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In the present paper, we established a traveling wave solution by using sine-cosine-function algorithm
for nonlinear partial differential equations. The method is used to obtain the exact solutions for differ-
ent types of nonlinear partial differential equations such as, coupled general equal width waveequation
(CGEWE) and special cases of thisequation CEW and CMEW equations, which are the important soliton

equations. We plot the exact solutions for these equations at different time levels.

Keywords:
Sine-Cosine function method
Coupled-GEWE

© 2017 Egyptian Mathematical Society. Production and hosting by Elsevier B.V.

This is an open access article under the CC BY-NC-ND license.
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

In the last 50 years there are many studies for the nonlinear
partial differential equations and these studies extended at last
years to studying the systems of partial differential equations (cou-
pled systems of partial differential equations) from both theoretical
and practical points of view. With advances in computer science
and the emergence some partial differential equations resulting
from the engineering and scientific applications, which were diffi-
cult to resolve previously by normal methods. Now, with progress
also in the science of numerical analysis and found some meth-
ods to solve these problems, which were difficult to resolve in the
past, such as finite difference method [1,2]. Also, there exist some
mathematical models that describe some of the complex phenom-
ena in physics, chemistry and other various scientific fields had to
be and there are many methods to solve these models and get the
exact results of these models non-linear waves’ equations, which
plays an important role in the study of many phenomena phys-
ical. There are many numerical methods that were used in solv-
ing such phenomena such as finite element methods [3-10], Hi-
rota’s method [11], extended tanh-function method [12,13], sine-
cosine method [14-16], Variational iterative method [17] and so on.
The aim of this Letter is extended the sine-cosine function method
to find the new exact solutions of some important nonlinear par-
tial differential equations such as the coupled general equal width
wave (CGEW) equation and special cases of thisequation CEWE and
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CMEWE. The coupled equal width wave equation given by Ali et al.
[18] solved by EL-Sayed et al. using classical method [19].

2. The sine-cosine function method

Consider the system of nonlinear partial differential equations
in the form
H(W, W, Wx, Wxx, Wit &, 8t 8x» 8xx» Sxxtr ---) = 0, (1)

Where w(x, t)andg(x, t) are solutions for the system of nonlinear
partial differential equations (1). We use the transformations,

wx.t) = h(¢),
gx.t) = 1(¢), 2)

where ¢ = x — st and s represents the constant velocity of a wave
traveling in the positive direction of x-axis. Then, from Eq. (2), we
get

We = —=sh'(¢), wx=h (), Wxx = W' (§), Wie = —Sh"(£), ... (3)
& =-sI'(¢). & =V(8),8x =1"(8), 8xt = —sI" (&), ....

Using Eq. (3) to transfer the system of nonlinear partial differ-
ential equations (1) to nonlinear ordinary differential equations

G(h/, h”, h///’ l/, l”, 1///’ - ) =0, (4)

In the Sine-Cosine technique, the solutions of (4) may be set in
the form

h(¢) = asin™ (1), [¢] <

T
2m’

s n T (5)
1(§) = bsin"(n28), ¢ ] < 2,
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or
h(¢) = acos™(mi¢). [¢] = 5
77

(6)
1(¢) = bcos™ < 27)

where q, 11, 173, b, n and mare parameters that will be determined.
From Eq. (5), we get the following derivatives with respect to ¢:

h(&) = asin™ (m1¢).

W (&) = man; sin™ ' (7,¢) cos(m¢),

W'(§) = —m2an} sin" (&) + mm - Dan?sin" (). o)
1(§) = bsin" (120),

I'(§) = nbny sin™' (128 ) cos(12),

17(§) = —n?bn2 sin" (12¢) +n(n — 1)bn3 sin" 2 (1,¢).

Similarly, from Eq. (6), we get

h(€) =acos™(m¢),

W (&) = —man; cos™ 1 (n1¢) sin(m¢),

W' (&) = —m?ar; cos™ (&) + m(m - Hant cos™2(mL). (g
[(§) = bcos" (n20),

I'(§) = —nbn, cos" 1 (12¢) sin(12¢),

I"(&) = —n?bn3 cos™ (n2¢) + n(n — 1)bn3 cos"2(n;¢).

Substituting (8) into the system of nonlinear ordinary differen-
tial equation (4) gives a trigonometric equation of cos™(7;¢)and
cos"(ny¢ )terms. To determine the parameters first balancing the
exponents of each pair of cosine to determinemandn. Then we col-
lect all terms with the same power in cos™(n;¢), cos™(n,¢ )and
put to zero their coefficients to get a system of algebraic equations
among the unknowns a, 14, 12, b, n and m. Now, the problem is
reduced to a system of algebraic equations that can be solved to
obtain the unknown parameters a, 11, 17, b, n andm. Similarly we
can substituting (7) into the system of nonlinear ordinary differ-
ential equation (4) gives a trigonometric equation of sin™(n;¢ )and
sin(n,¢ )terms. We can obtain the unknown parameters a, 71, 1>,
b, n andmby the same way. Hence, the solutions considered in
(5) and (6) are obtained.

3. Applications
3.1. Test problem

The coupled general equal width wave equation (CGEWE)
Consider the following problem: Find functions w(x, t)andg(x,
t)satisfying the coupled general equal width wave equation
(CGEWE) [18] in the form,

we + eEwPwy —
8 +egP8x —
where p is a positive integer.

By using (2) and (3) into (9) gives the following system of ordi-
nary differential equations

UWyxt + €8P, =0, 9)
UExx =0

—sh’ + ehPh’ + ush” + elPl’ =

sl + slPl + psl” =0 (10)

Integrating (10) once and taking the constant of integration to be
zero, we find
1 1 /7 1 1
—sh+e—— hP+ + ush” + e —— ler =0,
p+ p+1
—sl + s—lﬂ+1 +usl” =0
p+1 ®

Substituting Eq. (8) into (11) gives:

—sacos™(m &) + a1V cosPDm (7))

(p+ D)
— spm?an? cos™(n1¢) + spm(m — 1)an? cos™ 2 (n;¢)

+7(pj- D bP+D cos(”“)"(nzg) =0

—sbcos™(172¢) + )b(P“) cosP+n (1, )

(p+1
— sun?bn3 cos" (¢ ) + sun(n — 1)bn3 cos"2(1,¢) =0, (12)

The last system is satisfied only if the following system of algebraic

equations holds:

m-—1+#0,

m-2=(p+1)m=(p+1)n,

£ €

aPtl ¢ pp+1

(p+1) (r+1)

—sa = sum?an?,

n—1+#0,

n- 2 =(p+n,

bP*! = —sun(n — 1)bn?,

= —sum(m — 1)an?,

(p +1)
—sb = sun®bn3. (13)

We can get the same system (12) by substituting Eq. (7) into (11).
To solve this system we must take different values of p for example
if we take p = 1we get the exact solution of CEWE, if we take p =2
we get the exact solution of CMEWE and if we take p = 3 we get
the exact solution of CGEWE.

Now we study these cases case by case.

3.1.1. Case one (the exact solution of CEWE) at p =1
Using MATHEMATICA package software for solving the system
(12) atp = 1 we obtain:

m=n=-2 L
=N=—4, M =M= 5 MY
3s 3s . 3s .
b:? alzi(wz\@), azzg(l—lﬁ). (14)

By back substitution (14) into (5) and (6) with (2) we obtain the
exact solution of the CEWE in the form

g ) = > sech? (;\/Z(x - st)>,

gx,t) = 385csch2<;\/2(xst)),

wi(x, t) = ;;(1 +iv3) sechz(;\/Z(x—st))

wy(x,t) = —5’%(1 +i\/§)csch2(;\/2(x—st)>,
Wy (x, t) = ;;(1 —iv3) sechz(;\/Z(xst))

e t)_—(1—zf)csch2< \/>(x—st)>

Now we can plot these solutions at different time levels and we
can show the motion of solitary waves at Fig. 1.
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Fig. 1. Exact solutions for the CEWE at different time levels.

3.2. Case two (the exact solution of CMEWE) at p = 2

Using MATHEMATICA package software for solving the system
(13) at p = 2 we obtain:

m=n=-1,
-1 6s
= =4 _— = _—
nm =1 Mu,b Ve

3
2se + (VABsies —3V6($) e3)5

“ e(VABsier —3/6(2)2¢3)3

0 - —2(1 +iv3)se — (1 —iv/3)(V4Bs7e7 —3v6(3)2¢%)3
26(V4Bsie3 —3v6(3)2¢3)3 ’

L —2(1—iv3)se — (1 +ivV/3)(V4Bs7e3 —3v6(2)2¢%)3

26(VABsier —36(2)1e3)3
(15)

By back substitution (15) into (5) and (6) with (2) we obtain the
exact solution of the CMEWE in the form

6s 1
g(x,t) =‘/85ech< /M(xst)),
.. [6s 1
g(x, t) = (—i) ;csch( /ﬁ(x—st)),

wi(x,t) = 25+ (Va6stel —3VB(H)ie Lx—s
T e(Vaesied —3/6(2)ied)} m :
33— 5)303)3
W1(x,t):(—i)258+(m5 7 -3v6(3)2¢?)

e(VABsies —36(2)7e3)3

X csch(\/Z(x —st)),

—2(1+iv3)se — (1 —iv/3)(VAbsie? —36(%)2e%)3
wy(x,t) =

3

28(x/75282—3f( )283)§

X sech(\/z(x — st)),

wa(x,t)

)72(l+lf)587(1fl\/7)(\/7528273«/7( Vig3)3
2e(V46sie7 —3v6(3)363)5

= (i

x csch(\/Z(x - St)),

ws(x,t)
_ —2(1-iv3)se — (1+iv/3) (V465367 —3V6(£)36%)5
a 26(V4Bsie3 —3v6(3)2¢3)3

X sech(\/Z(x —St)>,

ws(x,t)

i )—2(1—1[)58—(14—1[)(\/75282—3«f( V2e3)3
B 26(V/46s7e3 —3v6(3)2¢3)5

X csch(\/Z(x - st)).

Now we can plot these solutions at different time levels and we
can show the motion of solitary waves at Fig. 2.

3.2.1. Case three (the exact solution of CGEWE) at p =3
Using MATHEMATICA package software for solving the system
(13) at p = 3 we obtain:

o 2
m=n= ,/ ,/
2
8 2863358 (5)ets6l (45szs4+5f\/—s4 ~27+256VT0,/% ) )
1
82(95254+f\/—s4 27+256f¢§)58>
a =—
2V3
2 5
(3)3 (185284+2\/§\/—s4 (—27+256«/ﬁ\/§)53)
_ S _
82 %Sg‘sﬁs
__
1 (275254+3 \/ ~274256V10/% )e )
2 20+/3s '

2
1.2
8 26335

5 03 .1 ) 3
6 (§)2e4163 (455254+5ﬁ —s4 (—27+256m g)as
€ T
3
e2(0s2e44V3 [-s4 (—27+256m %)53
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Fig. 2. Exact solutions for the CMEWE at different time levels.
1
2 3
(3)? (1852£4+2ﬁ\/—s4(—27+256m\/§)83)
3 3 B 1.5 &
§ 283358 (5) 24463 (45s284+5ﬁ\/—s4(_27+256mﬁ)68> _ 8 2656s,/Fe ;
3
I 1 27szs4+3~/§\/7s4(—27+256\/ﬁ 5)88)
3
: N : (16)
sZ(9s254+¢§\/—s4(—27+256mﬁ)58) 2|, 20
a2 == 1 2 5 3 1 %
2«/? 8263356 ($)2e4463 <455254+5ﬁ —54(727+256\/ﬁ 5)58,
1 £ T
3 3
(g)% <185284+2«/§\/754(—27+256m\/§>63) \ 52(95254”? [-s4 (727+256m\/§>58)
_ - _
8 2658s5,/Te . . ) .
£ — By back substitution (16) into (5) and (6) with (2) we obtain
1 (273264+3«/§\/—s4(—27+256«/ﬁ\/3)53) ? the exact solution of the CGEWE in the form
_l’_ - B
2 204/3s
3 10s 3 /1
8 z%a%s%(g)%shs%(455254+5f 754(727+256m\/§)58 ’ gx, t) =3 —sech?| £= [—(x—st) |,
e . 3 2V p
\ 62(952£4+ﬁ —54(—27+256m\/§)88 :
2 ,| 10s 3 /1
X, t) = (=i)3° —csch?| £=.[—(x—st) |,
gx.t) = (-1 5 NG
1.2 _5 3 1 % t) = 3 hz 3 1 ¢
8263358 (£)2¢4463 (455254+5f3\/—s4(—27+256m g)ﬁ) wi(x.t) =a; | sec ) E(X —st) ).
1
3
& (952a4+«/§ / ~s4(-27+256VT0,/F )88>
_ 3 /1
a3 = wi(x,t) = (—i)3a; *| esch2 2./ —(x —st
23 1(x, 1) GO 2 M( )]
5 3
(3)3 (18$2£4+2\/§\/—s4 (—27+256Jﬁﬁ)55>
- &2 wy(x,t) =a, *| sech? 3 l(x—st) ,
3 8 28585,/T¢ 2V u
3
_ 1 (2732 a4+3~/§\/—s4 (727+256\/ﬁ\/§)53>
2 ’ . 3 /1
+ 20435 . W (x,t) = (=) 3ay *| esch2[ 2 [ —(x —st) |,
1.2 5 3 1 3 2 22
8263358 ($)24463 <4sszs4+w§ 754(727+256m\/§)58)
€ T
3
£2( 9526443 [—s4 —Z7+256«/ﬁ\/? 28> 3 1
( ( f) ws(x,t) =as ’| sech? 5 ﬁ(x—st) ,

. 3 /1
w3 (x, t) = (—i)3 a3 ®| csch? 5 /ﬁ(x—st) ,
2
g 263358 (2)Zets6d (4552€4+5«5\/—S4(727+256«/ﬁ\/§>88> ’

1
e 95284+~/§\/—s4(—27+256«/10\/§)£3>3 wa(x,t) = az | sech? 3 /1 (x — st)
. 3V ,
a4 =
! 23
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Fig. 3. Exact solutions for the CGEWE at different time levels.

N2, 3 /1
Wy(x,t) = (—i)3ay *| csch? 5 /ﬁ(x—st)

Now we can plot these solutions at different time levels and we
can show the motion of solitary waves at Fig. 3.

4. Conclusion

In this Letter, the sine-cosine function method has been suc-
cessfully applied to find the exact solution for different nonlinear
partial differential equations such as CEW, CMEW and CGEW equa-
tions. The sine-cosine function method is used to find a new exact
solution. Thus, we can say that the proposed method can be ex-
tended to solve the problems of nonlinear partial differential equa-
tions which arising in the theory of solitons and other areas.
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