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1. Introduction and preliminaries

It worth to mention that the use of triangle inequality in a met-
ric space (X, d) is of extreme importance since it implies that (i) d
is continuous, (ii) each open ball is an open set, (iii) a sequence
may converge to a unique point, (iv) every convergent sequence is
a Cauchy sequence and other things. One of the importance gen-
eralizations of metric spaces is symmetric spaces, where the tri-
angle inequality is relaxed. It was not immediately observed that
such spaces may fail to satisfy properties (i)-(iv). Hence, in some
of last papers, the authors implicitly used some of conditions (i)-
(iv), so that their results were inaccuracy. Various authors intro-
duced many types, generalizations, and applications of generalized
metric spaces until now (see, [2-5]).

On the other hand, In 2015, Almeida, Roldan-Lopez-de-Hierro
and Sadarangani [1] proved that whenever f is a rational type con-
traction mapping from a complete metric space into itself, then f
has a unique fixed point. In this paper, we introduce fixed point
theorems for contraction mappings of rational type in symmetric
spaces. Our results generalize the results due to Almeida, Roldan-
Lopez-de-Hierro and Sadarangani [1].
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Next, we present some preliminaries and notations related to
symmetric spaces and rational type contractions.

Definition 1.1. [6]. Suppose that X be a non-empty set and S: X x
X — [0, o0) be a distance function such that:

(i) Sxy)=0 & x=y.
(i) S(x.y) =S¥, %),

forall x, y € X.
We mean by a pair (X, S) with a symmetric space.

Definition 1.2. [6]. Let (X, S) be a symmetric space.

(a) A sequence {x;} in X is S-Cauchy sequence if
limp_ 00 S(Xn, Xnir) = 0, 7 € N(the set of all natural num-
bers).

(b) (X, S) is S-complete if for every S-Cauchy sequence {x},
there exists x in X with lim,_, o S(xn, x) = 0.

() f X — X is S-continuous if limp_o S(xp, x) =0 implies
limp 0o S(fXn, fx) = 0.

We need the following properties in a symmetric space (X, S).

(W3) [7] Given {xp} , ¥y and x in X ,limp_ S(xs,X) =0 and
limp_ 00 S(xp,y) = 0 imply that x = y.
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(Wy) [7] Given {x,} , {yn} and x in X \limy_ o S(Xn,X) = 0 and
limy_ 00 S(Xn, yn) = 0 imply that limp_ o S(yn, X) = 0.

(1C) [8] A function S is 1-continuous if limp_ o S(xp, X) =0 =
limp_ 00 S(Xn, y) = S(x, ¥).

Remark 1.1. [7]. (W4)= (W3).

Definition 1.3. [9]. Let f: X — X and B: X x X — [0, co0). The map-
ping f is f—admissible if, for all x, y € X such that B(x, y) > 1, we
have B(fx, fy) > 1.

Definition 1.4. [9]. Let (X, S) be a symmetric space and 8: X x X
— [0, o0). X is B—regular if, for each sequence {x,} in X such that
B(xn,xy11) > 1 for all n € N and limy—.« Xn = X, then there exists
a subsequence {xy, } of {xn} such that B(xn,.x) > 1V k € N.

In 2011, Haghi et al. [10] showed that some coincidence point
and common fixed point generalizations in fixed point theory are
not real generalizations. They gave the following lemma which
show that the authors should take care in obtaining real gener-
alizations in fixed point theory.

Lemma 1.1. [10]. Let X be a nonempty set and f: X — X a function.
Then there exists a subset ECX such that f(E) = f(X) and f: E — X
is one-to-one.

2. Main results

In this section we introduce some new fixed point results for a
rational contraction self-mapping on symmetric spaces.

Theorem 2.1. Suppose that (X, S) be a S-complete symmetric space
satisfy (Wy4) and (1C). Let f be a self-mapping on X, and the following
condition holds:

S(fx, fy) < d(M(x,y)) +Cmin{S(x, fx), S, fy), Sk, fy),
S, fx)}Vx,yeX, C>0, (1)

where M(x, y) is defined by

S, fX)SW, fy)+1)
1+Skx,y)

smnmw&wn}

)

M(x,y) = max {S(x, ¥),

1+Skx,y)

and ¢: [0, co) — [0, co) be a continuous, nondecreasing function and
limp_ @™ (t) =0Vt > 0.
Then f have a unique fixed point.

Proof. Let x5 € X be an arbitrary point and let {x,} be the sequence
defined by x,,1 = fxn for all n € N. If there exists m € N such that
Xm = Xmy1, then xm = X1 = fXm, S0 X is a fixed point of f. In this
case, the proof is finished. Suppose, on the contrary, that x, 1 # xp
for all n € N, that is d(xn, X,,.1) > 0.

By (1), we have

S(fxn, fxni1) < @M (Xn, Xni1))
+ Cmin{S(xn, fxn), SXny1, fXni1),
S(n, fxa11), SGny1, fXn)}
= ¢(M(Xn, Xn41)) (2)
where

S(Xn, fxn) (S(Xng1, fXni1) + 1)
1+ S(Xn, Xnt1)

)

M(xy, Xp41) = max {S(xn,xn+1),

SXni1, fXne1) (Sn, fXn) +1)
14 S(Xn, Xn41)

S(Xn, Xnt1) (1 4 S(Xny2. Xny1))
1+ SXn. Xn11)

)

= Mmax {S(sz, Xns1),

S(Xn+2’ Xn+1 ) } ’

we consider the following cases

o If M(xn, Xy11) = S(Xn, X541) from (2) we have
S(Xn41, Xn2) < @(S(Xn, Xny1)) < S(Xn, Xny1) (3)

If M(xn, Xp41) = S(X”’X"ﬁ‘js((le;::ﬁ'x”“)) from (2) we obtain

S(xn, X 1+ S(Xpi2. X
suHLMH)§¢<(" qﬂ&@ ifinﬂn)
ns An+

S(Xn. Xn41) (1 + S(Xpy2, Xni1))
14+ S(Xn, Xni1)

Hence

S(Xn41, Xn2) < S(Xn, Xni1),

that is (3) holds.
If M(xn, Xpy1) = S(Xn42,Xp,1) from (2) we get

S(Xng2: Xn41) < S(Xng2. Xns1),

which is impossible.

In any case, we proved that (3) holds. Since {S(x;1,X,42)} is
decreasing. Hence, it converges to a nonnegative number, ¢ > 0. If
¢ > 0, then letting n — +oco in (2), we deduce

c< ¢(max {c, C(llicc),c‘}) =¢(0) <c

which implies that ¢ = 0, that is
r!l_{gc S(Xnt1, Xny2) = 0. (4)
By using (W,4) and for any integer number r we have

Y}Lngcs(xnsxn+r) =0, (5)

which implies that {x,} is S-Cauchy sequence. Since (X, S) is S-
complete, there exists u € X such that limp_ - S(xs, u) = 0. From
(W4) we have

nll_)n; S(xpy1,u) =0.
Let u # fu. Applying (1) and using (1C) we get
SCfu.u) = lim S(fu.xner) = im SCfu. fxn)
Jim [ (M(u, xn)) + € min{S(xa, fxn),
S(u, fu), S(xn, fu), S(u, fxn)}]
Nim [§(M(u, xn)) + Cmin{S(xn, Xn11),
S(u, fu), S(xn, fu), S(u, Xn41)}]
lim [ (M(u, x0))] < S(fu, w), (6)

IA

where

S(u, fu)(S(n, fxn) +1)
1+S(u,xy) ’

S(xn, fxn)(S(u, fu) +1)
1+S(u, xn)

M(u, x,) = max {S(u, Xn),

S(u, fu)(S@n, Xns1) +1)
1+S(u, xp) ’

= max {S(u,xn),
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1+Su,x,)
= S(u, fu) asn — oc.

S(Xn, Xn 1) (S(u, fu) +1) }

Which leads to a contradiction. Hence, S(u, fu) =0, that is, u = fu
and so u is a fixed point for f.

Now, we prove that u is the unique fixed point of f. Let x and
y be arbitrary fixed points of f such that x = fx and y = fy. Using
the condition (1), it follows that

Sx, fx)Sy. fy)+1)
1+Skx,y) ’

Sx.y) =S(fx. fy) = ¢<max {S(X,y),

S, fy)(S(x, fx) +1)
1+ S(fou, fLv)

+ Cmin{S(x, fx),S(y. fy),S(x, fy).S(y. fx)}
=¢S(x.y)) <Sx.y).

which implies that S(x,y) = 0. Thus, x =y and f has a unique fixed
point. O

Example 2.1. Suppose that X =[0,1] and E = {2, 2, 5. &}. Define
Son X x X as follows:

5 2 7 8 4 5 8 2 7 1
(53)=5(2 1) =5 3(515)=5G 1) =3

5 7 2 8 8 .
S(E’ﬁ) :S(?ﬁ) =5 S(x,y) = |x—y| otherwise.

Then (X, S) is a symmetric space but not metric space. Let f: X — X
and ¢(t): [0, oo) — [0, oo) defined by fx = %x, and ¢(t) = % Vte
[0, 00).

Then f and ¢ satisfy all the conditions of Theorem 2.1. Hence, 0
is the unique fixed point of f.

From Lemma 1.1, one can find that the following theorem is a
consequence of Theorem 2.1.

Theorem 2.2. Suppose that (X, S) be a symmetric space satisfy (W)
and (1C). Let f1 and f, be self-mappings on X such that fiX c f,X. Sup-
pose that (f2X, S) is a S-complete symmetric space and the following
condition holds:

S(fix, f1y) < ¢(M(x,y)) + Cmin{S(f>x, f1x),S(f2y. f1¥).
S(fHox, f1y), S(foy. fix)}Vx,y e X, C>0, (7)

where M(x, y) is defined by

M(x,y) = max {S(fz?‘, ), S {1:);(Sf(£yf2f}]’;/) : ])7

S(fay. fiy)(S(fox, fix) +1)
1+ S(fax, f2y) '

and ¢: [0, co) — [0, oo) be a continuous, nondecreasing function and
O(t)=0 < t=0.

Then f; and f, have a unique point of coincidence in X. Moreover
if fi and f, are weakly compatible, then f; and f, have a unique com-
mon fixed point.

Corollary 2.1. Replacing the condition (1) in Theorem 2.1 with the
following condition:

S(fx. fy) < mS(x.y) + > f>1<> ng((ﬁfyy)) +1)

S, fy)(Sx, fx) +1)
1+Sx,y)
+ Cmin{S(x, fx), S, fy).S(x, fy).S(. fx)},

where aq, a3, a3, C > 0, and ay +a, + a3 < 1.

+ as

Then f has a unique fixed point in X.

Remark 2.1. [1, Theorem 7] is special case of Theorem 2.1.

Next, we introduce a fixed point theorem for a (o, ¥, ¢)-
contraction self-mapping of rational type in S-complete symmetric
spaces.

Theorem 2.3. Let (X, S) be a S-complete symmetric spaces satisfy
(Wy) and (1C). Let f be self-mapping satisfy the following condition:

PBEYSUX f¥) <pMx.y) — Yy (Mx.y)) Vx.yeX, (8)

where M(x, y) as in Theorem 2.1.
Consider also that the next conditions hold:

(i) 3xg € X such that B(fxg, xo) = 1,
(ii) f is B—admissible,
(iii) X is B—regular and B(Xm, xn) > 1, Vm, n € N, m # n,
(iv) either B(x,y) = 1 or B(y, X) > 1,
(iiv) ¢: [0, o0) — [0, oo) be a continuous, non-decreasing and
¢(t)=0 < t=0, and ¥: [0, o0) — [0, oo) be a lower
semi-continuous function and ¥ (t) =0 < t=0.

Then f has a unique fixed point in X.

Proof. Suppose that xo € X, B(xg, fXg) > 1. Define {x,} be a se-
quences in X such that x,,q = fxn. If xn =x,,q which implies
that x,,; is a fixed point of f. Consequently, we can suppose
that x, # x,,1 for all n € N. From (i), we get that B(xo, fxo) =
B(xg,x1) = 1. Also, by (ii) we have that B(fxq, fx1) = B(x1.%) >
1, B(fxq, fxy) = B(x3,x3) > 1. Continuous with this process we
obtain that f(xn, X,.1) > 1. Now, by using (8), we get

O (S(fxn, fxn11)) < G(BKXn, Xn1)S(fxn, fXni1))
< @M (xn, Xp41)) — W (M (Xn, X 41)) (9)
where

S, fX0) (S(Xng1, fxng1) +1)
14 S(Xn, Xn41)

SXni1, fXni1) (Sn, fXn) +1)
14 S(Xn, Xn41)

)

M(Xp, Xp1) = Max {S(xn, Xni1),

S(Xn, Xnt1) (14 S(Xpy1, Xny2))
1+ SXn, Xn11)

)

= max {S(Xn’ Xnt1),

S(Xn, Xn+2)}a

we consider the following cases

If M(xn, Xp41) = S(Xn, Xpy1) from (9) we have

@ (S(Xn11, Xn12)) < d(S(Xn, Xp41)) — ¥ (S(Xn, Xpy1))
< @(S(Xn, Xnt1)),

Since ¢ is nondecreasing we have

S(Xng1. Xny2) < S(Xn. Xny1). (10)
S(xn.Xp11)(1+S(Xp11.X742)) .
o If M(Xn, Xy 1) = 228 n+11+5(xn,x,,i:; n+2”) from (9) we obtain

DS Xns1s X)) < ¢<S(Xnvxn+1)(1+S(xn+1vxn+2))>

1+ S(Xn, Xni1)

—y S, Xne1) (1 4+ S(Xnj1, Xni2))
1+ S(Xn, Xnt1)

- ¢<S(Xm Xn1) (14 S(Xpy1, Xn+2))>.

1+ S(Xn, Xn11)
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The nondecreasing property of ¢ implies that
S(Xn, Xn+1 ) (l + S(xn+1a Xn+2))
1+ S(Xn, Xnt1)
= S(Xn41, Xnt2) + S(Xni1, Xn2)SXn, Xn1)
< S(Xn, Xni1) + S(Xni1, Xn42)SXn, Xnp1)
= S(Xn41, Xn12) < S(Xn, Xni1). (11)

S(Xne1. Xny2) <

Hence, (10) is obtained.
o If M(xn, Xn11) = S(Xny1, Xn42)). By (9) we obtain
A (S(Xnt1, Xn12)) < P(SXni1, Xn12)) — Y (S(Xny1, Xny2))
< ¢(S(xn+l’ Xn+2)),

this is a contradiction.
In any case, we proved that (10) holds. Since {S(x,,1,Xn2)} is
decreasing. Hence, it converges to 0, that is

1im (e, n.2) = 0. (12)
— 00

By (W,4) we get that {x,} is a S-Cauchy sequence. Since (X, S) is S-
complete, there exists u € X such that lim,_, x, = u. From (Wy)

limy_ 00 X1 = u. If u # fu. Applying (8) and using (1C) we obtain
that

@(S(fu,u))

klg?o d(S(fu, Xn41))
lim [¢(M(u, xa)) = $(M(u, x2))], (13)

where M(u, x;) as in (6)
We get from (13) that

o (S(u, fu)) < ¢S, fu)),

which implies a contradiction, then S(u, fu) =0, that is, u= fu
and so u is a fixed point for f.

Now, we prove that u is the unique fixed point of f. Let x and
y be arbitrary fixed points of f such that x = fx and y = fy. Using
the condition (8), it follows that

O (S(x.y)) =d(SUfX f¥) <p(S(x,y)) — ¥ (S(x.¥)) < (SR, ¥)),

which implies that S(x,y) = 0. Thus, x =y and f has a unique fixed
point. O

IA

Remark 2.2. [1, Theorem 16] is special case of Theorem 2.3.
In 2000, Branciari [3] introduced a new concept of generalized
metric space as follows:

Definition 2.1. [3]. Suppose that X be a nonempty set and d: X x X
— [0, 00) be a distance function such that for all w,a, b, c € X and

w#£a#b#c,

(i) dw,a) =0 & w=a,
(ii) d(w,a) =d(a,w),
(iii) d(w,a) <d(a,b) +d(b,c) +d(c,w)
ity).

(quadrilateral inequal-

Then we say that (X, d) generalized metric spaces (G.M.S, for
short).

Proposition 2.1. Let (X, d) be the G.M.S. Then (W,) and (1C) are sat-
isfied.

Definition 2.2. Assume that X be a non-empty set and S: X x X —
[0, o) be a distance function satisfy the conditions (i) and (ii) in
Definition 2.1. Then (X, S) is called symmetric generalized metric
spaces (S.G.ML.S, for short).

Remark 2.3. Theorems 2.1 and 2.3 are correct in S.G.M.S.

Remark 2.4. It will be interesting to establish Theorems 2.1 and
2.3 for n—tupled fixed points as in M. Imdad et al. [11], Soliman
[12-14] and Soliman et al.[15].

Acknowledgements

The author thank the anonymous reviewers for their careful
reading of this paper and their many insightful comments and sug-
gestions.

References

[1] A. Almeida, A.F. Roldan-Lépez-de Hierro, K. Sadarangani, On a fixed point the-
orem and its application in dynamic programing, Appl. Anal. Discrete Math. 9
(2015) 221-244.

[2] A.H. Soliman, Tamer, On the existence of coincidence and common fixed point
of two rational type contractions and an application in dynamical program-
ming, ]. Funct. Spaces (2016). Article ID 3690421, 10 pages.

[3] A. Branciari, A fixed point theorem of Banach-Caccioppoli type on a class of
generalized metric spaces, Publ. Math. Debrecen 57 (1) (2000) 31-37.

[4] Z. Kadelburg, S. Radenovi¢, Fixed point results in generalized metric spaces
without Hausdorff property, Math. Sci. 8 (2014) 125.

[5] Z. Kadelburg, S. Radenovi¢, S. Shukla, Boyd-Wong and Meir-Keeler type theo-
rems in generalized metric spaces, J. Adv. Math. Stud. 9 (1) (2016) 83-93.

[6] T.L. Hicks, B.E. Rhoades, Fixed point theory in symmetric spaces with applica-
tions to probabilistic spaces, Nonlinear Anal. 36 (1999) 331-344.

[7] W.A. Wilson, On semi-metric spaces, Am. ]. Math. 53 (1931) 361-373.

[8] M. Imdad, S. Chauhan, A.H. Soliman, M.A. Ahmed, Hyprid fixed theorems in
symmetic spaces via common limit rang property, Demonstratio Mathematica
XLVII (4) (2014) 951-962.

[9] V.L. Rosa, P. Vetro, Common fixed points for o — / — ¢p—contractions in gener-
alized metric spaces, Nonlinear Anal. 19 (1) (2014) 43-54.

[10] R.H. Haghi, S. Rezapour, N. Shahzad, Some fixed point generalizations are not
real generalizations, Nonlinear Anal. 74 (2011) 1799-1803.

[11] M. Imdad, A.H. Soliman, B.S. Choudhury, P. Das, On ntupled coincidence point
results in metric spaces, ]. Oper. 2013 (532867) (2013) 8.

[12] A.H. Soliman, A tripled fixed point theorem for semigroups of Lipschitzian
mappings on metric spaces with uniform normal structure, Fixed Point The-
ory Appl. 2013 (346) (2013).

[13] A.H. Soliman, A coupled fixed point theorem for nonexpansive one parameter
semigroup, J. Adv. Math. Stud. 7 (2) (2014) 2-14.

[14] A.H. Soliman, Results on n—tupled fixed points in metric spaces with uniform
normal structure, Fixed Point Theory Appl. (168) (2014).

[15] A.H. Soliman, D.N. Ali, E.O. Abdel-Rahman, Analysis and asymptotic stability
of uniformly Lipschitzian nonlinear semigroup systems, J. Egypt. Math. Soc. 25
(2017) 43-47.


http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0001
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0001
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0001
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0001
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0002
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0002
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0002
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0002
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0003
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0003
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0004
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0004
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0004
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0005
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0005
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0005
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0005
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0006
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0006
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0006
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0007
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0007
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0008
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0008
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0008
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0008
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0008
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0009
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0009
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0009
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0010
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0010
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0010
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0010
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0011
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0011
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0011
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0011
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0011
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0012
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0012
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0013
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0013
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0014
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0014
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0015
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0015
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0015
http://refhub.elsevier.com/S1110-256X(17)30021-4/sbref0015

	Fixed point theorems for a generalized contraction mapping of rational type in symmetric spaces
	1 Introduction and preliminaries
	2 Main results
	 Acknowledgements
	 References


