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. Introduction 

In the present paper, we will investigate the numerical solu-

ions of special second order initial value or boundary value prob-

ems. These problems can be written as: 

 

′′ (x ) = f (x, y (x )) , y ( x 0 ) = y 0 and y ′ ( x 0 ) = y ′ 0 (1)

ith periodical and/or oscillatory solutions, in which the first

erivative does not appear explicitly. Multistep phase fitted meth-

ds with minimal phase-lag are obtained in [1–4] . The analysis of

hase-lag or dispersion error was first introduced by Brusa and Ni-

ro [5] . Several authors such as Thomas [6] , Ibrahim [7] studied

n detail the phase-lag of numerical methods for solving (1) . Sev-

ral authors [8–11] have developed hybrid methods with the pur-

ose of making the phase-lag of the method smaller in their pa-

ers. The development of the new proposed method is based on

ood choice of the parameters to obtain higher algebraic order for

he method and raise phase-lag order and the maximum possible

nterval of periodicity. Many problems in astronomy, astrophysics,

uantum mechanics etc., have mathematical models of the type of

nterest of the present research. The method constituted is a mod-

fication of the dissipative multistep hybrid methods in the sense

hat multi-free parameters are added to eliminate the phase-lag

nd amplification error. 
E-mail address: imanhfz.asa@gmail.com 
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In Section 2 , a parametric hybrid multistep method and some

efinitions are introduced. In addition, a theory on the order of

onvergence of the new method and a theory of the phase-lag

nalysis of non-symmetric k-step methods together with the direct

ormula for the computation of the phase-lag of our new methods

re presented. In Section 3 , special cases of the parametric hybrid

ultistep methods and their phase-lag order are studied. The sta-

ility and interval of periodicity analyses of these special cases are

iscussed in Section 4 . Numerical tests are solved in Section 5 . Fi-

ally, we present the conclusions and two Appendices A and B . 

. Parametric hybrid multistep methods 

The general form of the multistep method is 

k ∑ 

i = 0 
αi y n + i = h 

2 
k ∑ 

i = 0 
βi f n + i , (2) 

here k is the number of steps and αi and β i are constants. 

Consider the multistep methods which can be written in the

orm: 

k 
 

 = 0 
αi y n + i = h 

2 βk ( f n + k − βs f n + s ) . (3) 

These methods are used for the approximate solution of the ini-

ial value problems (IVP) of the form (1) . The associated formula
. This is an open access article under the CC BY-NC-ND license. 
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describing the hybrid point (off-point) is given as: 

y n + s = h 

2 μ f n + k + 

k ∑ 

j = 0 

νk − j y n + k − j , (4)

where, x n + s = x n + s h, μ and νi , i = 0(1) k are constants which

are chosen so that (3) and (4) have order p = k + 1 and p = k − 1 ,

respectively. To get formula (4) , Newton’s interpolation formula for

the double nodes x n + k and for the simple nodes x n + k −1 , . . . , x 0 have

been used to evaluate the values of y n + s at the off-step points. 

Theorem 1. Let (i) formula ( 3 ) be of order k + 1 , (ii) formula ( 4 ) be

of order k − 1 . 

Then, the convergence of the formulae ( 3 –4 ) will be satisfied for

k + 1 . 

Proof. The local truncation error for Eq. (4) of order k − 1 is 

y ( x n + s ) − y n + s = C 1 h 

k y (k ) ( x n ) + O ( h 

k +1 ) , (5)

where x n + s = x n + s h , 0 < s < k for explicit hybrid formula and

s ≥ k for the implicit hybrid formula, C 1 is the error constant. And

y ( x n + s ) , y n + s are the exact and approximate solutions of (1) respec-

tively. Similarly, the local truncation error for Eq. (3) of order k + 1

is 

y ( x n + k ) − y n + k = C 2 h 

k +2 y (k +2) ( x n ) + O ( h 

k +3 ) , (6)

where, C 2 is the error constant of method (3) . For some ηn + s in the

interval whose ends are y n + s and y ( x n + s ) , we can write 

f ( x n + s , y ( x n + s )) − f ( x n + s , y n + s ) = 

∂ f 

∂y 
( x n + s , ηn + s ) . (y ( x n + s ) − y n + s )

(7)

�

Assuming that y n , y n −1 , . . . , y n + k −1 are exact, then from (3) and

(4) , the difference operator associated with method (3) is 

y ( x n + k ) − y n + k = h 

2 βk [ { f ( x n + k , y ( x n + k )) − f ( x n + k , y n + k ) } 
−βs { f ( x n + s , y ( x n + s )) − f ( x n + s , y n + s ) } ] 
+ C h 

k +2 y (k +2) ( x n ) + O( h 

k +3 ) (8)

Now from ( 5–8 ) we have, 

y ( x n + k ) − y n + k 

= h 

2 βk 

(
∂ f 

∂y 
( x n + k , ηn + k ) . (y ( x n + k ) − y n + k ) 

−βs 
∂ f 

∂y 
( x n + s , ηn + s ) . (y ( x n + s ) − y n + s ) 

)

+ C h 

k +2 y (k + 2) ( x n ) + O( h 

k + 3 ) , (9)

ηn + j ∈ [ y ( x n + j ) , y n + j ] f or j = s, k. So, the order of the hybrid

parametric formulae ( 3–4 ) is k + 1 . Two important properties to

consider are, the phase-lag and the amplification error, these are

actually two different types of truncation errors. The phase-lag is

the angle between the analytical solution and the numerical solu-

tion while the amplification error is the distance from a standard

cyclic solution. Consider the problem 

y ′′ (t) = −ω 

2 y (t) , ω ∈ R, (10)

the exact solution is 

y (t) = e ±iωt . (11)

By applying a numerical method for the solution of (10) we ob-

tain a numerical solution of the form 

y (t) = a (ω) e ±iθ (ωt) (12)

m

Comparing (11 and 12), we obtain the following definitions [12] .

efinition 1. The difference 1 −a( ω) is called the dissipation error.

efinition 2. The difference θ ( ω) −ω is called the dispersion error

r the phase-lag. 

Applying method ( 3–4 ) to the test Eq. (10) with nontrivial ini-

ial conditions on y and y ′ leads to the following difference equa-

ion: 

k 
 

i = 0 
A i (H) y n + i = 0 , (13)

here H = ω h , h is the step length and A j (H) , j = 0 (1) m are

olynomials of H given by 

 k (H) = αk + H 

2 βk (1 − βs νk ) + H 

4 βk βs μ

A j (H) = α j − H 

2 βk βs ν j , j = 0 (1) k − 1 . 

The associated characteristic Eq. (13) can be written in the

orm: 

k 
 

i = 0 
A i (H) ζ i = 0 (14)

efinition 3. A k-step method with a characteristic equation given

y (14) is said to have an interval of periodicity (0 , H 

2 
0 
) if, for

ll H 

2 ∈ (0 , H 

2 
0 
) , the roots ζi , i = 1 (1) k of Eq. (14) satisfy ζ1 =

xp (iθ (H)) , ζ2 = exp (−iθ (H)) , and | ζ i | ≤ 1, i = 3(1) k where θ ( H )

s a real function of H . 

efinition 4. [6] For any finite difference method corresponding to

he characteristic Eq. (14) , the phase-lag is defined as the leading

erm in the expansion of 

 = H − θ (H) = C H 

q +1 + O ( H 

q +2 ) , (15)

here C is the phase-lag constant. If the quantity t =
 ( H 

q +1 ) as H → ∞ , the order of phase-lag is q . 

By trigonometric expansions, the following equalities are true 

os (θ (H)) = cos (H − T ) = cos (H ) + C H 

q +2 + O ( H 

q +3 ) , 

sin (θ (H)) = sin (H − T ) = sin (H ) − C H 

q +1 + O ( H 

q +2 ) . 

o, 

os ( jθ (H)) = cos ( j H ) + C j 2 H 

q +2 + O ( H 

q +3 ) , 

sin ( jθ (H)) = sin ( j H ) − C j 2 H 

q +1 + O ( H 

q +2 ) . (16)

heorem 2. The k-step non symmetric finite difference method with
haracteristic equation given by ( 14 ) has phase-lag order q and phase-
ag constant C given by 

 H 

q +1 + O ( H 

q +2 ) 

= 

A k (H) exp (ikH) + A k −1 (H) exp (i (k − 1) H) + . . . + A 1 (H) exp (iH) + A 0 (H) 

k A k (H) + (k − 1) A k −1 (H) + . . . + A 1 (H) 

(17)

roof. See Appendix A . �

So, we are going to apply the previous theorem on ( 3–4 ) with

ifferent steps k . The above theorem gives us a direct formula for

he computation of the phase-lag of any k -step finite difference

ethods. 
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Table 1 

The coefficients of formulae ( 3–4 ) for k = 4 and k = 5. 

k 4 5 

α0 
(115 −104s+22 s 2 ) 
5(23 −40s+14 s 2 ) 

3014 −2s(1771+s(−649+75)) 
−3014+s(6623+s(−3923+675s)) 

α1 
−16(25 −29s+7 s 2 ) 
5(23 −40s+14 s 2 ) 

−11782+ s(17551 −7315s+915 s 2 ) 
−3014+ s(6623+s(−3923+675s)) 

α2 
6(95 −136s+38 s 2 ) 
5(23 −40s+14 s 2 ) 

−4(−5069+s(9101+5s(−859+117s))) 
−3014+s(6623+s(−3923+675s)) 

α3 
−16(25 −41s+13 s 2 ) 

5(23 −40s+14 s 2 ) 
−20276+2s(20473+5s(−2153+321s)) 

−3014+s(6623+s(−3923+675s)) 

α4 0 11782 −2s(12587+5s(−1429+231s)) 
−3014+s(6623+s(−3923+675s)) 

βs 
10 

( −10+21 s −12 s 2 +2 s 3 ) 
274 

(274+15(−5+s)s(9+(−5+s)s)) 

βk 
12( −10+21 s −12 s 2 +2 s 3 ) 

5( −92+183 s −96 s 2 +14 s 3 ) 
12(274+15(−5+s)s(9+(−5+s)s)) 

(−5+s)(−3014+s(6623+s(−3923+675s))) 

ν1 
1 

6(24+6 μ−24 ν0 −26 s+9 s 2 −s 3 ) 
1 

24(−22 μ−120 ν0 +(−5+s)(−4+s)(−3+s)(−2+s)) 

ν2 
1 

2( −12 −8 μ+12 ν0 +19 s −8 s 2 + s 3 ) 
1 

6(28 μ+60 ν0 −(−5+s)(−4+s)(−3+s)(−1+s)) 

ν3 
1 

2(8+10 μ−8 ν0 −14 s+7 s 2 −s 3 ) 
1 

4(−38 μ−40 ν0 +(−5+s)(−4+s)(−2+s)(−1+s)) 

ν4 
1 

6( −6 −12 μ+6 ν0 +11 s −6 s 2 + s 3 ) 
1 

6(52 μ+30 ν0 −(−5+s)(−3+s)(−2+s)(−1+s)) 

ν5 0 1 
24(−70 μ−24 ν0 +(−4+s)(−3+s)(−2+s)(−1+s)) 

C
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. The family of parametric hybrid method 

.1. Case 1 

Consider the k -step hybrid difference method (3) with k = 2 ,

hen we get 

 n +2 + α1 y n +1 + α0 y n = h 

2 βk ( f n + k − βs f n + s ) . (18)

hich is of order three, and 

 n + s = h 

2 μ y ′′ n +2 + ν2 y n +2 + ν1 y n +1 + ν0 y n , (19)

hich is of order one. The coefficients of (18) and (19) will be as

ollows, 

0 = 1 , α1 = −2 , β2 = (1 − s ) / (2 − s ) , βs = 1 / (s − 1) , 

ν1 = 2(1 − ν0 ) − s and ν2 = s − (1 − ν0 ) 

here s, μ and ν0 are free parameters. The parametric method

18–19) has a local truncation error given by LTE = 

1 
2 (−5 +

 s ) h 4 y (4) (η) . The local truncation error LTE = 0 as s = 5/6. The

ethod becomes of order 4 with error constant −5/216. 

Another related concept, which is important when solving

roblems in form (1) is the phase- lag of the method. In phase

nalysis, one compares the phase of exp ( ± i H ) with the phases of

he characteristic Eq. (14) . Applying Theorem 2 for k = 2 we obtain,

 H 

r+1 + O( H 

r+2 ) = 

A 0 + A 1 e 
i H + A 2 e 

2 i H 

A 1 + 2 A 2 

(20)

here, 

 0 = 1 − H 

2 ν0 

s − 2 

, A 1 = −2 + H 

2 
(

1 + 

2 ν0 

s − 2 

)
, 

 2 = 1 + 

H 

4 μ − H 

2 ν0 

s − 2 

. (21) 

The above hybrid method (18–19) has a phase-lag with order

ne (r = 1), and the phase lag error constant (C pl ) is 
1 

12 + 

μ + υ0 
−2 + s . But

f s = 5/6, μ = 0 , and ν0 = 

2 −s 
12 = 

7 
72 , the order of the phase - lag

ecomes r = 3 and the phase-lag error constant equal 1/240. 

.2. Case 2 

Here, we consider the three-step hybrid parametric method

3) with k = 3 which is of order four 

 n +3 + α2 y n +2 + α1 y n +1 + α0 y n = h 

2 β3 ( y 
′′ 
n +3 − βs y 

′′ 
n + s ) , (22)

The coefficients in (22) can be easily determined to be 

0 = 

11 − 6 s 

−11 + 12 s 
, α1 = 

3 (−11 + 8 s ) 

−11 + 12 s 
, 

2 = 

−3 (11 + 10 s ) 

−11 + 12 s 
, β3 = 

11 − 18 s + 6 s 2 

33 − 47 s + 12 s 2 
, 

βs = 

11 

11 − 18 s + 6 s 2 
. (23) 

However, the associated formula (4) has order two 

 n + s = h 

2 μ y ′′ n +3 + ν3 y n +3 + ν2 y n +2 + ν1 y n +1 + ν0 y n , (24)

ith the following coefficients: 

1 = ( s 2 − 5 s − 2 μ+ 6 − 6 ν0 ) / 2 , ν2 = −s 2 + 4 s + 2 μ− 3 + 3 ν0 , 

3 = ( s 2 − 3 s − 2 μ + 2 − 2 ν0 ) / 2 . (25) 

here μ, s and ν0 are free parameters. The method (22–24)

ith the coefficients given by (23–25) has a local truncation

rror LTE = 

(33 − 60 s + 22 s 2 ) 
(−132 + 144 s ) 

h 5 y (5) (η) . So, LTE = 0 as s = 

1 
22 (30 ∓

 

174 ) . The method becomes of order 5 with an error constant
−16329 + 211 

√ 

174 
7590 . 

Similar to Case 1, applying Eq. (14) and Theorem 2 for k = 3, we

btain, 
 H 

r+1 + O( H 

r+2 ) = 

A 0 + A 1 e 
i H + A 2 e 

2 i H + A 3 e 
3 i H 

A 1 + 2 A 2 + 3 A 3 

, 

 0 = − 33 + 11 H 

2 ν0 −29 s + 6 s 2 

33 − 47 s + 12 s 2 
, 

 1 = 

11 H 

2 (−6 + 2 μ + 6 ν0 + 5 s −s 2 ) + 6(33 − 35 s + 8 s 2 ) 

66 − 94 s + 24 s 2 
, 

 2 = 

−99 + 123 s −30 s 2 −11 H 

2 (−3 + 2 μ + 3 ν0 + 4 s −s 2 ) 

33 − 47 s + 12 s 2 
, 

 3 = 

66 + 22 H 

4 μ−94 s + 24 s 2 + H 

2 (22 μ + 22 ν0 + (−3 + s ) s ) 

66 − 94 s + 24 s 2 
. 

(26) 

The order of the phase - lag of the method is two, (r = 2), and

he phase-lag error constant (C pl ) is 

33 ( 1 + 4 μ − 4 υ0 ) − 29 s + 6 s 2 

12 (−3 + s ) ( − 11 + 12 s ) 

If s = 121/72, μ = − 19/3456, and ν0 = 19/5184, the order of the

hase-lag becomes 5 and the phase-lag error constant becomes

13/302,400. In the case k = 4 and k = 5 the coefficients of the

ethods ( 3–4 ) are tabulated in Table 1 . In Table 2 , we summarized

he results of the algebraic and the phase - lag error constants and

he orders of methods ( 3–4 ) with k = 2–5 for different values of

he parameters s, μ, and ν0 . Based on the above, we obtain the

oefficients mentioned in Appendix B . 

. Stability analysis 

Here, we will investigate the interval of periodicity and the sta-

ility regions of the new obtained methods. It is easy to see that

he frequency used in the scalar test equation for the stability anal-

sis ( ω) is not equal to the frequency of the scalar test equation

or the phase-lag analysis ( ϕ ). i.e. ω 
 = ϕ . The methods become

-stable in the case of ω = φ. 

efinition 5. [13,14] A method is called P-stable method if its in-

erval of periodicity is equal to (0, ∞ ). 

The associated characteristic Eq. (14) for k = 2 can be written as

(ζ , H 

2 ) = A 2 ( H 

2 ) ζ 2 + A 1 ( H 

2 ) ζ + A 0 ( H 

2 ) . (27)

The roots of the characteristic polynomial (27) should be com-

lex conjugate pair lying on the unit circle | ζ | = 1. For this re-

uirement we study the relation between the parameters and H 

2 .

ence, we use Routh–Hurwitz criteria to the characteristic Eq. (27) ,

et ζ = (1 + z)/(1 − z) which maps the circle | ζ | = 1 into the line
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Table 2 

The algebraic and phase-lag orders and intervals of periodicity for different steps k and different values of parameters (P = Algebraic order r = Phase-lag order). 

k S ν0 μ P Algebraic error constant r Phase lag error constant Interval of periodicity 

2 Free Free Free 3 ( −5 + 6 s)/12 1 1 
12 

+ 

μ+ ν0 

−2+ s (0, ∞ ) 

2 5/6 Free Free 4 −5/216 1 1 
12 

+ 

μ+ ν0 

−2+ s 
2 5/6 ( 

2 
-s)/12 0 4 −5/216 3 1/240 

2 s > 2 ν0 > 0 
(4 − 16 ν0 + 16 ν2 

0 −4s + 8 ν0 s + s 2 ) 

/ (−32 + 16s) 
3 ( −5 + 6 s)/12 1 1 

12 
+ 

μ+ ν0 

−2+ s 

3 Free Free Free 4 ( 33 − 60 s + 22 s 2 ) / ( −132 + 144 s ) 2 ( 11 + 6( −3+ s ) s ) 
12( −3+ s )( −11 + 18 s ) 

3 1 
22 

( 30 ∓ √ 

174 ) Free Free 5 (−16 , 329 + 211 
√ 

174) / 7590 2 

3 121/72 19/5184 −19 / 3456 4 −1343 / 25 , 920 5 613/6, 350, 400 (0,1.0042) 

3 s > 3 

(1452 μ + 484 μ2 − 99 s − 1309 μ s 

+120 s 2 + 275 μ s 2 − 47 s 3 + 6 s 4 ) / 

( 242 − 396 s + 132 s 2 ) 

(−12 s + 4 s 2 ) / 77 4 ( 33 − 60 s + 22 s 2 ) / ( −132 + 144 s ) 2 ( 11 + 6( −3 + s ) s ) / 12( −3 + s )( −11 + 18 s ) (0, ∞ ) 

3 3.5 -.1 -.2 4 ( 33 − 60 s + 22 s 2 ) / ( −132 + 144 s ) 2 

4 Free Free Free 5 −310+ s ( 698+ s ( −424 + 75 s ) ) 
75( 23 + 2 s ( −20 + 7 s ) ) 

3 −( 1650 μ+1800 ν0 +( −4+ s )( 140+ s ( −127+26 s ) ) ) 
360( −4+ s )( 5+4( −2+ s ) s ) 

4 1 , 396 , 7 −3 , 
√ 

25 , 531 , 21 , 
60 , 92 

, 239 , 264 , 727 , 79 , + 5 , 651 , 957 , 
√ 

25 , 531 , 21 , 
45 , 217 , 826 , 137 , 60 

3 , ( −9 , 0 , 7 , 38 ,, 653 , + , 231 ,, 86 , 9 
√ 

,, 255 ,, 31 , 21 , ) 
2 , 260 , 891 , 306 , 88 

5 −310+ s ( 698+ s ( −424 + 75 s ) ) 
75( 23 + 2 s ( −20 + 7 s ) ) 

6 − , 640 , 241 , 5 
1 , 662 , 064 , 911 , 36 

− 31 , 3 
√ 

,, 255 ,, 31 , 21 , 
43 , 969 , 971 , 20 

4 4.5 −0.1 μ > 237, 614 5 (0, ∞ ) 

5 Free Free Free 6 

(41100 μ−49320 ν0 + (−5 + s) 

(−3562 + 5s(845 + s(−302 + 33s)))) 

/ (15(−5 + s)(−3014 + s(6623 + 

s(−3923 + 675s)))) 

4 41100 μ−49320 ν0 + (−5 + s)(−3562 + 5s(845 + s(−302 + 33s))) 
180(−5 + s)(−274 + 75s(9 + (−5 + s)s)) 

5 Free 
(−5 + s)(−6831916 + 8481775s −
3226180 s 2 + 382470 s 3 ) / 94595760 

−25215s + 27043 s 2 −8800 s 3 + 880 s 4 

1051064 
6 −(−1876900 + 3s(809110 + s(−306508 + 35025s))) 

2071440(−274 + 75s(9 + (−5 + s)s)) 

5 5.5 0.1 0.1 4 41100 μ−49320 ν0 + (−5 + s)(−3562 + 5s(845 + s(−302 + 33s))) 
180(−5 + s)(−274 + 75s(9 + (−5 + s)s)) 

(6.84013, ∞ ) 
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Fig. 1. The absolute stability regions of method ( 3–4 ), k = 2 with different values of the parameters. 

Fig. 2. The absolute stability regions of method ( 3–4 ), k = 3 with different values of the parameters. 

Fig. 3. The absolute stability regions of method ( 3–4 ), k = 4 with different values of the parameters. 
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5

5

y

e (z) = 0 and region | ζ | ≤ 1 into Re (z) ≤ 0, which transforms (27) to

(z, H 

2 ) = d 2 ( H 

2 ) z 2 + d 1 ( H 

2 ) z + d 0 ( H 

2 ) , 

 2 = 

(4(−2 + s) + (2 − 4 ν0 −s) H 

2 + μH 

4 ) 

s − 2 

, 

 1 = 

2 μH 

4 

s − 2 

, d 0 = 

(−2 + s) H 

2 + μH 

4 

s − 2 

. 

(28) 

For s > 2 (Super implicit off point), ν0 > 0 and μ >

(4 − 16 ν0 +16 ν0 
2 −4s + 8 ν0 s+ s 2 2) / (−32 + 16s) the interval of peri- 

dicity is (0, ∞ ), so under the previous relations, method (18–19)

ill be P-stable. 

The interval of periodicity of method ( 3–4 ) with k = 2–5 are

abulated in Table 2 for different values of the parameters. To ob-

ain the regions of absolute stability, we apply the boundary locus

ethod on Eq. (14) . The absolute stability regions are plotted in
igs. 1 –4 for various steps k ( k = 2–5), respectively, with different

alues of the parameters. 

. Numerical tests 

.1. Test 1 

The linear problem with variable coefficient 

y ′′ = −4 x 2 y + (4 x 2 − ω 

2 ) sin ω x − 2 sin x 2 , 

 (0) = 1 and y ′ (0) = ω , x ∈ [0 , α π ] . 

The analytical solution is: y (x ) = sin (ω x ) + cos ( x 2 ) , ω = 10 . 
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Fig. 4. The absolute stability regions of method ( 3–4 ), k = 5 with different values of the parameters. 

Fig. 5. Absolute errors of Test 4 by method ( 3–4 ) for different values of h: (a) k = 2, (b) k = 3, (c) k = 4. 

Fig. 6. Absolute errors of Test 4 by method (3,4) for different values of k: (a) h = Pi/100, (b) h = Pi/500 (c) h = Pi/1000. 
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Table 3 

Absolute errors of Test 1. 

h X s μ ν0 Absolute errors of Absolute errors of 

method ( 3–4 ) Numerov method (34) 

0.01 5 1.9 0.2 0.2 1.28139E −4 2.68222E −5 

0.001 5 2.41227E −10 2.6681E −9 
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Table 5 

Absolute errors of Test 3. 

h x s μ ν0 Absolute errors Absolute errors 

of ( 3–4 ) of (34) 

001 10 121/72 -19/3456 19/5184 2.02043 E −3 5.53521 −4 

0.001 10 2.12927 E −9 5.45108 E −8 
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.2. Test 2 (perturbed system) 

 

′′ 
1 = −100 y 1 − 2 y 1 y 2 

y 2 
1 
+y 2 

2 

+ f 1 , y ′′ 2 = −25 y 2 −
y 2 1 −y 2 2 

y 2 
1 
+y 2 

2 

+ f 2 

f 1 = 

2cos (10 x)sin(5x) + 2 ε (sin (5x)sin(x) − cos (10 x)cos (x)) −ε 2 sin (2x)) 

(co s 2 (10 x) + si n 2 (5x) + 2 ε (sin (x)cos (10 x) − cos (x)sin (5x))+ ε 2 ) 

+ 99 ε sin (x ) , 

f 2 = 

cos 2 (10 x)si n 2 (5x) + 2 ε (sin (x)cos(10 x) − cos ( x)sin (5 x)) −ε 2 sin (2x)) 

(co s 2 (10 x) + si n 2 (5x) + 2 ε (sin (x)cos (10 x) − cos (x)sin (5x))+ ε 2 ) 

− 24 ε cos (x ) . 

The analytical solution is: y 1 (x ) = cos (10 x ) + ε sin (x ) , y 2 (x ) =
in (5 x ) − ε cos (x ) , x 0 = 0 , x e = 10 . 

.3. Test 3 

Consider inhomogeneous equation, [15] , y ′′ = −φ2 y + ( φ2 −
) sin (x ) x ≥ 0 , y (0) = 1 , y ′ (0) = 11 , with exact solution

(x) = cos( φ x) + sin( φ x) + sin(x) , φ >> 1 . 

This is an inhomogeneous equation, whose exact solution con-

ists of a rapidly and slowly oscillating functions; the slowly vary-

ng function is due to the inhomogeneous term. In our numerical

xample we take ϕ = 10, x ∈ [0, 5]. 

.4. Test 4 

Consider the nonlinear Duffing equation solved on [0, 100 π ] ,

 

′′ (x) + y(x) + y 3 (x ) = B cos (� x ) , where � = 1.01 and B = 0.002 .

e use the following as the exact solution 

(x) = 0 . 20017947753661852 cos (x) 

+ 0 . 246946143255583824 × 10 

−3 cos (3x) 

+ 0 . 304014 98524 9 × 10 

−6 
cos (5x) 

+ 0 . 374349084378 × 10 

−9 
cos (7x) 

+ 0 . 460964452 × 10 

−12 cos (9x) + 0 . 5676 × 10 

−15 cos (1x) . 

The Tests 1–3 are solved by the multistep method ( 3–4 ) with

tep k = 3 and with fourth order Numerov method which takes the

orm: 

 n+1 − 2 y n + y n −1 = h 

2 ( f n +1 + 10 f n + f n −1 ) / 12 (29)

The values of h. In Fig. 5 , the absolute errors are plotted with

ifferent values of h for the same k (k = 2–4), where in Fig. 6 , the

bsolute errors are plotted with the same h for k = 2–4 (h = Pi/100,

i/50 0, Pi/10 0 0). 
Table 4 

Absolute errors of Test 2. 

Absolute errors of ( 3–4 ) 

h x s μ ν0 Absolute errors of y 1 A

0.01 10 121/72 -19/3456 19/5184 2.2484 E −8 1

0.001 10 2.51763 E −4 1
. Conclusion 

In this paper, we obtained a new hybrid parametric method

ith higher order phase-lag. The investigation of the new method

onsists of: 1. The construction of the method, 2. The study of the

runcation error, 3. Using good choices for the values of the free

arameters to raise the order of the phase-lag errors, 4. The study

f the stability analysis and the intervals of periodicity are tabu-

ated in Table 2 and show that for some values of the parame-

ers the interval of periodicity is (0, ∞ ) i.e., the methods are P-

table. Finally, test problems are solved and the results are tabu-

ated. The absolute error gets improved using methods ( 3–4 ) than

sing Numerov method (29) as the step size h is decreased for the

roblems in tests 1 and 3. Despite the fact that in test 2, the per-

urbed system, the error is comparable with that of the Numerov

ethod (29) , still the potential of the current method is obvious

hen comparing the errors in tests 1 and 3, ( Tables 3 –5 ). 
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ppendix A 

Proof of Theorem 2 . Put ξ = e (i θ H) , then, (14) becomes, 

 k (H) e (i k θ ( H)) + A k −1 (H) e (i ( k −1) θ ( H)) 

+ ... + A 1 (H) e (i θ ( H)) + A 0 (H) = 0 , 

i . e . A k (H) cos (k θ ( H) ) + A k −1 (H) cos ( ( k − 1) θ ( H)) 

+ ... + A 1 (H) cos ( θ ( H)) + A 0 (H) 

+ i ( A k (H) sin (k θ ( H) ) + A k −1 (H) sin ( ( k − 1) θ ( H)) 

+ ... + A 1 (H) sin ( θ ( H)) ) = 0 . 

Using (17) , the above equation becomes, 

 k (H)( cos ( kH ) + C k 2 H 

q +2 + O ( H 

q +3 )) + A k −1 (H)( cos ((k − 1)H) 

+ C (k − 1) 2 H 

q +2 + O ( H 

q +3 )) + . . . + A 1 (H)( cos (H) + C H 

q +2 

+ O ( H 

q +3 )) + A 0 (H) + i ( A k (H) ( sin (k H) − Ck H 

q +1 + O ( H 

q +2 ))

+ A k −1 (H) ( sin (( k − 1) H) − C (k − 1) H 

q +1 + O ( H 

q +2 )) 

+ ... + A 1 (H) ( sin (H) − C H 

q +1 + O ( H 

q +2 ))) = 0 . 

 . e . A k (H) cos (k H) + A k −1 (H) cos (( k − 1) H) 
Absolute errors of (34) 

bsolute errors of y 2 Absolute errors of y 1 Absolute errors of y 2 

.20384E −9 2.09581E −8 1.33617E −9 

.33186E −5 2.30107E −4 1.25844E −5 
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Table 6 

The coefficients A i (H) in Eq. (13) for k = 4 and k = 5. 

k = 4 k = 5 

A 0 (H 

2 ) A 0 ( H 

2 ) = 

−120 H 2 n0+(−4+s)(115+2s(−52+11s)) 
5(−4+s)(23+2s(−20+7s)) 

. − 3288 H 2 n0 
(−5+s)(−3014+s(6623+s(−3923+675s))) 

+ 

3014 −2s(1771+s(−649+75s)) 
−3014+s(6623+s(−3923+675s)) 

. 

A 1 (H 

2 ) − 20 H 2 (6m −24n0 −(−4+s)(−3+s)(−2+s))+16(−4+s)(25+s(−29+7s)) 
5(−4+s)(23+2s(−20+7s)) 

, − 137 H 2 (−22m −120n0+(−5+s)(−4+s)(−3+s)(−2+s)) 
(−5+s)(−3014+s(6623+s(−3923+675s))) 

+ 

−11782+s(17551 −7315s+915s ∧ 2 ) 
−3014+s(6623+s(−3923+675s)) 

, 

A 2 (H 

2 ) 6(10 H 2 (8m −12n0 −(−4+s)(−3+s)(−1+s))+(−4+s)(95+2s(−68+19s))) 
5(−4+s)(23+2s(−20+7s)) 

, − 548 H 2 (28m+60n0 −(−5+s)(−4+s)(−3+s)(−1+s)) 
(−5+s)(−3014+s(6623+s(−3923+675s))) 

− 4(−5069+s(9101+5s(−859+117s))) 
−3014+s(6623+s(−3923+675s)) 

, 

A 3 (H 

2 ) 4(−15 H 2 (10m −8n0 −(−4+s)(−2+s)(−1+s)) −4(−4+s)(25+s(−41+13s))) 
5(−4+s)(23+2s(−20+7s)) 

, − 822 H 2 (−38m −40n0+(−5+s)(−4+s)(−2+s)(−1+s)) 
(−5+s)(−3014+s(6623+s(−3923+675s))) 

+ 

−20276+2s(20473+5s(−2153+321s)) 
−3014+s(6623+s(−3923+675s)) 

, 

A 4 (H 

2 ) 120 H 4 m+4 H 2 (60m −30n0+(−4+s)(−2+s)s)+5(−4+s)(23+2s(−20+7s)) 
5(−4+s)(23+2s(−20+7s)) 

, − 548 H 2 (52m+30n0 −(−5+s)(−3+s)(−2+s)(−1+s)) 
(−5+s)(−3014+s(6623+s(−3923+675s))) 

+ 

11782 −2s(12587+5s(−1429+231s)) 
−3014+s(6623+s(−3923+675s)) 

, 

A 5 (H 

2 ) 0 
1 + 

3288 H 4 m 
(−5+s)(−3014+s(6623+s(−3923+675s))) 

− 137 H 2 (−70m −24n0+(−4+s)(−3+s)(−2+s)(−1+s)) 
(−5+s)(−3014+s(6623+s(−3923+675s))) 

+ 

12 H 2 (274+15(−5+s)s(9+(−5+s)s)) 
(−5+s)(−3014+s(6623+s(−3923+675s))) 

, 
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+ ... + A 1 (H) cos (H) + A 0 (H) + i ( A k (H) sin (k H) 

+ A k −1 (H) sin (( k − 1) H) + ... + A 1 (H) sin (H)) 

− iC H 

q +1 (k A k (H) + (k − 1) A k −1 (H) + ... + A 1 (H) ) 

+ H 

q +2 (C k 2 A k (H) + C(k − 1 ) 2 A k −1 (H) + ... + C A 1 (H) 

+ i ( A k (H) + A k −1 (H) + ... + A 1 (H))) + O ( H 

q +3 ) = 0 . 

So , C H 

q +1 − O ( H 

q +2 ) − O ( H 

q +3 ) = ( A k (H) cos (k H) 

+ A k −1 (H) cos (( k − 1) H) + ... + A 1 (H) cos (H) + A 0 (H) 

+ i ( A k (H) sin (k H) + A k −1 (H) sin (( k − 1) H) 

+ ... + A 1 (H) sin (H)) / (k A k (H) + (k − 1) A k −1 (H) 

+ ... + A 1 (H) ) . 

Then C H 

q +1 − O ( H 

q +2 ) = ( A k (H) e (i k H) + A k −1 (H) e (i ( k −1) H) 

+ ... + A 1 (H) e (i H) + A 0 (H)) / (k A k (H) + (k − 1) A k −1 (H) 

+ ... + A 1 (H) ) 

Thus the theorem is proved. 

Appendix B 

Table 6 . 

References 

[1] G. Avdelas , A. Kongutsof , T.E. Simos , A general and an optimized genera-
tor of high-order hybrid explicit methods for the numerical solution of the

Schrödinger equation, Part I. Development the basic method, J. Math. Chem.

29 (4) (2001) 280–291 . 
[2] A. Kongutsof , T.E. Simos , A generator of hybrid symmetric four step methods
for the numerical solution of the Schrödinger equation, J. Comput. Appl. Math.

158 (2003) 93–106 . 

[3] A. Kongutsof , T.E. Simos , New two-step hybrid method for the numerical solu-
tion of the Schrödinger equation, J. Math. Chem. 52 (3) (2014) 833–855 . 

[4] H. Van de Vyver , Phase-fitted and amplification-fitted two-step hybrid method
for y’’ = f(x,y), J. Comput. Appl. Math. 209 (1) (2007) 33–53 . 

[5] L. Brusa , L. Nigro , A one-step method for direct integration of structural dy-
namic equations, Int. J. Numer. Methods Eng. 15 (5) (1980) 685–699 . 

[6] R.M. Thomas , Phase properties of high order almost P-stable formula, BIT 24

(1984) 225–238 . 
[7] I.H. Ibrahim , Parametric class of non-symmetric methods for solving periodic

nitial value problems, J. Comput. Theor. Nanosci. 13 (2016) 9140–9144 . 
[8] R. D’Ambrosio , M. Ferro , B. Paternoster , Trigonometrically fitted two-step hy-

brid methods for special second order ordinary differential equations, Math.
Comput. Simul. 81 (5) (2011) 1068–1084 . 

[9] F. Samat , F. Ismail , M. Suleiman , High order explicit hybrid methods for solv-

ing second-order ordinary differential equations, Sains Malays. 41 (2) (2012)
253–260 . 

[10] H. Van de Vyver , A symplectic Runge–Kutta–Nyström method with minimal
phase-lag, Phys. Lett. A 367 (1-2) (2007) 16–24 . 

[11] R. Abdelrahim , Z. Omar , Direct solution of second-order ordinary differential
equation using a single-step hybrid block method of order five, Math. Comput.

Appl. 21 (12) (2016) 1–7 . 

12] D.F. Papadopoulos , T.E. Simos , The Use of Phase-Lag and Amplification Error
Derivatives For the Construction of a Modified Runge–Kutta–Nyström Method,

Hindawi Publishing Corporation, 2013 Abstr. Appl. Anal., Article ID 910624 . 
[13] Z. Kalogiratou , T.E. Simos , A P-stable exponentially-fitted method for numeri-

cal integration of the Schrödinger equation, Appl. Math. Comput. 112 (20 0 0)
99–112 . 

[14] T.E. Simos , Multi-derivative methods for the numerical solution of the

Schrödinger equation, MATCH Commun. Math. Comput. Chem. 45 (2004) 7–26 .
[15] H. Van de Vyver , A phase-fitted and amplification-fitted explicit two-step hy-

brid method for second order periodic initial value problems, Int. J. Mod. Phys.
17 (2006) 663–675 . 

http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0001
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0001
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0001
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0001
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0002
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0002
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0002
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0003
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0003
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0003
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0004
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0004
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0005
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0005
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0005
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0006
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0006
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0007
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0007
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0008
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0008
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0008
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0008
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0009
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0009
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0009
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0009
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0010
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0010
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0011
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0011
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0011
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0012
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0012
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0012
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0013
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0013
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0013
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0014
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0014
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0015
http://refhub.elsevier.com/S1110-256X(17)30031-7/sbref0015

	Hybrid multistep method for solving second order initial value problems
	1 Introduction
	2 Parametric hybrid multistep methods
	3 The family of parametric hybrid method
	3.1 Case 1
	3.2 Case 2

	4 Stability analysis
	5 Numerical tests
	5.1 Test 1
	5.2 Test 2 (perturbed system)
	5.3 Test 3
	5.4 Test 4

	6 Conclusion
	 Acknowledgments
	 Appendix A
	 Appendix B
	 References


