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The literature is very rich with works deal with the enumerating the spanning trees in any graph G since
the pioneer Kirchhoff (1847). Generally, the number of spanning trees in a graph can be acquired by
directly calculating an associated determinant corresponding to the graph. However, for a large graph,
evaluating the pertinent determinant is ungovernable. In this paper, we introduce a new technique for
calculating the number of spanning trees which avoids the strenuous computation of the determinant for
calculating the number of spanning trees. Using this technique, we can obtain the number of spanning
trees of any graph generated by the wheel graph. Finally, we give the numerical result of asymptotic
growth constant of the spanning trees of studied graphs.
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1. Introduction

The research of the complexity of a graph has a comparatively
long history. The importance of this research line is in fact due to:

1- Investigating the possible particle transitions of masers using
energy analysis,

2- Estimating the accuracy of a network,

3- Recounting specific chemical isomers,

4- Electrical circuits layout,

5- Enumerating the number of Eulerian tours in a graph [1-10].

The complexity (the number of spanning trees) 7 (G ) of a finite
connected undirected graph G is defined as the total number of
distinct connected acyclic spanning subgraphs.

There are many techniques to compute this number. Kirch-
hoff [11] gave the famous matrix tree theorem. In which 7 (G) =
any cofactor of L(G), where L(G) is equal to the degree matrix
D(G) of G minus the adjacency matrix A(G) of G.

Another method to count the complexity of a graph is using
Laplacian eigenvalues. Let G be a connected graph with n vertices.
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Kelmans and Chelnoknov [12] derived the following formula:

n-1

r(G):%]_[pck. (1)
k=1

Where n =y > iy >...> =0 are the eigenvalues of the
Laplacian matrix L(G).

Degenerating the graph through successive elimination of con-
traction of its edges represent the core of another way to compute
the complexity of a graph [13]. In this way, the summation of com-
plexities in small well known graphs yields directly the complexity
of an unknown graph G. Let e be an edge with endpoints u and v
in the graph G, the deletion G — e of e from G is the graph gained
by removing e and the contraction G - e of e from G is the graph
obtained by removing e and identifying u and v. The formula for
computing the complexity of a graph G is given by

T(G)=1(G-0e)+71(G-e). (2)

Recently, Daoud [14] introduced some new theorems which
generalized this method. We will make use of these theorems in
this work.

2. Main results

Theorem 1. For n > 3, the number of spanning trees of the wheel

n n
graph W, is given by (3 +2£> + (3 _2J§> - 2.
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Fig. 1. The five families of graphs which we use to find an explicit formula for the complexity in the wheel graph W,.

Proof: Consider the following five different families of graphs de-
noted by Wy, An, Bn, G, and Dp as shown in Fig. 1, where n de-
note the number of vertices.

We use Eq. (2) on the indicated edges to find a system of re-
currence relations:

T(Wh) = T(An) + T(Bn1)

T(An) = T (Coo1) + T(Whq)

T(Bn) = T(Dn) + T(Bn-1)

T(Cn) = T(Cn—l) + T(Dn—l)

T(Dn) = 7(Ch) + T(Dy—1) = T(Dp—1) + T(By1).

Consider the last two relations for 7(C;) and (D), we have:
T(Cry1) = T(G) + T(Dn) =27(Gr) + T (Dy1) =3 1(Gr) — T(Gro1)s
or 1(G1)—37(G)+71(C1) =0, thus 7(G)—-37(Cyq)+
7(Cy2) =0 and 7(Cy_1) =3 7(Cr2) + 7(Cy3) = 0.

Subtracting these two equations, we get t(G;) —47(Cy_q1) +
41(Cy_p) — T(Cy_3) =0, which is the final recurrence relation for
T(Gy).

Consider the first two relations for 7 (W) and t (Ap).

Since T(B,_1) = 1(C;), we have t(W;) =1(Ay) +7(G) and
hence t(W,_1) = t(Ap_1) + T(Ci_1).

Substituting into the second relation, we obtain 7(A,) =
T(Anz1) +21(Ciq), therefore T(An) —T(An1) =27(Cy_q),s
since 7(C,_1) —37(Ci2)+7(Cy_3) =0, we have 27t(G_q)—
2(3)t(Cr2) +21(Cy3) =0, [T(An) — T(Ap1)] =3[t (Ap1) —
T(Ap—2) ]+ [T (An2) —T(Ay3)] =0, thus  7(An) —47(Ap_q) +
41 (Ap_2) — T(Ap_3) =0, which is the final recurrence relation for
T (An).

Now both 7(A;) and 7(C;) have the third order homogeneous
recurrence relation:

Xn—4Xp_1 +4X_2 — X3 =0. (3)

Thus t©(Wy) = 7(An) + 7(G;) must have the same relation.
Therefore the characteristic equation corresponding to this re-
currence relation is 3 —4r2 4+ 4r — 1 = 0, which has characteristic
roots r = 3%—“/5 and r = 1. Therefore, the general solution of t (W)
is T(W) = (358) + BC55) + .

Solution of the recurrence relation (3) now reduces to find the
values of the constants o, f and y such that the general solution
conforms with the given initial conditions 7(W3) =16, t(W,) =
45 and t(Ws) = 121. Substituting the initial conditions in the gen-
eral solution we obtain

3 3
T(Wp) :a(%) +ﬁ(¥) +y=16
T(Wp) = cx(#)4 +ﬂ(%)4 +y =45
(W) = a(%)s +,8<3%f5)5 Ly =121

This system of equations have a unique solution « = 8 =1 and
y = -2, and hence the result follows. O

The gear graph G, is the graph obtained from W, by inserting a
vertex between any two adjacent vertices in its cycle G,. See Fig. 2.

Theorem 2. For n > 3, the number of spanning trees of the gear
graph G, is given by (2 ++/3)" + (2 —+/3)" - 2.
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Fig. 2. The gear graph Gs.

Proof: Consider the following five different families of graphs de-
noted by Gn, An, B, G, and D, as shown in Fig. 3, where n de-
note the number of vertices of W;.

We use Eq. (2) together with Theorem 2.2 in [14] on the indi-
cated edges and paths to find a system of recurrence relations:

T(Gn) = T(An) + T(Bp-1)

T(An) =27 (Coo1) + T(Gyo1)

T(Bn) =27 (Dn) + T(By-1)

T(Gh) = 7(Ciz1) + T(Dn-1)

T(Dn) =27(G) + T(Dp1) = T(Dy1) + T (Buoy).

Consider the last two relations for t(C,;) and 7(D;), we have
T(Coy1) = T(G) + T(Dn) =3 T(Cr) + T(Dy—1) =4 7(Ca) — T (o),
or T(CGuq)—47(Gr) +71(Cu1) =0, Thus 7(Gy)—47t(Cq) +
T(Ci2) =0and 7(G_1) —41(Ci2) + 7(CGi3) =0.

Subtracting these two equations, we get t(G;) —57(Cy_q) +
57(Cy_2) — 7(Cy—3) =0, which is the final recurrence relation for
7(C,). Consider the first two relations for 7(G,) and 7 (Ap).

Since T(B,_1) =271(Cy), we have 7(Gp) = 7(An) +27(G) and
hence 7(Gp_1) = T(Ap_1) +27(Cy_1).

Substituting into the second relation, we obtain 7(Ap) =
T(Ap_1) +47(CGiq), therefore T(An) —t(Ap_q) =41(Cyhq),
since 7(G_1) —47(C2) +7(C-3) =0, we have 47t(C_q) -
4(4)t(C2) +47(G3) =0, [T(An) — T(Ap_1)] - 4[T(An1) —
T(Ap2)]+[T(An2) —T(Ay3)]=0, thus 7(An) —57(Ap1) +
51(An_3) — T(A,_3) =0, which is the final recurrence relation for
T(An).

Now both 7(Ap) and t(C,;) have the third order homogeneous
recurrence relation:

Xn —5Xp_1+3Xp_2 — X3 =0. (4)

Thus the characteristic equation corresponding to this recur-
rence relation is 3 —5r2+5r—1=0, which has characteristic
roots r =2 ++/3 and r = 1. Thus the general solution of 7(Gy) is
T(G)=aR+V3I)"+B2-V3)"+7y.

Solution of the recurrence relation (4) now reduces to find the
values of the constants «, 8 and y such that the general solution
conforms with the given initial conditions 7(G3) =50, T(Gy) =
192 and 7 (Gs) = 722. Substituting the initial conditions in the gen-
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Fig. 3. The five families of graphs which we use to find an explicit formula for the complexity in the gear graph G,.
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Fig. 4. The five families of graphs which we use to find an explicit formula for the complexity in the graph E,.

eral solution we obtain

TG =a2+v3) +B2—-v3) +y =50
TG =aR+v)'+B2 -V +y =192
1Gs)=a(2+v3)’ + B2 -3 +y =722,

This system of equations have a unique solution &« = § =1 and
y = -2, and hence the result follows. O

Theorem 3. Let G}, be the graph obtained from the wheel graph
W, by replacing each edge on the rim by a path consisting k edges,
then (Gp) = (42 +/(&2)° — 1)yn 4 (&2 - \/(&2)* —1yn -2,

Proof: Consider the following five different families of graphs de-
noted by G}, An, Ba, Cu and D,, where n denote the number of
vertices.

We use Eq. (2) and Theorem 2.2 in [14] on the indicated edges
and paths to find a system of recurrence relations:

T(G;) =7(An) + T(Bp_1)

T(An) =kt (Go1) + T(G;_y)

T(Bn) = kT(Dn) + T(Bn—l)

T(Co) = T(Gi—1) + T(Dn-1)

T(Dn) =kT(Cy) + T(Dp_1) = T(Dy1) + T(Bno1)-

The proof can be completed via the same technique used in
Theorem 2. O

Theorem 4. Let E, be the graph obtained from the wheel graph W,
by inserting a vertex between the central vertex and each vertex in
its cycle, then for n > 3, 7(E,) = 22" — 2"+1 4 1.
Proof: Consider the following five different families of graphs de-
noted by E,, An, Bn, C; and D; as shown in Fig. 4, where n denote
the number of vertices of W;.

We use Eq. (2) together with Theorem 2.2 in [14] on the indi-
cated edges and paths to find a system of recurrence relations:

T(En) =27(An) + T(By-1)

T(An) = ‘L'(qu) + T(En—l)

T(Bn) = T(Dn) +27(By-1)

T(Cn) =2 T(Cn—l) + T(Dn—l)

T(Dn) = T(Gy) +2T(Dy—1) =27 (Dy—1) + T(Byy).

Consider the last two relations for 7(C;) and t(D;), we
have 7(Chyq1) =27(C) +t(Dn) =47(Gr) +27(Dpq) =57(Gy) —
47(C_q) or T(Chyq) —57(Ch) +47t(Cu1) =0, Thus 7(Cy) —
57(Cy_1) +471(Ci2) =0and 7(Cy;_1) = 57(Cy_) +47(C_3) =0.

Subtracting these two equations, we get t(C,) —67(C_q) +
97(Cy_3) —471(Cy_3) =0, which is the final recurrence relation for
7(Cy). Consider the first two relations for 7(Gp) and 7 (Ap).

Since t(B,_1) =t (Cy), we have t(E;) =21t (An) +1(Cy) and
hence t(E,_1) =27 (Ap_1) + T(Ci_q)-

Substituting into the second relation, we obtain 7(A,) =
27(Ap_1) +271(Cy_q1), therefore T(An) —27T(An_1) =27(Ciq),
since 7(Cy_1) —57(Cy_2) +471(C,_3) =0, we have 27(G_q) —
52)1(C2) +4(2)T(Cy3) =0, [T(An) =27 (Ap_1)] =5 [T(Ap_1)
—27(An2)] +4 [t(Ap2) —27(An_3)] = 0, thus 7(An) — 7T (Ar_1)
+141t(A_3) — 8T(Ay_3) = 0, which is the final recurrence relation
for T (An).

Now t(A;) has the third order homogeneous recurrence rela-
tion:

Xn—7Xp_1+14X%,_2 —8%,_3=0 (5)

Thus the characteristic equation corresponding to this recur-
rence relation is r> —7r2 4+ 14r —8 = 0, which has characteristic
rootsr=1, r=1and r=4.

Also 7(Cy) has the third order homogeneous recurrence rela-
tion:

Yn—6Yn_1+9Yn2—4Yn3=0 (6)

Thus the characteristic equation corresponding to this recur-
rence is s> —6s2+9s—4 =0 which has characteristic roots r =
1, r=2and r=4.

Therefore t(E;) =1(An) +21t(Cy) has the general solution
TE) = (@2 +B2)"+.

Using the initial conditions t(E3) =49, 7(E4) =225 and
T(Es) =961, we have ¢ =1, 8 = -2 and y =1 and hence the re-
sult follows. O

Theorem 5. Let E;; be the graph obtained from the wheel graph
W, by replacing each internal edge by a path consisting k edges,
n n

then 7 (E1) <2k+ 1 +2\/4k+1> N <2k+l —2«/4k+1> e,
Proof: Consider the five different families of graphs denoted by
E:, An, Bn, Gy and Dy, where n denote the number of vertices of
Wh.

We use Eq. (2) together with Theorem 2.2 in [14] to find a sys-
tem of recurrence relations

T(E;) =kt (An) + T(Ba1)

T(An) =T (Gi1) + T(E;_))

T(Bn) =t(Dn) + kT (Bn_1)

7(Gh) =kt (Gi1) + T(Dn-1)

T(Dy) = T(Gr) + kT (Dn1) = kT (Dyo1) 4+ T(Bno1).

The proof can be completed via the same technique used in
Theorem 4. 0O
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Fig. 5. The five families of graphs which we use to find an explicit formula for the complexity in the graph H,.

Theorem 6. Let H, be a graph resulting from a wheel graph W;, by
inserting into each edge of W;, a new vertex of degree two. Then

fornzB,T(Hn):Z"[ 3+2\f5> +<37\f5> —2:|

3 :2”T(Wn).

Proof: Consider the following five different families of graphs de-
noted by Hy, An, By, G; and D, as shown in Fig. 5, where n denote
the number of vertices of W,,.

We use Theorem 2.2 in [14] on the indicated paths to find a
system of recurrence relations

T(Hp) =27(An) + T(Bn-1)

T(An) =27 (Com1) + T(Hi-1)

T(Bn) =27t (Dp) +27t(By_1)

7(Gh) =27 (Cim1) + T(Dn-1)

T(Dn) =27(C) +27(Dy—1) =27 (Dyor) + T(Buo).

Consider the Ilast two relations for 7(C;) and t(Dyp),
we have: T(C1)=27(C) +T (D) =41 (Cr) +2Tt(Dpq) =
67t(Gy) —41(Cq) or t(Chyq) —67(Ch) +47(C_1) =0, Thus
T(Ch) =67(Cy1) +47(C2) =0 and  7(G1) -67(C2) +
471(Cy_3)=0.

Subtracting these two equations, we get t(Cy) —77(Ciq) +
107(Cy_2) —471(Cy_3) =0, which is the final recurrence relation
for t(Cy). Consider the first two relations for t(Gy) and 7 (An).

Since T(B,_1) =2 t(Cy), we have t(Hy) =21t (An) +27(Cy) and
hence T(H,_1) =2t (Ap_1) +27(Cyq).

Substituting into the second relation, we obtain 7(A;) =
27(Ap_1) +471(Cy_1), therefore 7(Ap)—27t(Ap_1)=47(Ciq),
since 7(C,_q1) —67(Cy2) +471(C_3) =0, we have 471(C,_q)—
6 (4) 1(C2) +4(4) T(G3) =0, [T(An) —27(Ap ] -6[7
(An—1) =27 (Ap2)] +4 [T(An2) —2T(Ay3)] =0, thus 7(An) -
8 t(Ah_1) +16 T(A;_2) — 8 T(A4_3) =0, which is the final recur-
rence relation for 7 (A,).

Now 7 (A;) has the third order homogeneous recurrence rela-
tion:

Xn—8x,_1+ 16X, —8x,_3=0 (7)

Thus the characteristic equation corresponding to this recur-
rence relation is r3> —8r2 +16r —8 = 0 which has characteristic
roots r=2 and r =3+ /5.

Also t(G;) has the third order homogeneous recurrence rela-
tion:

(8)

Thus the characteristic equation corresponding to this recur-
rence relation is s3 —7s2+10s—4 =0 which has characteristic
roots s=1and s =3+ /5.

Thus t(Hp) =27t (An) +27(C;) must have the general solu-
tion.

Yn—=7Yn-1+10y,_2 —4y,_3=0.

TH) = B+V5)"+BB-V5)"+y +0 ()"

Substituting the initial conditions t(Hsz) = 128, 7(H4) = 720,
T(Hs) =3872 and t(Hg) = 20480 in the general solution, we

Fig. 6. The flower graph FIGG).

obtain

TH) = B+5) +BB =5 +y+0(2)°=128
TH) = B+v5) +BB-v5) ' +y+0@2)* =720
T(Hs) = 3+5) +B(3B—=+5) +y +0 (2)° =3872
THe) =a B ++v5)° +BGB-v5+y +0(2)° =20480.

This system of equations have a unique solution o =8 =
1, y =0 and o = -2, and hence the result follows. O

Theorem 7. Let H;: be a graph resulting from a wheel graph W, by
inserting k vertices of degree two into each edge of Wy. Then for
n>3, t(H}) = k" t(Wy).
Proof: Consider the five different families of graphs denoted by
H}, An, Bn, Gy and Dy, where n denote the number of vertices of
Wh.

We use Theorem 2.2 in [14] to find a system of recurrence re-
lations

T(Hy) =kt (An) + T(By-1)

T(Ap) =kt (Gi1) +T(H;_)

T(By) =kt (Dy) + kt (By_1)

T(Cn) =k T(Cn—l) + T(Dn—l)

T(Dn) =kt(Ci) +kT(Dy—1) = kT (Dpq) + T(By—1).

The proof can be completed via the same technique used in
Theorem 6. O

The Flower Fln(3), is the graph obtained from the wheel graph
W, with a pendent edge at each vertex of its cycle after joining
each pendent vertex to its center. See Fig. 6.

Theorem 8. For n > 3, the number of spanning trees of the flower
7+v33\"  [(7-v33\"
+
2 2
Proof: Consider the following five different families of graphs de-
noted by Flne), An, Bn, Gy and Dy as shown in Fig. 7, where n de-
note the number of vertices of W;,.

graph FI®) is given by — 2+,
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Fig. 7. The five families of graphs which we use to find an explicit formula for the complexity in the flower graph FI>.

We use Eq. (2) together with Theorem 2.5 in [14] on the indi-
cated edges and triangles to find a system of recurrence relations:

T(Fl”) =2T(An) +37(By 1)

T(An) = 7(Go1) + T(FLE))

T(By) =27 (Dyp—1) + 57 (Bn-1)

7(G) =27(Co1) +37(Dn1)

T(Dn) =7(Gh) +27(Dn-1) =27(Dn1) +37(Bp-1).

Consider the last two relations for 7(CG;) and t(Dp),
we have 1(Cyy1)=27(Cr)+37t(Dn) =57(Gr) +67(Dpq) =
7t(G) —41(Cq) or T(Chy1) —77(Cr) +47(Gioy) =0, thus
T(C) =77(Cr1) +47(C2) =0  and  7(Gy) - 77(G2) +
471(C,_3)=0.

Subtracting these two equations, we get t(C;) —87(C_q) +
11 7(Cy_3) —471(Cy_3) =0, which is the final recurrence relation
for 7(Cy). Consider the first two relations for 7 (FI>) and 7 (Ay).

Since 371(B,_1) = 1((;), we have ‘L'(Fl,f3)) =27(An) +1(Cy)
and hence t(Flrf)]) =271(Ap_1) + T(Cyq)-

Substituting into the second relation, we obtain
T(An) =21(A4_1) +27(Cy_1), therefore 7T(An) —27t(Ap_q) =
27(Cy1). Since T(Cho1) —77(Cip) +471(Ch3) =0, we
have  27(C 1) -2 (7N t(C2)+24) TG 3)=0, [T(An)~—
2T(An- D] =T7[t(Ano1) —27(Ap2) ] +4[t(An2) —2T(Ap-3)] =0,
thus 7(An) — 9 t(Ap—1) + 18 T(A,_2) — 8 T(A,_3) = 0, which is the
final recurrence relation for 7 (A;).

Now 7 (A;) has the third order homogeneous recurrence rela-
tion:

Xn—9%,_1+18x,_ —8x,.3=0 9)

Thus the characteristic equation corresponding to this recur-
rence relation is 3 —9r2 + 187 — 8 =0 which has characteristic
roots r=2and r= ”z—m

Also 7(C;) have the third order homogeneous recurrence rela-
tion:

Yn—=8Yn1+1yy 2 -4y, 3=0. (10)

Thus the characteristic equation corresponding to this recur-
rence relation is s3 — 852 4+ 115 —4 =0, which has characteristic
roots s=1and s = Hz—m

Therefore ‘L’(Fln(3)) =271(An) +7(Cy) has the general solution
T(Fl) = a (P2 + BB 4y +0 )"

Substituting the initial conditions ‘L’(Fl3(3)) = 243, 'L'(Fl4(3)) =
1617, T(FI) = 10443 and 7 (FI/*)) = 66825 in the general solu-
tion, we obtain

3 3
() =a(28) +B(Hf2) +y+o @) =234
4 4
T(FI®) = a(“gf) + ﬂ(”{ﬁ) +yto () =1617
5 5
tF) =a(T2) 4+ B(HE) +y 4o (2)7 = 10443
6 6
tF) =a(22) 4 B(HE) +y 4o (2)° 66825,

This system of equations have a unique solution o =8 =
1, y =0 and o = -2, and hence the result follows. O

u,

Fig. 8. The flower graph FI{¥.

Theorem 9. Let Hn(3), be the graph obtained from the wheel graph
W, with k pendent edges at each vertex of its cycle after joining
each pendent vertex to its center. Then

T (Hy”)
_ zkn[<k+e+/m>"+<k+e_¢m>" 2}
- k ¢ 1

Proof: Consider the five different families of graphs denoted by
H,§3), An, Bn, Gy and Dy, where n denote the number of vertices
of Wj,.

We use Eq. (2) together with Theorem 2.5 and Lemma 2.10 in
[14] to find a system of recurrence relations:

T(HP) =287 (Ap) + 21 (k+2) T(By1)

T(An) = T(Ga) + T(HP)

T(By) =2KT(Dy_y) + 281 (k+4) T(By1)

T(C) = 2% T(Coq) +2™1 (m+2) T(Dy1)

T(Dp) = 7(Ca) +2KT(Dn_1) = 2K (Dpq) + 281 (k+2) T(Bn1).

The proof can be completed via the same technique used in
Theorem 8. O

The Flower Fln(“), is the graph obtained from the wheel graph
W, with a pendent edge at each vertex of its cycle after joining
each pendent vertex to its center by a path of length 2. See Fig. 8.

Theorem 10. For n > 3, the number of spanning trees of the flower
graph FI® is given by 327 — 2 x 3" + 1.

Proof: Consider the following five different families of graphs de-
noted by Fln(‘l), An, Bn, G, and Dy as shown in Fig. 9, where n de-
note the number of vertices of W;,.
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Fig. 9. The five families of graphs which we use to find an explicit formula for the complexity in the flower graph Fln(‘”A

We use Eq. (2) together with Theorem 2.5 in [14] on the indi-
cated edges and squares to find a system of recurrence relations:

T(FI®) =3 1(An) +47(Bn1)

T(A) = T(Giy) + T(FI)

T(By) =31(Dp) +77(By1)

T(Ch) =31(G1) + 47 (D)

T(Dn) =7(Gi) +37(Dn1) =37 (Dp1) +47(Basy).

Consider the last two relations for t(C;) and t(Dp), we
have T(Cry1)=37T(G)+4T(Dn) =77(GCr) +12T(Dyq) =
107 (Cy) —97(Cyq) or 1(Cpyq) —10T(Gr) +97(Ci_q) =0. Thus
T(Cy) —107(Cou1) +97(Crz) =0 and 7(Cy_q) —10T(Cy_p) +
97(Cy_3) =0.

Subtracting these two equations, we get 7(C;) — 11 7(Cyq) +
197t(CG,_3) — 9 7(Cy_3) = 0, which is the final recurrence relation
for 7(G,). Consider the first two relations for ‘L'(Flrf4)) and t (Ap).

Since 4t (B,_1) = 1(C;), we have ‘L'(Fln(4)) =31(Ap) +27(Gy)
and hence t(Flrff)]) =31(Ap_1) + T(Cy1)-

Substituting into the second relation, we obtain 7(A;) =
37(Ap_1) +271(Cy_q1), therefore 7(Ap) —3t(An_1)=27(Ciq),
since T(Cy_1) —107(Cy_3) +97(C,_3) =0, we have 27(Cy_q) —
2(10) T(Gi2) +2(9) T(Gy_3) =0, [T(An) =37(A-]-10[7
(Anc1) =37 (An2)]+9 [T (An2) —3T(Ay3)] =0, thus 7(An) -
13 7(Ap_1) +39 T (Ap_2) — 27t (Ap—3) =0, which is the final
recurrence relation for 7 (Ap).

Now 7(A;) has the third order homogeneous recurrence rela-
tion:

Xn — 13X,1 +39%,_2 — 27 x,_3 =0. (11)

Thus the characteristic equation corresponding to this recur-
rence relation is r3 — 1312 + 391 — 27 = 0, which has characteristic
rootsr=1,r=3and r=09.

Also 7(C;) have the third order homogeneous recurrence rela-
tion:

Yn—11yn1+19y5_2—9yn_3=0. (12)

Thus the characteristic equation corresponding to this recur-
rence relation is s3> — 1152 +19s—9 = 0, which has characteristic
rootss=1, s=1and s= 9.

Therefore, t(Fl,f4)) =37(Ap) + t(Cy) has the general solution
T(FLY) =a 9"+ B 3)" + .

Substituting the initial conditions 7 (FI\*) =676, T (FI*) =
6400 and t(F15(4)) = 58564 in the general solution, we obtain
T(FI) =a (9 + B (3)> + y =676,

T(FI) =a (9)*+ B 3)* + y = 6400,
T(FI?) =a (9)° + B (3)° + y = 58564.

This system of equations have a unique solution @ = y =1 and

B = -2 and hence the result follows. O

Theorem 11. Let H,,(4), be the graph obtained from the wheel
graph W, with k pendent edges at each vertex of its cycle after

joining each pendent vertex to its center by a path P;. Then

n n
T(HYY = 3l<n[<k+9+ «/(lg+9)2— 36) +(k+9+«/(§+9)2—36) _2}

Proof: Consider the five different families of graphs denoted by
Hn(4), An, Bn, G, and Dy, where n denote the number of vertices
of W,

We use Eq. (2) together with Theorem 2.5 and Lemma 2.10 in
[14] to find a system of recurrence relations:

T(H*) =2k T(Ap) + 281 (k+2) T(Ba_y)

T(An) = T(Co1) + T(H™)

T(Bn) =2KT(Dy1) + 251 (k+4) T (B 1)

T(Cy) =287 (Cot) + 2™ (M +2) T(Dn_1)

T(Dp) = 7(Ca) + 2K T (Dn_1) = 287 (Dy_1) + 281 (k+2) T(Bp1).

The proof can be completed via the same technique used in
Theorem 10 O

The Flower Fln(m), is the graph obtained from the wheel graph
W, with a pendent edge at each vertex of its cycle after joining
each pendent vertex to its center by a path of length m — 2.

Theorem 12. For n > 3, the number of spanning trees of the flower

n
3m-2+.,/m(Gm-4
graph FI(™ is given by r(Fln(m)) = ( m-2+ymGm )) +

2
n
5m—4
mOm=4 ) 51
2
Proof: Consider the five different families of graphs denoted by
Fln(m), An, Bn, Gy and D,, where n denote the number of vertices
of W,
We use Eq. (2) together with Theorem 2.5 and Lemma 2.10 in
[14] to find a system of recurrence relations:

3m-2—

T(FI™) = (m—1) T(An) + mT(By_1)

T(An) = T(Gy1) + T(FL™)

T(By) =(M—1)T(Dp_1) + 2m —1) T (By_1)
T(G)=(m—-1)T(G1) +mT(Dp1)

T(Dn) =T(C) + (M —1)T(Dy1) = (M —1) T(Dp_1) + MT(Dn_1).

The proof can be completed via the same technique used in
Theorem 10. O

Theorem 13. Let Hn(m), be the graph obtained from the wheel
graph W, with k pendent edges at each vertex of its cycle after
joining each pendent vertex to its center by a path length m — 2.
Then

T(H™) = (m—l)kn|:<’<+3(m1)+\/(k+3(m1))24(m1)2>n

2(m-1)

2 (m-1)

n
+ (k+3 (m=1)++/(k+3 (m-1))*—4 (m—1)2> _ 2]'
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Fig. 10. The sun flower graph S fs.

Proof: Consider the five different families of graphs denoted by
Hn(m), An, Bn, Gy and Dy, where n denote the number of vertices
of Wj,.

We use Eq. (2) together with Theorem 2.5 and Lemma 2.10 in
[14] to find a system of recurrence relations:

T(H™) = (m =1 T (An) + [km*" + (m - 1D*] T(By_1)

T(A) = T(Coor) + T(H™)

T(By) = (M= 1) T(Dny) + [(km*" +2(m = 1)"] T (B, 1)

T(C) = (M= 1D T(Coy) + [km* "+ (m = D¥] (D 1)

T(Dn) = T(Ga) + (M= D*T(Dy_1) = (m = 1) *T(Dy 1)
+[kmET 4+ (m = D] T (Bay).

The proof can be completed via the same technique used in
Theorem 10. 0O

The sunflower graph Sf,, is the graph obtained from W, by
joining a path of length 2 between any two adjacent vertices in
its cycle Cy. See Fig. 10.

Theorem 14. For n > 3, the number of spanning trees of the sun
flower graph Sf;, is given by (4 + v/7)" + (4 — V/7)" — 2 x 3"
Proof: Consider the following five different families of graphs de-
noted by Sf,, An, Bn, Gy and Dy as shown in Fig. 11, where n de-
note the number of vertices of W,,.

We use Eq. (2) together with Theorem 2.5 in [14] on the indi-
cated edges and triangles to find a system of recurrence relations:

T(Sfn) = T(An) + T(Bn_1)

T(An) =67(CG1) +37(Sfao1)

T(Bn) =27(Dy) +37(By1)

7(Gh) =37(Coo1) + T(Dp—1)

T(Dn) =27(Gr) +37(Dp1) =37 (Dp1) + T (By1)-

Consider the last two relations for ©(C;) and t(Dp), we
have 7(Chyq) =37(C)+t(Dn) =57 (Gr) +37(Dp_q) =87(Gr) —
97t(Go1) or T(CGyq)—8t(Gr)+9(CGiq) =0, Thus t(Gy)—
87(Cy_1)+9(Cyz)=0and t(C,_1) —87(Cy_2) +97(Cy_3) =0.

Subtracting these two equations, we get t(C;) —97(C_q) +
17 1(Cy_) — 97(Cy_3) = 0, which is the final recurrence relation
for 7 (Cy). Consider the first two relations for t(Sf;) and 7 (Ap).

Since T(B,_1) =271t(Cy), we have t(Sfy) = t(An) +271(C;) and
hence t(Sf,_1) = T (Ap_1) +27(Cy_1).

Substituting into the second relation, we obtain 7(A;) =
37(Ap_1) +127(Cy_1), therefore 7(Ap) —3t(Ap_1) =127(Cy_q),
since 7(C,_1) —871(Cy_2) +97(Cy_3) =0, we have 127(G_1) —
12(8) T(Cr2) +12(9) T(Cr3) =0, [T(An) =37(Ap1)]-8[7
(An-1) =37T(An )] +9[t(An2) —37(Ay3)] =0, thus 7T(An) -
1M t(Ay_1) +33 1(Ap_2) — 27 T(A;_3) =0, which is the final
recurrence relation for 7 (Ap).

Now t(A;) has the third order homogeneous recurrence rela-
tion:

Xn—11x,_1 +33%x,_2 —27%x,.3=0 (13)

Thus the characteristic equation corresponding to this recur-
rence relation is r3 — 1112 + 33r — 27 = 0, which has characteristic
roots r=3 and r=4++/7.

Also 7(C;) have the third order homogeneous recurrence rela-
tion:

J’n—9J/n-1 +17yn—2_9yn—3:0- (14)

Thus the characteristic equation corresponding to this recur-
rence relation is s3 —9s2+17s—9 =0, which has characteristic
roots s=1and s= 4+ /7.

Therefore 7(Sfy) = t(An) +2t(C;y) has the general solution
T(Sf) =0 A+ +B (4= VD" +y +0 (3"

Substituting the initial conditions t(Sf3) =242, t(Sfy4) =
1792, ©(Sfs) = 12482 and t(Sf5) = 84700 in the general solution,
we obtain

TSf) = G+V7) +B A+VD) +y +0 (3)° =242
tSf)=a G+VT) +B A+vD' +y +0 (3) =1792
TSfs) = G+vVT) +B G+vT) +y +0 (3)° = 12482
tSfo)=a G+ VD)’ + B A+vD)’ +y +0 (3)° = 84700,

This system of equations have a unique solutiona =8 =1,y =
0 and o = -2 and hence the result follows. O

Theorem 15. Let Q,, be the graph obtained from W, by joining a
path of length k — 1 between any two adjacent vertices in its cycle
Cp. Then

T (Qn)

3k—1+v5k2—6k+1\" (3k—1-+B5kZ—6k+1\ .,
5 + 5 -2k,

Proof: Consider the five different families of graphs denoted by
Gn, An, Bn, G, and Dy, where n denote the number of vertices of
Wh.

We use Eq. (2) together with Theorem 2.5 and Lemma 2.10 in
[14] to find a system of recurrence relations:

7(Qn) =7 (An) + T(Ba1)

T(An) =k(k—1) T(Gi—1) + kT(Qu-1)

T(By) = (k—1)T(Dy) + kT (By_1)

7(Gh) =kt (Gi1) + T(Dn-1)

T(Dp) =(k—=1) () + kT (Dy_1) = kT (Dn1) + T(Byo1).

The proof can be completed via the same technique used in
Theorem 14. 0O

Theorem 16. Let Q;, be the graph obtained from W, by joining
2—uniform k—skein between any two adjacent vertices in its cycle
Cy. Then

T (Q)
= 20N [(k434/2k+5)" + (k+3 +/2k +5)" — 2 (k+2)"].

Proof: Consider the five different families of graphs denoted by
Qn, An. Bn, Gp and Dy, where n denote the number of vertices of
Wh.

We use Eq. (2) together with Theorem 2.5 and Lemma 2.10 in
[14] to find a system of recurrence relations:
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Fig. 11. The five families of graphs which we use to find an explicit formula for the complexity in the sun flower graph S f;.

7(Q;) = T(An) + T(Bn-1)

T(An) =221 (k+2) T(G1) + 281 (k+2) T(Q;_))

T(By) =2K T(Dy) +25 1 (k+2) T(By1)

T(G) =281 (k+2) T(Gi1) + T(Dy1)

T(Dp) =257 (C) + 251 (k+2) t(Dpq) =21 (k+2) T(Dyv)
+T(Bn-1)-
The proof can be completed via the same technique used in

Theorem 14. 0O

Theorem 17. Let Q;*, be the graph obtained from W, by joining
m—uniform k—skein between any two adjacent vertices in its cycle
Cy. Then

2 2\ "
Q) :k<m_1>n[<3k+2m+\/(3k+22m> —a(k+m) )

2 2\"
+(3k+2m_\/(3k+§m) —4(k+m) ) ~2(k+ m)"}-

Proof: Consider the five different families of graphs denoted by
Q;, An. Bn, Gy and Dy, where n denote the number of vertices of
Wh.

We use Eq. (2) together with Theorem 2.5 and Lemma 2.10 in
[14] to find a system of recurrence relations:

7(Q;*) = 7 (An) + T(Bn_1)

T(Ap) = k™1 (m+k) T(Cooy) + k™1 (m+ k) T(Qi*,)

T(By) = k™ T(Dp) + k™' (m+k) T(By_q)

T(G) = k™1 (m+k) T(Co1) + T(Dp-1)

T(Dp) = k™ T(C) + k™1 (m+k) t(Dpo1) = k™1 (m+k) T(Dyq)
+7 (Bn—l )

The proof can be completed via the same technique used in
Theorem 14. 0O

Theorem 18. Let M,, be the graph obtained from W, by joining
K — e between any two adjacent vertices in its cycle C,. Then

T(Mp) =m™ D [(m+1+/2m+1D)"+(m+1++/2m+1))"

-2m"].

Proof: Consider the five different families of graphs denoted by
My, An, Bn, C; and Dy, where n denote the number of vertices of
Wh.

We use Eq. (2) together with Theorem 2.5 and Lemma 2.3 in
[14] to find a system of recurrence relations:

T(Mp) = T(An) + T(Bpo1)

T(Ap) =2m?*™= 7(Cpoq) + m™ 2 T(My_q)

T(By) =2m™3 (Dy) + m™2 T(By_1)

7(Cy) =m™2 7(Gy—1) + 7(Dy_1)

(D) =2m™3 7(Cy) + m™2 T(Dy_y) = m™2 7(Dp_y)
+ T(Bn-1).

The proof can be completed via the same technique used in
Theorem 14. 0O

The very remarkable result is that when we compute the num-
ber of spanning trees of a graph and we obtain a system of recur-
rence relations, we obtain the same number of spanning trees of
other graph with different system of recurrence relations as shown
in the following Theorems:

Theorem 19. Let X; be the graph obtained from the wheel graph
W, by adding parallel edge to each edge in the internal edges of
Wy . Thenforn>3, t(Xy) =7(Gn) = R+ V3) "+ (2 =V/3)" = 2.
Proof: Consider the following five different families of graphs de-
noted by X, An, Bn, C; and Dy as shown in Fig. 12, where n de-
note the number of vertices of W;,.

We use Eq. (2) together with Theorem 2.2 in [14] on the indi-
cated edges to find a system of recurrence relations:

T(Xn) =T(An) +27(Bno1)
T(An) = T(Cn—l) + I(Xn—l)
T(Bn) =7(Dn) +37(By1)
7(Gh) = T(Gi—1) + T(Dn-1)
T(Dy) =71(G) + T(Dp-1) = T(Dyo1) + 2T (Byo1).

Consider the last two relations for t(G,) and t(Dp),
we have T(Cr1) =7(Cr) +2Tt(Dn) =37(Ch) +2t(Dp_q) =
41(Cr) — 1 (Cyq) or T(Cryq) —47(Cr) + T(Gyi_q) = 0. Thus 7(Cy) —
477(Cn—1) + t(Cn—Z) =0 and t(Cn—1) -4 I(Cn—Z) + I(Cn—B) =0.

Subtracting these two equations, we get t(C;) —57(C_q) +
57(Cy_3) — t(Cy_3) =0, which is the final recurrence relation for
T(Cp). Consider the first two relations for 7(X;) and 7 (Ap).

Since 2t(B,_1) = t(Cy), we have t(X;)=1t(An) +1t(C;) and
hence 7(X,_1) = t(Ap_1) + T(Co_1).

Substituting into the second relation, we obtain 7(A;) =
T(Ap_1) +27(Ciq),s therefore T(An) —t(Ap_1) =27(Cyq),s
since T(Cy_1) —47(Ci2)+71(C_3) =0, we have 27(C_q)—
2@)t(CGa)+27(Cr3)=0, [t(An) —TAr-] -4t (A1) —
T(A2)] +[t(Ay2) —T(Ay3)] =0, thus  7(An) —5T(Ap1) +
57 (An_2) — T(An_3) = 0, which is the final recurrence relation for
T(Ap).

Now both t(Ap) and t(C,;) have the third order homogeneous
recurrence relation:

Xn—5X1+5X2 —Xp3=0 (15)

Thus the characteristic equation is > —5r2 +5r —1 =0 which
has characteristic roots r =2 4+ +/3 and r = 1. Thus the general so-
lution of T(Xp) is T(Xp) = 2+V3)"+B 2 -V3)"+y.

Which the same general solution as 7(G,) in Theorem 2 with
the same initial conditions t(X3) =50, t(X3) =192 and t(X5) =
722. The proof is complete. O

Theorem 20. Let X} be the graph obtained from the wheel graph
W, by adding k parallel edges to each edge in the internal edges
of Wj,. Then for n > 3,

T(Xp) = T(Gp)

2 - .

2
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Fig. 13. The five families of graphs which we use to find an explicit formula for the complexity in the graph Y.

Proof: Consider the five different families of graphs denoted by
X, An, Bn, Gy and Dy, where n denote the number of vertices of
Wh.

We use Eq. (2) together with Theorem 2.2 in [14] to find a sys-
tem of recurrence relations:

T(Xy) = T(An) + kT (By_1)

T(An) =T (Go) + T (X5 )

T(Bn) =t(Dn) + (k4 1) T(By—1)

T(Cn) = T(Cnfl) + kT(Dn—l)

T(Dn) =7(Ch) + T(Dy—1) = T(Dnq) + kT (By—1).

The proof can be completed via the same technique used in
Theorem 19. O

Theorem 21. Let Y, be the graph obtained from the wheel graph
Wy, by adding parallel edge to each edge in the cycle of Wy. Then
for n> 3, T(Yn) = 1(Ey) = 22" —2n+1 4 1.
Proof: Consider the following five different families of graphs de-
noted by Y, An, By, Gy and D, as shown in Fig. 13, where n de-
note the number of vertices of W;,.

We use Eq. (2) together with Theorem 2.2 in [14] on the indi-
cated edges to find a system of recurrence relations:

T(Yn) =1t(An) + T(By-1)

T(An) =27 (Coo1) +27(Yyo1)

T(By) =t (Dn)+27t(Bn_1)

T(C) =27(Cm1) + T (D)

T(Dn) =1(Ci) +2T(Dn1) =27 (Dnv) + T(Bi—1)-

Consider the last two relations for 7(C,) and t(D;), we
have 7(Cyy1) =27(G) +7(Dn) =37(Gr) +2T(Dy_1) =57(Ga) —
47t(Cyq) or T(Cy1)—-57(Gr) +4(Cy1) =0, thus (Gy)—
57(GCro1) +41(Cr2) =0, T(Co1) =57(Gra) +47(Cy3) =0.

Subtracting these two equations, we get T(G;) —67(Cy_1) +
97(C,_) —471(Cy_3) =0, which is the final recurrence relation for
7(G,). Consider the first two relations for 7(Y,) and 7 (Ap).

Since T(B,_1) = 1(C;), we have t(Yn)=1(An)+1t(G) and
hence 7(Yy_1) = T(Ap_1) + T (Gro1).

Substituting into the second relation, we obtain 7(Ap) =
27(Ap_1) +471(Cy_1), therefore t(An)— t(Ap_1) =471(Ciq),
since T(Cy_q1) —57(G2) +47(G,_3) =0, we have 47(Cy_q) —
4(5) T(Crz) +4(4) T(Ci3) =0, [T(An) —2T(Ap_1)] = 5[t (An_1)
= 2t1(Ap2)] +4[t(Ay2) —2T(Ap3)] =0, thus T(An) —77(Aq_1)
+141(A;,_2) — 81T (A;_3) =0, which is the final recurrence relation
for t (An).

We obtain t(A;) and t(C;) have the same recurrence relations
(5) and (6) respectively and so 7(Yy) = t(An) + T(B,_1) has the
same general solution of t(E,) in Theorem 4.

Since the initial conditions t(Y3) =49, 7(Ys) =225 and
T(Y5) =961 are also the same as 7 (E,).

The proof is complete. O

Theorem 22. Let Y} be the graph obtained from the wheel graph
W, by adding k parallel edges to each edge in the cycle of W,. Then
for n > 3,

2k+1+vAk+1\"

T(Yn*)=f(E;‘)=<2>
2k+1-vak¥1\"

+ — —2k"

Proof: Consider the five different families of graphs denoted by
Y¥, An, Bn, Gy and Dy, where n denote the number of vertices of
Wh.

We use Eq. (2) together Theorem 2.2 in [14] to find a system of
recurrence relations:

T(Yy) =1 (An) + T (Bn1)

T(Ap) =kt (Comr) + kT (Y )

T(By) =1(Dn) + kT (Bp-1)

T(C) =kt (Gio1) + T(Dyo1)

T(Dy) = T(Gy) + kT (Dn1) = kT (Dyo1) 4+ T(Bao1).

The proof can be completed via the same technique used in
Theorem 21. O

3. Spanning tree entropy

After having explicit Formulas for the number of spanning trees
of wheel graph W;, and the graphs generated by W;, we can calcu-
late its spanning tree entropy which is a finite number and a very
interesting quantity characterizing the network structure, defined
as in [15,16] as:

In7(G)
Vo) |

Z(G) = lim (16)
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This limit is known as the asymptotic tree number entropy,
asymptotic growth constant, or thermodynamical limit.

n[(5%) +(5%) 2]
2w = Jim

n+1
(3+«/§
=In| ——

5 ) ~ 0.9624.

2G) = 264 = lim 1n[(2+\/§)2:+(21—¢§) ~2]

- ln( 2+ /3) ~ 0.6585.

In[4"~22"41] o0 oy

Z(En) =Z(Yn) = T}Lngo

2n+1
n _ n_ n
Z(Hy) = Jim In[(3 ++/5) 21(1:1 1\/3) 2 x 21

In (3/3 N «/E) ~0.5519.

w7 (57 2]
Z(FI®) = lim

n—oo 2n+1
—In 7+2—‘/§ ~ 0.9260.
. In[9"—2x3"+1] s
4)y _ _ ~
Z(Fly") = lim T =1In (¥9) ~ 0.7324.
o In[@ VD @ - VD) =2 x 37
Z(Sfn) = lim T

In (V4 ++/7) ~ 0.9470.

4. Conclusions

In this work, we have proposed a new method for counting the
number of spanning trees of a wheel graph. Using this method, one

can obtain the number of spanning trees of any graph generated
by the wheel graph. Also we investigate the asymptotic limit of
these graphs. An advantage of our technique lies in the avoidance
of laborious computation of Laplacian spectra that is needed for a
generic method for determining spanning trees.
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