing many nonlinear phenomena in chem-
istry, physics, mathematical biology, and many other fields of
science and engineering. There are many methods for finding
the exact solutions to nonlinear PDEs such as homogenous bal-
ance method [1,2], Darboux transform method [3,4], first integral
method [5,6], tanh function method [7], modified simple equa-
tion method [8,9,10], auxiliary equations method [11,12], (G'/G)-
expansion method [13,14], F-expansion method [15], Jacobi elliptic
function method [16] and so on (see for example [17-26]). Recently
Kudryashov [27] has presented a direct method namely truncated
expansion method to discuss the analytic solutions for nonlinear
evaluation equations. Kabir [28] has improved the truncated ex-
pansion method for nonlinear PDEs which called the improved of
Kudryashov method. More recently Kaplan [29] has generalized the
Kudryashov method to solve the nonlinear PDEs. In this paper, we
have applied the generalized Kudryashov method to find the trav-
eling wave solutions for the following nonlinear integro-partial dif-
ferential equations:
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(i) The (1 + 1)-dimensional integro-differential Ito equation [30]
Ut + Uxxxt + 3(2uxut + uuxt) + 3uxx8;:] (ll[) =0. (1)

(ii) The (2+ 1)-dimensional integro-differential Sawada-Kotera
equation [31]

5
U = (uxxxx + SUlly + §u3 + uxy> — 505 1 (uyy) + 5uuy
X

+ 5u,dy ! (uy). (2)

(iii) The first integro-differential KP hierarchy equation [32-34]

1 1
U = 5ty + iagz[uyyy] + 2uy 0y uy ] + 4uuy. 3)
(iv) The second integro-differential KP hierarchy equation
[32-34]
1 5, 5, 5,_
U = g oo + Zax Muuyy] + Zax 1[”yz] + Eax *[uyyyy]
5 . 5 .4 5 .
+ Z“xax [tyy] +§U8x [uyy]‘f‘iuyax [uy]
15 , 5 5 5
+ 711 Uy + 3 Uy Uxx + ZU Uxxx + 3 Uxyy, (4)

1 X
where 0y~ = [ dx.
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2. Description of the generalized Kudryashov method for NPDE
In this section, we consider the following nonlinear partial dif-

ferential equation:-

P(v, vt, Uy, Vet, U, Uxt, - -) = 0, (5)

where P is a polynomial in the unknown function v =v(x,t) and
its partial derivatives.
The basic steps in the application of the GKM detailed in the

following [29]:
Step 1. We assume that:-
vx.t)y =V (E). § =x—kt, (6)
where k is an arbitrary constant. Eq. (6) leads to get:
P(V,V, V", .. )=0. (7)

Step 2. We suppose the exact solution of Eq. (7) to be in the
following rational form:-

_ XeaQi®) _AlREG)]
YilobiQi§) BIRE)I

where ¢;(i=0,1,2,...,N) and b;(j=0,1,2,...,M) are constants
to be determined later such that ay #0, by #0 and Q = ﬁ The
function Q has then to satisfy the first order Bernoulli differential

equation:

Q') =Q*®) - Q). (9)

Step 3. Determine the positive integer numbers N andM in
Eq. (8) by balancing the highest order derivatives and the nonlin-
ear terms in Eq. (7).

Step 4. Substituting Eqgs. (8) and (9) into Eq. (7), we obtain
a polynomial in Q~J, (i, j=0,1,2,...). Setting all coefficients of
this polynomial to be zero, we obtain a system of algebraic equa-
tions which can be solved by the Maple or Mathematica soft-
ware package to get the unknown parameters a;(i=0,1,2,....,N)
and bj(j =0,1,2,....,M). Consequently, we obtain the exact solu-
tions of Eq. (5).

V(&) (8)

3. Applications of the generalized Kudryashov method for
nonlinear integro-PDEs

Zhao et al. [30] have used the extended monoclinic test for
study the exact solutions for Ito equations. Yu [31] have study the
exact solution of integro-differential Sawada-Kotera by using the
bilinear method. Gepreel [34| and Mohamed et al. [23] have stud-
ied the exact and approximate solutions to the integro-differential
KP hierarchy equations by using (f/g) expansion method and re-
duced differential transform method respectively. In this section,
we use the generalized Kudryashov method to find the traveling
wave solutions for some nonlinear evolution equations. We shall
namely solve the (1+ 1)-dimensional integro-differential Ito equa-
tion, the (2+ 1)-dimensional integro-differential Sawada-Kotera
equation, and two members of the integro-differential KP hierar-
chy equations. These equations have very important applications
in the area of mathematical physics.

3.1. The generalized Kudryashov method for the (1+ 1)-dimensional
integro-differential Ito equation

In this subsection, we apply the generalized Kudryashov
method to construct the exact solution to the (1+ 1)-dimensional
integro-differential Ito Eq. (1). We use the transformation

UX, ) = Uy (x, 1). (10)

This transformation changes the (1+ 1)-dimensional integro-
differential Ito Eq. (1) to the following nonlinear partial differential
equation:

Vttx + Vot + 6VxxUxt + 3UxUxxe + 3VxxVe = 0. (11)

The traveling wave transformation (6) converts Eq. (11) to the
following ODE:-

K2V — kv —6k(V")* — 6kV'V" = 0. (12)
By integrating twice, we obtain:
kv v _ 3(‘//)2 +G =0, (13)

where ' = % and C;is the integration constant. The relation be-
tween N and M in Eq. (8) is given by balancing the highest order
V17 and the nonlinear term (V/)2 in (13), as follows:

N=M+1. (14)

Eqg. (14) has an infinite number of solutions. For the special case
in which we choose M = 1, we obtain:

V) = +ba1Q +0,Q?

o +b1Q
where ag, aq, a;, by and b; are constants to be determined later.
Now substituting Eq. (15) into Eq. (13) and cleaning the denomi-
nator, we get a polynomial in Q(&). Setting each power coefficient
of Q(£) to be zero, we get a system of nonlinear of algebraic equa-
tions. With the help of Maple, we solve the system of algebraic
equation to get the following results:

(15)

Case 1.
G =0, a= —%CI], a; = 4b0, bl = —2b0, k=4. (16)
When, we substitute (16) into (15), we get:
1| —8bg — 2a1(1 ieé) +a1(1 jzeg)2
Vi§)=—5 (17)
2 bo(1+ef)(—1+ef)

where & =x—4t. Consequently, the solution of the (1+1)-
dimensional integro-differential Ito equation takes the form:

8 (:te[Zx—St])

up(x,t) = — . (18)
! (1 + e[x—4t])2(_‘] + e[x—4t])2

Case 2.

G =0, aozw, 4y = —2by, k=1. (19)
1
Eqgs. (20) and (16) lead to get
—2by + (a7 +2bo)(1 £ et

Va(§) = ( ) , (20)

b] (1 :|:95>

where & = x —t. Hence the traveling wave solution for the (1+1)-
dimensional integro-differential Ito equation takes the form:

2(elx-11)
Up(X.t) = ——. (21)
(1 elx-11)
Case 3.
2
€, =0, a5 =% _212" —2bob1  _ o k=1, (22)
0
Substitute (22) into (15), we have
aobl — 2b02 - 2b0b1 + aobo 1+6f
V3(§) = ( ) ; (23)

bo(bo(] + 65) + bl)
where & = x —t. Then, we deduce the exact solution of the (1+1)-
dimensional integro-differential Ito equation as follows:

2b0(b0 + b] ) (j:e["‘[])

us (X, f) = .
(£boeltl + bg + b;)*

(24)
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Fig. 1. The exact solution u; of Eq. (1) and its projection at ¢t = 0.
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Fig. 2. The exact solution u; of Eq. (1) and its projection at t = 0.

3.2. Numerical solutions for the exact solutions of the
(1+ 1)-dimensional integro-differential Ito equation

In this subsection, we present some figures to illustrate the be-
havior of the exact solutions, which obtained in Section 3.1. To this
end, we select some special values of the parameters to show the
behavior of extended rational generalized Kudryashov method for
(1+ 1)-dimensional integro-differential Ito equation (Figs. 1 and 2).

3.3. The generalized Kudryashov method for the (2 + 1)-dimensional
integro-differential Sawada-Kotera equation

In this subsection, we will discuss the exact traveling wave
solutions of (2 + 1)-dimensional integro-differential Sawada-Kotera
Eq. (2) by using the generalized Kudryashov method. Eq. (10) trans-
forms the (2 + 1)-dimensional integro-differential Sawada-Kotera
Eq. (2) to the following nonlinear PDE:

5
Vxt = Vxxoox + 5 (UxVxxx)x + 3 (U’3‘)x + Uxxy — DUy + SUxUxy

+ SUyly. (25)
We assume that
vx,y,t) =V(@1), n=x+y—kt, (26)
where k is an arbitrary constant. Eq. (26) leads to get:
—kv“=v<6>+5(v’v/”)’+§[(V/)3 V+V@®—5v"+10v'V”7,  (27)

where ’ = %. By integrating and take the transformation W =V’,

we obtain:

W® L sWwW” + §W3 + W' +5W2+ (k-5W+G =0, (28)

where C, is the integration constant. Considering the homoge-
neous balance between the highest order derivative W4 and non-
linear term W3 in (28), we get:

N=M+2 (29)
In the special case if M = 1, then
2 3
W(n):ao+alQ+azQ +a3Q (30)

bo +b:1Q

Substituting Eq. (30) into Eq. (28) and cleaning the denomina-
tor, we get a polynomial in Q(7). Setting the coefficient of same
power of Q(n) to be zero, we obtain the system of nonlinear of al-
gebraic equations. Using Maple software package to solve the sys-
tem of algebraic equation to get the following results:

28 14 14
C2 = —%, aoz—gbo, 01212b0—§b1, Clz:—]2b0+]2 b1,
as = —12 by, k= ? (31)
We substitute (31) into (30), we get:
2[30-30(1+e") +7(1xe")?
%% =—— , 32
(m 5[ (1+en)? 2

where n=x+y-— 2—59t. Consequently, the solution of (2+1)-
dimensional integro-differential Sawada-Kotera equation takes the

form:
2
2(30 - 30(1 + elwf%gf]) n 7(1 + e[wf%t]) )

2
5(1 + el”yf?f])

us(x,y,t) = —

(33)

There are many cases are omitted for convenience.
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Fig. 4. The exact solution us of Eq. (3) and its projection at t =0 when by =0.3, by =0.2, a; =03,y =0.5.

3.4. Numerical solutions for the exact solution to (2 + 1)-dimensional
integro-differential Sawada-Kotera equation

In this part, we illustrate the behavior of the obtained so-
lution for (2 + 1)-dimensional integro-differential Sawada-Kotera
equation in Section 3.3 when the parameters take some of special
chooses (Fig. 3).

3.5. The generalized Kudryashov method for the first equation of two
members of integro-differential KP hierarchy equations

In this subsection, we will study the traveling wave solutions
of the first integro-differential KP hierarchy equations (3) by
the generalized Kudryashov method. The Kadomtsev-Petviashvili
equations are nonlinear partial differential equations in two spa-
tial coordinates and one temporal coordinate, which describes the
evolution of nonlinear, long waves of small amplitude with slow
dependence on the transverse, coordinate. We use the following
transformation

uXx,y,t) = (x, ¥, t). (34)

Eq. (34) transforms Eq. (3) to the following nonlinear PDE

1 1
Vit = 5 Uxoory + 5 Uy + 2UxxxVxy + 4UxxVxy - (35)

The traveling wave transformation (26) permits us to convert
the nonlinear PDE (35) to the following ODE:

1 1,4 2
(k + i)V” + §v< ) 4+3(V") +G =0, (36)

where C3 is the integration constant. If we take the transforma-
tion V' =W, Eq. (36) can be written in the following form:

(k + %)w + %W” +3W24+G =0. (37)

Considering the homogeneous balance between the highest or-
der derivative W” and nonlinear term W2 in (37), we get:

N=M+2, (38)
In the special case when M =1 Eq. (8) reduces to:

ao + a1Q + Q2% + a3Q3
b0+b1Q

Eq. (39) is a solution to (37) when the constants g;,i=0,1,2
and b;,i =0, 1 satisfy the following results

(39)

W) =

. = 1(a1=bo)(6ar —6bo +b1) ~ ~_ bo(a1 —bo)
3=5 b2 , Qo= by ,
ay = —bo+ by, a3 = by, k:—%b"*b], (40)
1
When we substitute (40) into (39), we get:
—by +by(1£e") + (a; — bo)(1 £ e)?
W) = =2 1( )+ (a1 — bo)( ) 7 (41)

by (1 £ em)?

where n =x+y+ (%)t . Since V” = W, we have

_ ([ [zbrtbid e + (a1 —bo)(1 £e")?
V(S)_//[ by (1 +en)? i|dndn, (42)

or
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Fig. 5. The exact solution ug of Eq. (4) and its projection at t =0 when y = 0.5 .

)

Fig. 6. The exact solution uyin Eq. (4) and its projection at t = 0 when by = 0.6, b; =0.9, a; =0.6,y=0.5.

us(x, y,t) =

b1<1—hebﬂ“(m’ﬁwh)ﬂ)2

Many other solutions are ommitted for convenience.

3.6. Numerical solutions for the exact solutions for the first equation
of two members of integro-differential KP hierarchy equations

In this part, we illustrate the behavior of the obtained solu-
tion for the generalized Kudryashov method for the first equa-
tion of two members of integro-differential KP hierarchy equations
which obtained in Section 3.5 when the parameter take some spe-
cial choose (Fig. 4).

3.7. The generalized Kudryashov method for the second equation of
two members of integro-differential KP hierarchy equations

In this subsection, we will discuss the exact traveling wave so-
lutions of the second equation of integro-differential KP hierar-
chy equations (4) by the generalized Kudryashov method. Notice
that the Eq. (4) contains integral operators of order one, two, and
three. The traveling wave transformation (26) permits us to con-
vert Eq. (4) to the following ODE:-

5 ;1 300, 15, 5 5
(E+@v+ia'+Zyv+7vv+zvv+ZWv)
+§vW:0 (44)

6ay ~6bg+by 6a; —6bg+by 2
~b1 + by (1 + e[x+y+( e H) + (a; — bo)(l + e[”w(”ll]b)t])

(43)
By using the integration, we have
5 1 15 5 5 5 5
-~ B 4 C)) Y2 “y3 72 et 4 “yr
(16+k>v+16V +4V +2V +8V +4VV +8V
+G =0, (45)

where C4 is the integration constant. Considering the homoge-
neous balance between the highest order derivative V) and non-
linear term V3 in (45), we get:

N=M+2. (46)

Eq. (46) has infinity solutions, in the special case if M =1 and
N =3, Eq. (8) reduces to

ap+a1Q + a2Q2 + &l;.;Q_3
bo +b1Q

V() = (47)

Now substituting Eq. (47) into Eq. (45) and cleaning the denom-
inator, we get a polynomial in Q(). Setting the coefficient of same
power of Q(£) to be zero, we get the system of nonlinear of alge-
braic equations. We solve the system of algebraic equation by using
Maple to get the following results:
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Case 1.
3 3 3
Cy = 5 Y= —Zbo, a; = 3bg — Zb1, ay = —3bo + 3by,
43

as = -3 b], k= 3—2 (48)

When we substitute (49) into (47), we get:

3[4-4(1+e") + (1+eM)?

174 = , 49

where n =x+y— %t. Then the solution of the second equation of
two members of integro-differential KP hierarchy equations takes
the form:-

2
4- 4<1 + elxr- %4) + (1 + elxvy- %t])

Us(x.y.t) = —7 3
(1 ie[x+y— %t])
(50)
Case. 2
o1 (a1 — b)(80 ay? — 160a;bo + 80a; by + 80bg” — 80bob; + 11b;°)
1= 15 A )
b —b
ao = O(G]b] 0)’ a, = —bg+ by, az=—by,
k= _‘11 30 ﬂ]z - 60ﬂ1b0 + 35(11bl;1 <2|-30b02 - 35b0b1 +4b12 ) (51)
1

Egs. (51) and (47) lead to get:-
—b1 + b] (1 + e") + (a1 . bo)(] + e'7)2

V() = 52
® bi(1+en)? =
where
§=x+y
130a;2—60a;bg+35a,b; +30by% —35byb; +4b;>
+( - ! t.
4 b
(53)

Consequently the solution of the second equation of two mem-
bers of integro-differential KP hierarchy equations takes the form:-

—b1 + by (1 + elxﬂ’*kt]) + (a1 — bo)(l + e[x+y—kt])2

uz(x,y,t) = ’
bi(1+ e[X+y—kr])2
(54)
where
k= _1 30 a12 —60a1bg + 35a1b; + 30b02 — 35bgb; + 4b12 (55)

4 b2

3.8. Numerical solutions for the exact solutions for the second
equation of two members of integro-differential KP hierarchy
equations

In this part, we illustrate the behavior of the obtained solutions
for generalized Kudryashov method for the second equation of two
members of integro-differential KP hierarchy equations in above
Section 3.7 when the parameters take some of special chooses
(Figs. 5 and 6).

4. Conclusion

The purpose of this study was to show that the exact solutions
of some nonlinear PDEs obtained by the generalized Kudryashov

method. We have obtained traveling wave solutions for some non-
linear integro-PDEs. The generalized Kudryashov method provides
a powerful mathematical tool to obtain more exact solutions for
the nonlinear integro PDEs in mathematical physics. The gener-
alized Kudryashov method is effective, simple and convenient for
nonlinear integro-PDEs. Moreover, we can say that GKM plays an
important role to construct exact solutions of nonlinear integro-
PDEs. Finally, we think that this method can be used to solve more
complicated nonlinear partial differential equations.
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