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tribution (GPD) using relation between probability density function and distribution function and using
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the Pareto, uniform and exponential distributions.
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1. Introduction

In failure data analysis, it is common that some individuals
cannot be observed for the full failure times. GPTIICOS is a use-
ful and more general scheme in which a specific fraction of in-
dividuals at risk may be removed from the study at each of sev-
eral ordered failure times. Progressively censored samples have
been considered, among others, by Davis and Feldstein [9], Bal-
akrishnan et al. [6], and Guilbaud [10]. This scheme of censoring
was generalized by Balakrishnan and Sandhu [5] as follows: at
time Xo = 0, n units are placed on test; the first r failure times,
X1,..., X, are not observed; at time X; + 0, where X; is the ith
ordered failure time (i=r+1,..., m—1), R; units are removed
from the test randomly, so prior to the (i+1)th failure there are
nj=n ——i-3_,,1R; units on test; finally, at the time of the
mth failure, X;;, the experiment is terminated, i.e., the remain-
ing Ry units are removed from the test. The R;’s, m and r are
prespecified integers which must satisfy the conditions: 0 <r <
m<n, 0<Ryj<n;_; fori=r+1,..., m—1 with n,=n-r and
Rm =ny,_1 — 1, (see Fernandez [4]).

If the failure times are based on an absolutely continuos distri-
bution function (cdf) F with probability density function (pdf) f,
the joint probability density function of the GPTIICOS failure times

* Corresponding author.
E-mail address: ali.elsharawy82@yahoo.com (A.M. Sharawy).

http://dx.doi.org/10.1016/j.joems.2017.05.002

Xet1:men Xey2:mens - - > Xmeme,no 1S given by

m
< [ fea. 1 = Fxi O X1 <Xz < ... <Xmo (11)

i=r+1
where,
n! m o
K(n'nH)ZW Hnj , Mj=n—i- Z R;.
j=r j=r+1

i=r+1,....m-1.

Mohie El-Din et al. [16] derived recurrence relations for expec-
tations of functions of order statistics for doubly truncated distri-
butions and their applications. Aggarwala and Balakrishnan [3] de-
rived recurrence relations for single and product moments of PTI-
ICOS from exponential, Pareto and power function distributions
and their truncated forms. Hashemi and Asadi [11] derived some
characterization results on generalized Pareto distribution based on
progressive Type-II right censoring via conditional moments. Abd
El-Aty and Mohie EI-Din [1] derived recurrence relations for sin-
gle and double moments of generalized order statistics from the
inverted linear exponential distribution and any continuous func-
tion. Bermudez, and Kotz [7,8] derived Parameter estimation of the
generalized Pareto distribution. Mohie El-Din and Kotb [15] de-
rived recurrence relation for product moments and characteriza-
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tion of generalized order statistics based on a general class of dou-
bly truncated Marshall-Olkin extended distributions. Mohie El-Din
et al. [14] discussed estimation for parameters of Feller-Pareto dis-
tribution from PTIICOS and some characterizations. Abdel-Hamid
and Al-Hussaini [2] derived Inference and optimal design based on
step-partially accelerated life tests for the generalized Pareto dis-
tribution under progressive Type-I censoring.

Imtiyaz et al. [13] introduced some characterization results for
another form of generalized Pareto distribution using generalized
order statistics.

Throughout this paper, we introduce recurrence relations
among single and product moments based on GPTIICOS. Moreover,
we specialized the results to the PTIICOS and to the Pareto, uni-
form and exponential distribution. Also characterization for GPD
using recurrence relations of single and product moments based

on GPTIICOS, are obtained.

(Rri1.Rpy 2, Rm) (Rrs1-Rpy2,--.Rm) (Rri1,Rpy2,.Rm)
Let Xr+1:m:n < Xr-¢—2:m:n <o < Xmmn be

the m ordered observed failure times in a sample of size (n—r)
under GPTIICOS scheme from the GPD with probability density
function (pdf) given by

%[1—§(x—9)](%_1) 0>0 6eR y=+#0,

fx,y.0.0)=
Lo 0>0, OeR y=0.
(1.2)

The corresponding cumulative distribution function (cdf) is
given by

1-[1-2x-0)]7 y 20

F(x,y,0,0)= (1.3)
1—e 5" y=0.
For y <0 we have § <x < oo and for y >0 we have 6 <x <
0+ <.
Y

The distribution function given by Imtiyaz et al. [13] is defined
as

Foo = [1- (1+mxo]™, (1+m)* (x(co, )0, m)—1,

can be transferred to survival function of the first part of
Eq. (1.3) where y > 0, using the following transformation,
Let x* = 0= and (14 m) =y then

F(y):[l—y(yag)}y, 9<y<9+c;, y>0.

which is called generalized Pareto distribution given by (Bermudez,
and Kotz [7,8] and Abd El-Hamid et al.[2]).

Note (1)

We can obtain some distributions as particular cases from gen-
eralized Pareto distribution with pdf given by (1.2) as follows:

1- For y <0, Eq. (1.2) reduces to the case of Pareto distribution.

2- For y <0 and y0 = —o, Eq. (1.2) reduces to the case of ordi-
nary Pareto distribution.

3- For y =1, Eq. (1.2) reduces to the case of uniform distribution.

4- For y =0, Eq. (1.2) reduces to the case of exponential distribu-
tion.

It may be noticed that from (1.2) and (1.3) the relation between
pdf and cdf is given by,

[0 +y0 —yxIf(x) v #0,
[1-Fx)]= (1.4)
o f(x) y=0.

For any continuous distribution, we denote the ith single mo-
ments of the GPTIICOS in view of Eq. (1.1) as

(Rr41.Res20mesRm)©
q:m:n

* f D1 = FGra) 1% f (re2)[1 = F i) 152 f (%)
x[1 = F(xXm)|*mdx, i1 . .. dXp, (1.5)

when i = 1, the superscript in the notation of the mean of the
GPTIICOS may be omitted without any confusion, and the ith and
jth product moments as

(Re41,Rri20Rm) ) (Rr+1.Rrs2. . Rm)" v (Res1.Rrs2.o.Rm)
o " - E Xq:nrr:n " XS:U;?TL "

Mg.simn
= K(n,m—]) // / X;XHF(XH-I)]r
0<Xpiq<...<Xm<00

< f )1 = F )15 f (Xr12)
x[1=Fx2)]2 . f(m)[1 = F ()"
xAXpyq ... dXpy. (1.6)

2. Recurrence relations of single and product moments

In this section, we introduce the recurrence relations for single
and product moments based on GPTIICOS.

In the next theorem we introduce the recurrence relations for
single moments based on GPTIICOS.

Theorem 2.1. If X}, 1.n < X;;2:n <... < Xu:n be the order stasistics of
a random sample of size (n—r) following GPD, for r+2 <q<m—
1, m<nandi>O0, then

; Rei1.Rrgzene Ri)
[Rg+ 1) +y (A + Dlpgm ="

— (0 +yO) (i + Dl

(Res1-Res2.e:Rq_2.(Rq_1+Rg+1).Rs1....Rm)

+ (n—Rrs1— ... —Ri-1—q+1)

(i+1)

XM _1:m—1:n —(n—Rrp1—... —Rg—q)
(Rest-Rrs2,ove Ry 1, Re+Rgs1+1). Ry R ) 1
q:m—1:n (2.1)
Proof.

From Egs. (1.4) and (1.5), we get

Re1.Rrp2,Rm) Re1.Rr 2,0 Rim) D)
(O—+V9)/'ng:rﬁ:]n 2 ) _)//'ng:rﬁ:]n 2 )

=K(n,m—l)ff"'f Z (quhxqﬂ)
0<Xpi1<..<Xq_1<Xg1<...<Xm<00

<IF ()] F s D =F e DI f (g1 ) [1=F (%g-1) |
% f (xge1)[1 = F(xg1)] ™" Fxm)[1 = F(xm) "

XxAXpq ... dXg_1dXgyq .. dXpm, (2.2)
where
Xge1 .
Z1 (Xq-1. Xq11) = /5 —F(xg)|f*! dxg. (2.3)
q-1

Upon integrating the integral in (2.3) by parts, we get

+1[1 _F Rttt 19 _ F(x. . )]%!
RO BB | Lk 20 Ml &1 Ll )

Ry +1 Xg1
+< q + )/ x:;‘lf(xq)[]_F(xq)]quXq. (2'4)

i+1
Substituting by Eq. (2.4) in Eq. (2.2) and simplifying, yields
Eq. (2.1).
This completes the proof. O



M. M. Mohie EI-Din et al./Journal of the Egyptian Mathematical Society 25 (2017) 369-374 371

Special cases

1- Theorem (2.1) will be valid for the PTIICOS as a special case
from the GPTIICOS when r =0,

i+1
[(Rg+ 1)+ G+ gl

: (@)
= (@ +yO) i+ D" + (n—Ri—... —Rg1—q+1)
Ri.Ry.....(Rg—14+Rq+1).Rgs1.....Rm (i+1)
Lg—l:ni—ln“ e ) —(M-Ri—...—R;—q)
(RLR; ..... (Rg+Rg11+1),Rgy2,--0s Rm)‘”“
qgm-1:n
2-Forr=0and g=m
. (i+1)
[(Re+ 1)+ G+ D)l
: (@
= (@ +y0) (i + Dt " 4 (n=Ry— ... ~Rm1—m+1)

i+1

(Ri-Raeos Ryt +Rg+1).Rg 1R )
m-1:m-1:n

3-Forr=0and 2<m<n

i i+1)
[Ri+1D)+y(@+ 1)]M§Rr1n’312 ..... Rmn)"

= (@ +y0)(i+ Duffit"

Ri+Ry+1),Rs.....Rp) D
—(n = Ry = DD R R

and forr=0, m=1andn=1,2,...

. _ 1)+ . —1)®
[T+ G+ DY = (0 +y0) i+ D",

4- For r=0, m=1, n=1and Ry =... =Ry =0,

(c+y0)(i+1)

(i+1) _
H TERAES)

(i) For i = 0 we obtained the expected value, u" = E[X] = 1 =

(o+y6)
[T+y] -~
(ii) For i =1 we obtained the second moment, ©® =E[X2]=
2(c+y0)
a+am *
(iii) From (i) and (ii), we obtained the variance, Var(X) =
(0+y6)*
A + 2 +y)*
(iv) For i=2 we obtained the third moment, u® =
(31(‘””9)“(2), and we also obtained the skewness,
_ 1®-3u M(ZLMB] "
oL p@—p2))2 )
(v) Forr i=3 we obtained the fourth moment,
u@ = ?(”H’G)MG), and  the  kurtosis,  Kurt[X]=

pu®—3u4+6u2 u(2> Au pu®
[ p@—p2y
In the next two theorems, we introduce recurrence relations for
product moments based on GPTIICOS.

Theorem 2.2. [f X 1.y <... < Xu:n be the order stasistics of a random
sample of size (n —r) following GPD, forr+1<qg<s<m—-1, m<
nand i, j >0, then

. (i+1.)
[(Rq+ 1)+ i+ 1)]ugimn "

. Rr ,Rr _____ Rm (i.J)
= (0+y0) (DS > * " +(n—Rep1— ... —Rg_1—q+1)
Rrs1.Rrs2.sRe 2, (Rg1+Rg+1).Rg 1.0 R ) 17
gfﬁﬁfﬁfnqu, 2 (ot tRetD Rt ) —(M—Rr1—...—Rq—q)
(Re+1.Res2.Rg-1. (Rg+Rqs1+1). Ry 2. Rm )““‘”
gs-1:m-1:n . (2.5)

Proof.
Similarly as proved in Theorem 2.1. O

Special case

This theorem will be valid for the PTIICOS as a special case from
the GPTIICOS when r =0,

. (i+1.§)
[(Rg+ 1)+ ¥ (i + D]

. (i)
= (@ +yO) i+ Dpgeamt ™" + (n—Ri— ... ~Rg_1-q+1)
RiRy.... Ry 2. (Rg_1+Rg+1) Ryr.r. R ) 7
tg—ll,sz—lzmilzzn o ! ) —(n—Ri—...—Ry—q)

(R1.Ravvo Ry 1, (Re+Rys1+1), R 2,nveRin)

q.s—1:m—1:n
Theorem 2.3. If X, q.n <... < Xn:n be the order stasistics of a random
sample of size (n —r) following GPD, forr+1<qg<s<m-1, m<
nand i, j >0, then

Rm)(i~]'+1)

. Rei1,Rri2,ees
[((Re+ 1) +y (j + Dug e
(Rey1.Rei2, s Rm)(i'j)

= (0 +y0)(J+ Digimn +(N—Rry1—... —Rs_1—s+1)
Xl/«r(;Rle :m Sl Zn(Rs PHRAD Rt Rm)(x‘jm_(n—Rer ..—Rs—5)
XIJ«;RSH,L A ; 1. (Re+Rs4141),Res, ey R,,,)(i‘j+1). (2.6)
Proof.

Similarly as proved in Theorem 2.1. O
Special case
For r = 0, we obtain the recurrence relation of PTIICOS.

1 (ij+1)
[Re+1D)+y(+ 1)]/‘5((11_?;}115?{{”}2'”)

(Ry.Ry.....R) D)

=(O—+y9)(j+1)ﬂq5'm'n +(M—Ry—...—R_1 —s+1)
i DR R, )
s pu R ls 1.(Re+Roy14+1) Reyz. oo Rm) 70
g,s:m-1:n s
and for s=m
. (+1
(R + 1)+ (+ D=0
. )
= (@ +yO) G+ D™ + (M =Ry — ...~ Rp_g—m+1)

(Rt.-o-Rm 2. R+ R 1) )
><H“m 1:m-1:n

3. The characterization

In this section, we introduce the characterization of the GPD
using the relation between pdf and cdf and using recurrence rela-
tions for single and product moments based on GPTIICOS.

3.1. Characterization via differential equation for the GPD

In the next theorem, we introduce the characterization of the
GPD using relation between pdf and cdf.

Theorem 3.1. Let X be a continuous random variable with pdf f(-),
cdf F(-) and survival function [1 — F(-)]. Then X has GPD iff

[0 —yu+yxlf(x) y#0,
[1F(X)]={ (31)
o f(x) y=0.
Proof.
Necessity:
From Egs. (1.2) and (1.3) we can easily obtain Eq. (3.1).
Sufficiency:

Suppose that Eq. (3.1) is true. Then we have:

—d[1-F®)] _ srRdx 7 #0
1-F®x) Ldx y =0.
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By integrating, we get

1
—Injo —y0+yx|+C y #0
—In|1-Fx)| = (3.2)
X
—+C =0
o + Y ’
where C is an arbitrary constant.
Now, since [1-F(u)] =1, then putting x =6 in Eq. (3.2), we

get C = {V ln|a|_y0;£ therefore,
im%@wx Y £0
In|[1-FX)]| = o
X_
— 5 y:O’
hence,
o —y0+yx &
1‘[“] )40
F(x)
-(x-0)
1—e o y=0

That is the distribution function of GPD. This completes the
proof. O

3.2. Characterization via recurrence relation for single moments

In the next theorem, we will introduce the characterization of
the GPD using recurrence relations for single moments based on
GPTIICOS.

Theorem 3.2. Let X; 1.y < Xip2:n <... < Xn:n be the order stasistics
of a random sample of size (n—r). Then X has GPD fiff, for r+2 <
g<m-1 m<nandi>0,

(i+1)
[(Rg+1) + ¥ i+ D]ugris "
. (i)
= (0 +yO) i+ Dpgiii " +(-Rep1—..~Rg-1-q+1)
Rec1.Rrszseons (Rg_14+Rq+1),RostsesRin ) 17
/’L¢§11m 12,1 o " ) —(M—Rr1—...—Rg—0q)
(i+1)
§f;*i .11?:2 ..... .(Rg+Rqs1+1).Rgs2.....Rm ) (33)
Proof.
Necessity:
Theorem 2.1 proved the necessary part of this theorem.
Sufficiency:
Assuming that Eq. (3.3) holds, then we have:
(O- + y@)M(RHl Rria..., Rm) (y)M(RrH Rria..., Rm>(i+1)
_ReH D R (n=Rei = —Re1 =g +1)
(i+1) “emn i+1)
(Rest Rres2,oes Re1+Rg+1). Rysr R ) Y (M—Rpy1—...—Rq—q)
q—1:m-1:n (l + 1)
(Rrs1.Res20ee Ry+Rys1 +1) Ry R ) (34)

q:m-1:n ’
where,

(Rr+1 Re2.eoo.Rm) D

Mg:m
K("m 1)/:/ / Z3 (xq 1, Xq+1)
0<Xppq...<Xg_1 <Xgi1 <...<Xm <00

SIF ()] F DI = F )R (xg1) [1=F (xg-1) ]
xS (xge1)[1 = F(xg1)] ™" Fxm) 1 = FGxm) "

xAXpiq ... AXg_1dXgyq .. dXp, (3.5)
where,
Ko i+1 R
Z3(Xg-1. Xq11) = J X1 = F(x)]"dxg. (3.6)
q—1

Upon integrating the integral in (3.6) by parts, we get

Z3 (qu . Xq+1)
1

-1 . 1
= gl —F(xgn)]" + e LR L F(xg1)]"

st 11 / X[1 = F(xg)f* dxg.

(3.7)

Substltutlng in Eq. (3.5), we get

(Rrs1.Res.ceesRe) 4
m:n

~ arKonn [[ ] Fan)]
Rq+1 (@ m-1) O<x,+] c<Xg-1<Xgy1<.. <Xm<oo[ (r+])]

< )1 = F ()%

Slxe-r)[1 —F("qfl)]RH f

Xg-1

xxh[1 = F (xq) 1" dxg f (xg41) [ 1 - F(xqﬂ)] L f(Xm)

x[1 = F(Xm)[*"dX,1 ..

K
(n,m-1) // / Xl+1 F(X

1)
Rq +1 0<Xppq...<Xq_1 <Xg41<...<Xm <00 [ ™ ]

s f (1) x [T = F) 0 f(xgo1)[1 _F(Xq_l)]Rq—1+Rq+1

xf(%g41)[1 _F("qﬂ)]R%1 o fm)[1 = F ) *mdxe
K(n.m—l)
Rg+1

1
X[// XL ()]
0<Xppq...<Xq_1 <Xg41<...<Xm <00

% f )1 = Fen) ¥ f (xqsn)[1 = F(xqer) 7
xf(%g12)[1 *F(Xq+2)] “ L f )1 = F )]

xAXpiq ... AXg_1dXgy1 ... dXpy

i+1 /[ /
- ) [F(%r:1)]"
Knm- )R +1 0<Xp 1. <Xg_1 <Xgi1 <o <Xy <00 r+

x / - F I () [1-F ) [ f(xg1)

q-1

(1= Fra)] " x Fltgan)[1 = F(e) ]
fm)[1 = F(xm) fmdxpss .

JdXg_1dXgyq ... dXm

xAxg_1dXgi1 ... dXpm —

Jdxg_1dXgyq ... dxXm

(n_RH—l_ —Rq_1—q+])
Rq +1
(Re1Res2, (Rg—1+Rg+1).Rys. .. R,,,)““’
q-1:m-1:n
+(n_Rr+1 —...—Rq_q)
Rq +1
(Rr 1.R12,....(Rg+Rg414+1).Ryia..... Rm)(x'+1)
Mq m+ 1: nJr e q+ (38)

(i+1)
Substituting for M(Rf“ Rrs2::wRm)

we get

from Eq. (3.8) in Eq. (3.4),

(Rr41.Rrs2,0eRi)© Ran) D

(0 +yO)gnn - (V) Mgt

:K(n,m—l)//"'/o o X [F (%)]'[1 — F(xg)]Fe*!
X F )1 = F @)1 f(%g-1)

(Rr+1 Rria...
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(1= Flsaon)]* o) [1 = Frgnn)

x .. fxm)[1 = Fxm) R dXey . .. dxpm. (3.9)
We get
[((H,TTIf]) // o ./0<X,»+1<..4<xm<oo Xé (U + ye B qu)
*[F )] F [T = F ) 1% x f(xry1)[1 = F(%1)]*
() [ = F(xg) ] F(Rqn) [1 = F 1) ]
o Fm)[1 = F ) fmdx,yq .. dxi
= Kamn [[ - /w KGlF )1 = F eI
) )1 = F i) 18 F g1 )[1 = F(xg-1) [
xS (Xgo) [1 = F(xqs1)] ™" Fxm)[1 = F )1
xdXppq ... dxn. (3.10)
We get
I<(Tl,m—1) // o /(;<X,»+1<...<Xm<oo Xq
x[(0 +y0 —yxq) f(xg) — [1 = Fx)1I[F (Xr1)]'
x[1 = F) 1 f (i )[1 = F (i) ¥
e F (o)1= Fxg) ] F (kqst)[1 = Fxgin) ™
o fxm)[1 = Fxm)fdx,yq .. dxpm = 0. (3.11)

Using Muntz-Szasz theorem, [See, Hwang and Lin [12]], we
get

[1-Fxg)]=1[o+v0 —yxqlf(xq) -

Using Theorem 3.1, we get

_ [aﬂ/é)—yx]% Y 750

—(x=0)
e

F(x) =

1-e y =0.

That is the distribution function of GPD. This completes the
proof. O

3.3. Characterization via recurrence relation for product moments

In the next two theorems, we will introduce the characteriza-
tion of GPD using recurrence relations for product moments based
on GPTIICOS.

Theorem 3.3. Let X;, 1.y <X;y2:n <... <Xnn be the order stasistics of
a random sample of size (n—r). Then X has GPD iff, forr+1<q <
s<m-1, m<nandi j>0,

(Rrs1.Rri2.....Rm) 1D

[(Rl] + l) + V(i + 1)]Mq,s:m:n
. (i)
= @ +yO) A+ Dpgann "

+(n=Rey1—...—Ri.1 —q+1)

(3.12)
Proof.

Necessity:
Theorem 2.2 proved the necessary part of this theorem.
Sufficiency:

Similarly as proved in Theorem 3.2 we obtain the distribution
function of GPD given by

_ [U+y£—yx]% y # 0
1-e %"

F(x) =

y =0.
This completes the proof. O

Theorem 3.4. Let X, 1. <... < X be the order stasistics of a ran-
dom sample of size (n—r). Then X has GPD iff, forr+1<qg<s<
m-1, m<nandi,j>0,

(Rrs1Res.eee.Ry) 74D

[(Rs+1) + ¥+ D]itgsimn

. (i)
= (0 +70)(J + Dpgimi ™"

+(n—Rr+1—‘..—RS,]—S+l)

Xl (D e 0
—M—Ry1—...—Rs—9)
S (3:13)
Proof.
Necessity:

Theorem 2.3 proved the necessary part of this theorem.

Sufficiency:

Similarly as proved in Theorem 3.2 we obtain the distribution
function of GPD given by

_ [o+yg—yx]% y # 0
1—e %"

F(x) =

y =0.

This completes the proof. O

Note (2)

The same theorems can be obtained as a special cases for some
distributions presented in Note (1).
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