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In this work, we study a differential game related to terrorism: Min-Max differential game taking into
account the governmental activities such as the education quality, increasing the chances of labor, social
justice, religious awareness and security arrangements. A Min-Max differential game between govern-
ment and terrorist organizations is considered in this study. To obtain the optimal strategy of solving
this problem, we study the analytic form of a Min-Max differential game and the governmental activities.
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1. Introduction

Terrorism is the use of violence to cause political, religiouse
and ideological change, or control the wealth of nations. Terror-
ism problems have become very large and dangerous all over the
world. Governments have taken important procedures, such as the
education quality, increasing the chances of labor, social justice, re-
ligious awareness and security arrangements so as to fight terror-
ism. Some mathematical subjects are applied to get methods for
combating terrorism, particularly ‘Operations Research’.

Counter-terrorism measures range from security arrangements
and the governmental activities to freezing assets of a terrorist
organization or even invading their territories and assassinating
them.

However, any of the a fore-mentioned actions has to be thor-
oughly investigated for consecutive reaction. In this paper, a differ-
ential game approach is used for studying the reciprocal strategies
of governments on one hand and those terrorist of organizations
on the second hand.

The power of organizations is measured by the terrorist at-
tacks, Caulkins et al. [1] proposed that the combating terrorism re-
lies on the community opinion and Caulkins et al. [2] introduced
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the comparison between the efficiency of water and fire strategies.
The decreasing rate of terrorists is affected by their own actions
and the anti-terrorist actions of the government through the edu-
cation quality, increasing the chances of labor, social justice, reli-
gious awareness and security arrangements. The government ben-
efits from the loss of the terrorist resources and their activities
but incurs costs for combating terrorism and disutilities cause by
terrorist organizations. These organizations try to maximize their
power, both by enlarging their size as well as terrorist attacks.
Therefore,this study is an attempt to help governments fight
terrorism better effectively. A min-max differential game plays the
main role to combat terrorism. Hsie et al. [3,4] introduce the first
approach to fuzzy differential game problem: guarding a terri-
tory and guarding a movable territory. Youness et al. [5] discuss a
parametric-Nash-collative differential game. A study on a fuzzy dif-
ferential game, a study on large scale continuous differential game,
min-max zero-sum fuzzy continuous differential game and min-
max zero-sum continuous differential game with fuzzy control are
presented in [6-9]. Nova et al. [10] introduce a differential game
related to terrorism namely 'Nash and Stackelberg strategies’, Roy
et al. [11] present a terrorism deterrence in a two country frame-
work: strategic interactions between R&D, defense and preemption.
Ahmed et al. [12] introduce a complex adaptive system to study
the terrorism phenomena. Megahed [13] presents a Min-Max dif-
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ferential game approach for getting the optimal strategy to fight
terrorist organizations.

2. Problem formulation

Consider the following differential game with the state variable,
x(t) which describes the resource of an International Terror Orga-
nization (ITO). It may also include weapons, financial capital, net-
work of supporters, etc. and another state variable M(t) which de-
scribe the governmental activities, the education quality, increasing
the chances of labor, social justice, religious awareness and security
arrangements, t € [0, co) is the time. Two players are the govern-
ment with non-negative strategy u(t) and the other side ITO with
non-negative strategy v(t) as the opponent. The stock of resources
of ITO grows according to the growth of a linear function g(x), i.e.
g(x) =rx,r > 0, and the governmental activities grows according to
a linear function A(M) = uM, where u > 0 is the growth rate of
the governmental activities. Carrying out attacks make a reduction
the growth of the resource stock as it affects negatively the num-
ber of terrorists (e.g. due to suicide bombing or terrorists being
caught or killed) as well as weapons and financial means, it may
even include a reduction of the network of supporters. The reduc-
tion of the growth of the resource stock, however does not only
depend on the intensity of attacks nu(t) but it is also influenced
by the counter-terror measures u(t) This influence of the control
variables of the two players on the growth of the resource may be
denoted as "harvest function” h(u, v). As a consequence the dy-
namics of the resource stock x(t)can be written as

X =rx(t) —h(u(),v(t)), x(0)=%x,>0 (1)

M = uM + au — bv M@O0) =My >0 (2)

where xq denotes the initial stock of terrorist’s resources, Mg is the
initial government’s activities and a, b are positive constants. More-
over,we assume that along trajectories the non-negativity con-
straints

x(t) >0,M(t) >0,t >0 (3)

Since a higher intensity of counter-terror measure and attacks
leads to a reduction of growth, we assume that the partial deriva-
tives are greater than zero :h,(u, v) > 0, hy(u, v) > 0.The counter-
terror measures exhibit marginally decreasing efficiency hy, < O.
Moreover a higher rate of attacks induces disproportional higher
losses of resources i.e. h,, > 0. Finally the instruments reinforce
each other, i.e. hy, > 0 which makes economically sense. This
positive interaction means that the marginal efficiency of counter-
terror activities are increasing with the intensity of terrorist’s at-
tacks as active visible terrorists can be more easily controlled than
hidden ones. Additionally, we assume that the Inada conditions in
the economic literature are fulfilled

lin}]hu(u, V) = oo, ulim h,(u,v) =0 (4)
u— —00
lin})hu(u, v) =0, L!im hy(u,v) = oo (5)

This guarantees that the optimal strategies are nonnegative, u(t) >
0,and v(t) > 0, t > 0.

Player 1(Government) draw utility from its activities, M(t) and
the loss of the terrorist’s resources but disutility from the size of
ITO, terrorists activities and their own costs of counter-terror mea-
sures. For simplicity all these terms are assumed to be linear. Thus,
the objective of the government

L A
x [wh(u(t), v(t)) + qM(t) — cx(t) — kv(t) — ozu(t)]dt} (6)

where , ¢, k, ¢ and o > 0.

The second player (ITO) derives utility from the resource stock
x(t) and the terrorist actions at intensity v(t) and disutility from
Government's activities. This leads to the following maximization
problem

max ), = /0 T ertox(t) + u(t) - wM(©)1de} (7)

where o, B8, wandn > 0.
The decreasing rates p;, i = 1, 2 are assumed to be greater than
the growth and activity rates r, u respectively i.e.,

pi>T,

In this paper, we will calculate min-max equilibrium. The solution
procedure relies on Pontryagin’s maximum [9].

pi>p for i=1,2 (8)

3. Min-Max equilibrium

A min-max game is called antagonistic game for two per-
sons(two players), In this paper, player 1 is the government and
player 2 is the International Terror Organization (ITO). There are
two cases for studying of this problem.

3.1. The game of the government view

In this case, the government is going to find the strategic vari-
able u(t) to maximize its payoff,namely the maximizing player, but
the ITO tries to find the strategic variable v(t) to minimize this
payoff, namely the minimizing player. The game takes the follow-
ing form

minv(t) maxu(r)]]

= [T emttwher. v + M)

—cx(t) — kv(t) —au(t)]dt
x =rx(t) — h(u(t), v(t)), x(0) =x9 >0 ,x(t) >0 forall t
M = uM(t) + au — bv(t), M(0) =My >0 ,M(t) >0 for all t

(9)
Note: It’s denoted that
Li(x(©), u(t), v(t)) = wh(u(t), v(t)) + gM(t) — cx(t)
—kv(t) —au(t)

and

fx,u,v) =rx(t) —hu(t),v(t))

Definition 3.1. The point (u*, v*) is said to be the saddle point of
the min-max continuous differential game problem (9) if

S, v) < i@, v*) <Ji(u, v) (10)

3.2. The necessary conditions of an open saddle point solution

Theorem 3.1. Let I;(x(t), u(t), v(t)) and f(x, u, v) are continuous dif-
ferentiable functions. If (u*, v*) is saddle point with the state trajec-
tories x*(t) and M*(t) for the problem (Government). Then there exists
a costate vectors A1(t), P1(t) and the Hamiltonian function H; defined

by
Hy(x(t), u(t), v(t), A1(t), P (£)) = L (x(t), u(t), v(t))
+A1 @) f(x,u,v) + P (t) (UM + au — bv) (11)
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such that the following conditions are satisfied

8H1 _ 8I~Il _
i v =0
92H, 9°H, [ 92H; \ 92H, 92H,
guz 9v2  \ dudv =0, du? =0, ov? z0
. oH,
11:/’1)»1—W (]2)
JH
Py =pP - 871\/}
min,, ), Hy (x(¢), u*(t), v(t), A1 (£), P (t))
= Hy (x(t), u*(£), v*(t), A1 (£), Py (t))
= maXy ) Hy (x(t), u(t), v*(£), A1 (t), P (t))

Proof. The proof of this theorem is similar to the proof of
Theorem 3.1 in [9]. O

Since the optimal strategy of the government and ITO have to
maximize and minimize the Hamiltonian function H;. Then

% =(w-Mh—-a+Pa=0= h, = Z_ia
oH k + P; ll) (13)
k
Ty = @=2)hy —k=Pib=0— hy = 2T
the adjoint variables satisfy the differential equations
oH
M= pihi = b= ha(pr =) +c (14)
JoH
P :'O]PI_BT\/;:('O]_M)H_Q (15)
and the limiting transversality conditions
tlim e Pix(HA(t) =0 (16)
tlim e PIM(t)P(t) =0 (17)
then the solution of the adjoint equation is
c c
ri(t) = <A + )ewl—”f - 18
O=ot G oh p1—T (18)
q — aq
Pi(t) = <P +7)e(‘“ wey 9 19
0=t 5w p1— 1 (19)

where A1(0) = Ag and P;(0) = B, since p; > r and p; > w. then
A(t) - oo and M(t) - oo as t — oo which is violating the
transversality conditions except when choosing the constant steady
state values

c
P1—T
__ 4
P1—H
The Hamiltonian H; is concave with respect to the strategy u and
convex with respect to the strategy v and therefore, we find the
maximization of H; with respect to u and the minimization of H;

with respect to v.
Consider the harvest function h(u, v) = u™v®, with 0<71<$§

A =Ao=—

P =P

Remark 1. Since Hyy, = (W—A)21(r — Du™2v% <0 and Hyyy, =
(w—=2A)28(8 — 1)u™v®=2 > 0, then H; is concave with respect to u
and convex with respect to v

Proposition 3.1. The optimal strategies of the game 9 are given by

. o —Pa 81 k + bPy Sl
u_|:<r(a)—)q)> (8(w—k1)> }

1 (20)
-1 T T35
- k + bP, o —Pa >
- S(w— A1) (r(a)—)q)
with the harvest function
. o — Pla == k + bP1 Trd
hw) = (25 —7) (Mw—ko) 1

Proof. From the necessary conditions we have

1
. -1,8 _ o —Pa h _( a —Pa )ﬁ =
h, = tu v_i(w_)q),tenu_ T@_ 1%
1
k + bP k+bP, 77 .
_ T,6-1 _ 1 _ 1 =
and h, = Su®v = o then v <8(w—k1)> us
and thus

1

_ Ol—P]G o=l k+bP] o
u_|:<r(w—kl)) <8(a)—)q)> }

B k+bP, \* '/ a—Pa \T| T (22)
”‘{(5@40) (r(w—,\l)> }

. o —Pa == k+bp1 T8
h) = (5=5) <5(a)—k1)>
and
-2,,0 —14,6—1
Hyy  Hiw _ (W—)\)z T(t - DHu*v Téut v
Hiyw  Hiy oyt 1pd-1 (S((S - ])UTV‘S*Z

=W—-21)218(1 — 7 - §)u2-Dp2@é-H - 0
(23)

i.e,, (u, v) is saddle point of the problem (9). O

Lemma 3.1. The objective of the government (player 1) for the con-
stant strategies u, v is

h c au kv
- e ) s
£1 p1=T/ p1 M

X0 Mopq(pr — p) + (au—bv)(p1q — p1 + 1) (24)
p1—T mp1 (= p1)

Proof. The solution of the ordinary differential equations

rx(t) —h(u(t), v(t))
M = uM +au — by

X

are
1
x(t)e ™™ = Fe‘”h(u, V) + ¢;(constant)
au — by
M(t)e ™ = —— "¢~ H#t 4 ¢, (constant)

fort — 0,cq1 =%x9 — %h(u, v) and ¢; = My + % then
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x(t) = (xo - %h(u, v))e" + g

(25)
M(t) = M0+au—bv em_au—bv
u

and thus

h c au kv cxg
= )

P1 =T/ p1 P P1—T

~ Mopq(pr — ) + (au —bv)(p1g — pr + 1) (26)

mp1( = p1)

where u, v and h(u, v) are defined in (20). O

3.3. The game of ITO view

In this case, the ITO is going to find the strategic variable v(t)
to maximize his payoff and it’s called the maximizing player but
the government tries to find the strategic variable u(t) to minimize
its payoff and it's called the minimizing player, the game takes the
following form

min,gy max,q { L= fg e "2 [ox(t)
+Bv(t) — wM(t)]dt}

x =1 x(t) —h(u(t), v(t)),

M = uM + au — by,

x(0) =x9 >0 ,x(t) >0 for all t
M(0) =My >0 ,M(t) >0 for all t
(27)

Note: it's denoted that
Lx(t), u(t), v(t)) = ox(t) + Bv(t) — wM(t)

Definition 3.2. The point (u*, v*) is said to be saddle point of the
min-max continuous differential game problem (27) if

L@ v) =L@, v) <f(u,v) (28)

Theorem 3.2. Let I,(x(t), u(t), v(t))and fix, u, v) are continuous dif-
ferentiable functions. If (u*, v*) is saddle point with the state trajec-
tory x*(t) for the problem (ITO). Then there exists a costate vector
Ay (t) and the Hamiltonian function H, defined by

Hy (x(t), u(t), v(t), A(t)) = L(x(t), u(t), v(t)) +A2(6) f(x,u, v)
+P,(t)(uM + au — bv) (29)

such that the following conditions are satisfied

oH, OH,
Tu =0 v =0
9°H, 32H, [ 9°H, \° 92H, 92H,
oz 917 (8u8v =0 e =0 G =0
_ oH (30)
Ay = Pady — sz
max, ) Ha (x(t), u*(t), v(t), A(t))
= Hy (x(t), u*(t), v*(t), A(t))
= min, ) Hp (x(£), u(t), v*(t), A(t))

Proof. The proof of this theorem is similar to the proof of
Theorem 3.1 in [9]. O

Since the optimal strategy of the ITO and the government have
to maximize and minimize the Hamiltonian function H, respec-
tively. Then

%Z—)\zhuﬂ-al)z:o:}hu:

ou
dH. 1
aTZ:ﬁ_xzhv—bpz=0:>hu=72[ﬂ—ble

abP,

Y2 (31)

the adjoint variables satisfy the differential equations

oH.
by =prha— 5t =ha(p2—1)~0
(32)
oH.
P, = p2Po = oor 2 =

v P(o2 — ) +w

and the limiting transversality conditions

[lim e Ptx (A (t) =0

tlim e PtM(t)P(t) =0

then the solution of the adjoint equations are

)e(ﬂz -nt + L

S (33)

P2— K

Aa(t) = (Ao —

o
(p2—1)
iy

Yelp2—it _
P2— K

Py(t) = (Pyo +

where )\.2 (0) = )\.20 and P (O) = Pyp.

The Hamiltonian H, is concave with respect to the strategy v
and convex with respect to the strategy u and therefore, we find
the maximization of H, with respect to v and the minimization of
H, with respect to u.

Consider the harvest function h(u,v) = u*v®, with 0 < § < 1
< T.

Remark 2. Since Hyy = (W—A)21(r — Du2v% =~ 0 and Hy,, =
(W—=2A)28(8 — 1)u™v®~2 < 0, then H, is convex with respect to u
and concave with respect to v

Proposition 3.2. The optimal strategies of the problem (27) are given
by

_ aPZ = ,B—sz =
=) (F)

Proof. The proof is similar to the previous proposition.
From (34) and the following condition, we find that (u, v) is
saddle point of the problem (27)

T(t=Du™2yd  gsuT 1!
réut -1 §(§ — 1uvé-2

=W—-A)2t8(1 — 7 — HurT-Hy26-1) - ¢

H2uu H2uv

=(w-2)?
H2vu H2vv

(35)

and (u, v) is saddle point of the problem (27).
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Similarly from the above lemma we have

x(t) = (xo - %h(u, v))e” + 2

M(t) = <M0+ a”;bv)eﬂf— au — by

b= a (xo—%h(u,v)>+%+@

P2 =T

. w M0+aufbv B
"= 02 w

where

_ aP2 == ﬂ,[)zb
hww = (73) (sxz

4. Comparison

amE (pomp\
(T)xz) Sy

v (ﬂ)lit3 B —DBb e
'L')xz 8)\.2

w
(36)
02
au — bv
129%)
-5
-8
(37)
)155
O

A comparison between the game of the government view and
the game of the ITO view is presented in the following table.

Table 1

The table provides a comparison between the game of the government view and

the game of the ITO of view.

The game of the government view

The game of the ITO of view

1
_ 5— 8=
u=[(55%)" (k)]

1
_[(deabp T _a-pa T
V= [(wah)) (:655) ]
-t -3
_ a—Pa T3 k+bPy T3
hw,v) = (z55) ™ (stsy)
X(t) = (Xo—1h(u, v))e"+1
M(t) = (My + ﬂu%bv)eur _ auI—va

—hwo < y_k_au X
= P w —=p P p1 + =P

_ Moppi+(au—bv)(2p; —p1)
14p1 (L=p1)

81 =)
u= ()" (FH) T

v=(8) T ()T

. =(8) 7 (52

X(t) = (Xo—1h(u, v))e"+1h(u, v)
M(t) =My + ﬂu;bv )eut _ au;bv

__o _1 h(u.v) Bv
fo= 5% (0 = Lh(u, v)) 4 H0) 4 B2

_w au—bvy _ au-by
= (Mo + w ) P2

5. Conclusions

In this study, the governmental performance is essential in
fighting terrorism. If the government solves the problems with
unemployment, the social justice, religious awareness, the educa-
tion quality and security measurements, so the combating terror-
ism will be better powerful and effective. However, if the govern-
ment ignores these problems, the combating terrorism becomes
very hard and countries will be fertile ground for the growth of
those terrorist organizations.
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