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In the present work, we continue our study of motions of inextensible curves in de-sitter space S%!, that
we started in [1]. The binormal motions of timelike curves and spacelike curves with a timelike normal
vector in S2! are described and studied. By the motions of these types of curves, new surfaces (we will
call them Hasimoto surfaces) are constructed and plotted by using the hollow ball model by Mathematica
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1. Introduction

Many areas of physics and engineering used gaseous and lig-
uid flows. Gaseous flows are very important in spacecraft, cars, and
aircraft. Also, they used in the design of turbines and combustion
engines. The study of liquid flow is very necessary for the appli-
cations of naval, such as the design of ships and many projects
in civil engineering such as the design of the harbor and the pro-
tection of coastal. The curve flows are studied by many authors,
Samah [1], studied and gave the general description the motions
of spacelike curves with spacelike normal vector in 3-dimensional
de-sitter space S%! and gave some explicit examples of motions
of these curves in %1, Schief and Rogers [2], studied the binormal
motion of curves with constant curvatures. Nassar et al. [3-6], con-
structed and studied new geometrical models of flows of curves
and surfaces. Also, they constructed the Hasimoto surfaces in R3.
T. Korpinar [7], used the Frenet frame of curves and constructed a
new method for inextensible flows of timelike curves in Minkowski
space-time R*1,

In [8], we studied the motions of inextensible curves in spheri-
cal space S3. Rawya and Samah [9], studied the generated surfaces
from the motions of inextensible curves in R3.
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The outline of this paper is organized as follows: In Section 2,
we give some geometric concepts in Minkowski space R3-! and de-
sitter space S21. Also, we study the geometry of timelike curves
and spacelike curves with a timelike normal vector in S%!. In
Section 3, we study the binormal motions of timelike curves and
spacelike curves with a timelike normal vector in S%1. In Section 4,
we construct Hasimoto surfaces that are generated by the binor-
mal motions of timelike curves and spacelike curves with a time-
like normal vector in S21. Finally, the last section is devoted to the
conclusion.

2. Geometric preliminaries

The Minkowski space, or Lorentz space, is the space R3!, which
is defined as a four-dimensional R-vector space consisting of vec-
tors {X = (Xg, X1, X2,X3) | Xg, X1, X2, X3 € R}, with the metric
g=dx? +dx3 + dx3 — dx3.
Definition 2.1 [10]. Let X, Y, Z be vectors in R3!, where X =
(X0, X1,X2,%3), Y = (¥0,¥1,Y2,¥3) and Z = (zg, 21, 23, z3). The inner

product is defined by

(X,Y) =Xx1y1 + X2¥2 + X3¥3 — XoYo.

1110-256X/© 2017 Egyptian Mathematical Society. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license.

(http://creativecommons.org/licenses/by-nc-nd/4.0/)


http://dx.doi.org/10.1016/j.joems.2017.04.002
http://www.ScienceDirect.com
http://www.elsevier.com/locate/joems
http://crossmark.crossref.org/dialog/?doi=10.1016/j.joems.2017.04.002&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:samah_gaber2000@yahoo.com
http://dx.doi.org/10.1016/j.joems.2017.04.002
http://creativecommons.org/licenses/by-nc-nd/4.0/

314 S.G. Mohamed /Journal of the Egyptian Mathematical Society 25 (2017) 313-318

The pseudo vector product of X, Y and Z is defined as
—€y € € e3
Xo X1 X2 X3
Yo Y1 Y2 V3
2y 21 Zp Z3

=(0,1,0,0),e; =(0,0,1,0) and e3=

X xY xZ=det

)

where ey = (1,0,0,0),e;
(0,0,0,1).

Definition 2.2 [10]. An arbitrary nonzero vector v € R3! is space-
like if (v, v) > 0, timelike if (v, v} < 0 and null (lightlike) if
(v, v) = 0. The signature of a vector v is

v is spacelike,

1
sign(v) = 10 v is lightlike,
—1 v is timelike.

The norm of the vector v is ||v|| = /|(v, V)]

Definition 2.3 [10]. The 3—dimensional de-sitter space S$*! is de-
fined by

3
S*1 = {(x0.%1. %2, X3) e R*1 | Y "% —x§ =1}
i

The set of null vectors of R31 forms the light cone
Xo # 0}

Definition 2.4 [11]. For plotting surfaces in de-sitter space S%1,
we use the hollow ball model of $2! (it is a 3-dimensional ball
Xo+X3 X1 +ixy
X1 - iX2 X0 — X3

L = {(x0. X1, X2, X3) | X} = X3 + %3 + 13,

in R3). For any point (xg, X1, X2, X3) € S>1 —
define

Xk
V1+x2 ’
Then e <y?+y%+y2 <e®. The identification (x9, X1, Xy,
x3)<>;(y1, Y2, ¥3) is then a bijection from S%! to the hollow ball

Vi = earctanxo

k=1,2,3.

H={1.y2.y3) eR® | e <yl +y;+yj <e"}.
So 21 is identified with the hollow ball .

Definition 2.5. Consider the 3—dimensional de-sitter space S$*!
in R>1. A regular parametrized curve y =9 ), p :1— s> is
called spacelike if (,7) >0, timelike if (7,7) <0, and null
(light-like) if (7, 7) =0, for all i € I, where i is the parameter of

the curve 7 and p (i) is the tangent vector to the curve y and
d (see [10]).

Definition 2.6. Let  (5(01)) : I — S%! be a regular timelike curve or
spacelike curve in de-sitter space S%!. The arc-length of the curve
¥ with arbitrary parameter i € I measured from y (0), 0 € [ is de-
fined by

a
s@) = [ 17 @)lds.
Since 7 is regular, then we define § > 0 by 4 &= =PI = \/E

Definition 2.7. If ||f/|| =1 forall i eI, then y = p(5) is said to be
an arc-length parametrized or unit speed parametrized curve.

Consider that the curve p is parametrized by the arc-length.
Assume that (" (5), 7" (5)) # 1, where ' = i Let {y,T,N, B} be
the Serret-Frenet frame of the curve p, where 7 (8) is the position
vector of the curve 7 and T, N and B are respectively, the unit tan-
gent, the unit principal normal and the unit binormal vector field
to the curve 7 (3).

2.1. Geometric properties of the timelike curves in $1

Definition 2.8. Consider the timelike curve with the spacelike
principal normal vector N and the spacelike binormal vector B.
Then from |[1], we have €¢; = -1 and ¢, = 1. Hence, the Frenet
frame in S%! has the following properties:

- (y, y) =1, since the curve is in §>1.

-« sign(T) = -1, sign(T’ — ) =1, where p' =T

« B is chosen so that {y T,N, B} is an orlented orthonormal basis
of R3! so B=9 x T x N.

Definition 2.9. The unit normal vector to the timelike curve § (5)
is defined by

-y
17 -7l
Lemma 2.10. The inner product and the vector product have the fol-
lowing properties:

N=

= (T.N) = (T,B) = (N.B) =0,

Definition 2.11. The curvature and torsion of the timelike curves
are defined by

= ('~ 7, ) - (I =p. T =) =T -7l
« 2= (N.B), ie, T = zdet(?,?’,?”,?”’).

Lemma 2.12. The Serret-Frenet frame satisfies

w)

A

E=M-F, (21)
V 0 1 0 ©

where F = T and M = 1 9 k 9
N 0 k o0 7
B 0 -0

2.2. Geometric properties of the spacelike curves with the timelike
normal vector in S

Definition 2.13. Consider the spacelike curve with the timelike
normal vector N and the spacelike binormal vector B. Then from
[1], we have €; =1 and €, = —1. Hence, the Frenet frame in $*!
has the following properties:

- (7.7) =1, since the curve is in §%1.

. stgn(T) =1, sign(T’ + 7) = —1. where P =

« B is chosen so that {y T,N, B} is an orlented orthonormal basis
of R3!, s0 B=9 x T x N.

Definition 2.14. The unit timelike normal vector to the spacelike
curves y () is defined by
. T+
.

1T+ 71
Lemma 2.15. The inner product and the vector product have the fol-
lowing properties:

< (p.T) = (7.N) = (7.B) = (T,N) = (T, B) = (N.B) =0,
(N,N) =-1,(B,B) = 1.
«BxTxN=—p, pxBxN=-T, y xTxB=N.

Definition 2.16. The curvature and torsion of the spacelike curve
with the timelike normal vector are defined by

-IA<=7§T/+)7,N) ie, k=(T'+7. T +7) =T+ 7.
: — 1det('~ A/ A// )7///).
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Lemma 2.17. The Serret-Frenet frame satisfies

>

- _NIF, (22)
y 0 1 0 O
where F = ! and M = 10 9
N k 0 1t
B 0 0 T O

3. Binormal meotions of the timelike curves and the spacelike
curves with the timelike normal vector in S%-1

Suppose that 7 : I — $%1 is a regular timelike curve or space-
like curve with the timelike normal vector N in S21. Let & : 7 (5, t)
be a family of timelike curves or spacelike curves with the timelike
normal vector where 7 (5,t) : I x [0, 00) — S$*1, with initial curve
70=7(.0).

Let 7 ($, t) be the position vector of a point on the curve at time
t and at the arc-length $. The time parameter t is the parameter for
the deformation ; of the curve.

The arc-length of the timelike curve and the spacelike curve
with the timelike normal vector is defined by

S(iLt) = /0 " JE@ . Ddé.

where \/Ez |7 (6. t)||. Then the element of the arc-length is d§ =
V/&(1, t)di, and the operator E% satisfies the following:

ad 1 0
E AT i = Ve

Definition 3.1. The curve (5, t) and its flow % in 21 are said
to be inextensible if

)

20 a R
:ﬁny(s’t)”:()v l‘evgt:()'

Hence, the arclength of the curve y (§,t) is preserved.

The binormal motions of the timelike curves and the spacelike
curves with the timelike normal vector can be expressed by the
velocity vector field
0y & &

=VB,
ot
where {7, T, N, B} is the orthonormal Frenet frame to the curve G,
and V is the velocity vector in the direction of the principal binor-

mal vector B and it is a function of the curvature lAc(s‘, t), torsion
7 (8, t) of the curve, and the higher derivatives of k($,t) and (5, t).

(3.1)

3.1. Evolution equations of the timelike curves in S%1

Theorem 3.2. The time evolution of the Serret-Frenet frame for the
timelike curve can be given through the matrix form:

=Q-F, (3.2)
where

7 0 0 o Vv

B /A A
g&(s‘,t)—’%( 1+% )V+VM>

Also, the time evolution equations of the curvature and torsion for the
inextensible timelike curve C; are given by:
ke = -tV — 220,

(3.3)
—kVA aw.

Proof. Take the i derivative of (3.1), then

Vea = \/§<—f\7 N+ Vs E). (3.4)
Since p; = \/§)7§ = \/ET, then
Pu=ET+ 2T (3.5)

23

Since the derivatives with respect to @i and t commute, then

Vat = Vra- (3.6)
Substituting from (3.4) and (3.5) into (3.6), then

% =0

o7 (3.7)
W = —f‘? N + A§ B

The time evolution equations for the timelike normal vector N and
the curvature k of the curve (; are computed as follows:
Take the @ derivative of the second equation of (3.7), then

ﬁfq@(iWT—W}+2ﬁﬂV(% vm) (3.8)
Since

fi=VETi=Va @ + k). (39)
Taking the t derivative of (3.9), then we have

T, = g(VEH‘cN[ +ke N). (3.10)
Since

T = Tar (3.11)

Substitute from (3.8) and (3.10) into (3.11) and put %(\75»5»— 1+
£2)0) = ¥ (5, t), then

ke = -Vt — 20,2,

N co (3.12)
Ne=—t0 T+ B

The time evolution equation for the binormal vector B to the
curve C[ is glven as follows:
Since B=9 xT x N, so

(3.13)

Substitute from (3.1) and from the second equation of both
(3.7) and (3.12) into (3.13), then

t:ythxN—i-ythxN—i-f/xTXN[,

Bi=-Vp+VUT -y N (3.14)
Take the i derivative of (3.14), then

Ba = VE((-V + Vs - ) T+ (s - J N- 2 B).  (315)
Since

By = v/8Bs = V& (-2 (3.16)
Taking the ¢ derivative of (3.16), then we have

Ba = —/8(% N+ £ Rp). (3.17)



316 S.G. Mohamed /Journal of the Egyptian Mathematical Society 25 (2017) 313-318

Since B,; =By, then by substituting from (3.15) and from
(3.17) into this equation, then we have the time evolution equa-
tion for the torsion 7:

T = —kV; + . (3.18)
Hence, the theorem holds. O

3.2. Evolution equations of the spacelike curves with the timelike
normal vector in S

Theorem 3.3. The time evolution of the Serret-Frenet frame for the
spacelike curve with the timelike normal vector N can be given in ma-
trix form:

E=Q-F, (3.19)
where
v 0o 0 o0 V
R f A 0 0o v ¥
F=| - = . 2 d
A 2=lo w0 o £
B 0 0 £ o

EGn)= 11:{((1 +f2)\7+\7§§),

Also, the time evolution of the curvature and torsion for the inexten-
sible spacelike curves with the timelike normal vector are given by:

ke = TV + 220,

SR (3.20)
Te = kVs + &;.
Proof. Take the i derivative of (3.1), then
P = \/§<f\7 N1?; B)‘ (3.21)
Since 73 = /&7 = /T, then
Do = /&L + £ T (3.22)

NG

Since the derivatives with respect to @i and t commute, then

Yae = Ve (3.23)
Substituting from (3.21) and (3.22) into (3.23), then

a7 (3.24)
W = f‘? N + AS* g

The time evolution equations for the timelike normal vector N and
the curvature k are computed as follows:
Take the i derivative of the second equation of (3.24), then

Tp = /é(l?f\?f+ (V2 + 20:2) N+ (Ve + £20) E). (3.25)
Since

Ta = V&l = VE(-7 +kN). (3.26)
By taking the t derivative of (3.26), then we have

T, = \/5(12 Ne+ke NV g). (3.27)
Since

fea = T (3.28)

Fig. 1. Hollow ball model.

Substitute from (3.25) and (3.27) into (3.28) and put i(Vss—i- 1+

f2>\7) —£G.1), then
(3.29)

The time evolution equation for the unit binormal vector B to
the curve C; can be given by:

Since B=9 xT x N, so
Bt:?fxTxN+)7xT}xN+)7xfxﬁt. (3.30)

Substitute from (3.1) and from the second equation of both
(3.24) and (3.29) into (3.30), then

0B .

§=7\7377 T+ EN. (3.31)
Take the i derivative of (3.31), then
Bm:\/§((_\7—\7§§—1‘<\7§)T+(1‘<\7§+é§)10_§f B)A (3.32)
Since

By = /2B = V& (2N). (3.33)
By taking the t derivative of (3.33), then we have

By = VB8R N+ 2 R,). (3.34)

Since B,; = By, then by substituting from (3.32) and (3.34) into
this equation, then we have the time evolution equation for the
torsion 7:

T = kU + &, (3.35)
Hence, the theorem holds. ]

4. Construction of Hasimoto surfaces in S1

In this section, we construct new kind of surfaces, we will call
them Hasimoto surfaces as the case of binormal motion of curves
in Euclidean space R3. These curves move with the binormal ve-
locity equals to the curvature k(5. t) of the curve ie., V = k(5 t).
Then the flow of curves (3.1) takes the form:

d

<>

—kB, (4.1)

o8]
~

4.1. Model 1

For the binormal motions of inextensible timelike curves in
§%1, then (3.3) takes the form: (Fig. 1)

ke = —kts —
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t=0.9

t=0

(b) Close up

Fig. 2. The Hasimoto surface for § ¢ [0, 3], t € [0, 5], ¢; = 0.6, c; = 0.0001 and c3 = —0.00001. The bold black curves on the surface represent the family of timelike curves

C fort=0and t=0.9.

(a)

t=1

=0

(b) Close up

Fig. 3. The Hasimoto surface for §e [0, 3], t € [0, 5], ¢; = 0.9, c; = 0.001 and c3 = 0.002. The bold black curves on the surface represent the family of spacelike curves with

the timelike normal vector ¢ for t =0 and ¢t = 1.

One solution of this system is

~sa (o)

T(5,t) = % (4.2)
where ¢, ¢, and c3 are constants. For V =k, substitute from
(4.2) into (2.1), (3.2) and solve the systems (2.1) and (3.2) numer-
ically. Then, we can determine the family of curves G = 7 (5 t),
hence, we can get the Hasimoto surface that is generated by these
family of timelike curves (Fig. 2).

IAc(s‘, t) = 2c; tanh(ci$+ ¢t +¢3),

4.2. Model 2

For the binormal motions of inextensible spacelike curves with
the timelike normal vector in S%!, then (3.20) takes the form:

I}t = i}fg =+ 2flA<§,

as

One solution of this system is

T = —kke + 2(1 +f2+%>.

G

k(3 t) = 2¢; tanh(ci$ + cot + ¢3), S
1

£(5.t) = (4.3)
where c¢;, ¢; and c3 are constants. For V =k, substitute from
(4.3) into (2.2), (3.19) and solve the systems (2.2) and (3.19) nu-
merically. Then, we can determine the family of curves G; = 7 (5, t),
hence, we can get the Hasimoto surface that is generated by these

family of spacelike curves with the timelike normal vector (Fig. 3).
5. Conclusion

In the present work, we focused our attention on:

+ Study the binormal motions of inextensible timelike curves and
inextensible spacelike curves with a timelike normal vector in
de-sitter space 1.

 Determined the inextensible timelike curves and inextensible
spacelike curves by solving their evolution equations.

+ Constructed and plotted surfaces that are generated from the
binormal motions of inextensible timelike curves and inexten-
sible spacelike curves with a timelike normal vector in de-sitter
space S%1. These surfaces were called Hasimoto surfaces in S 1.
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