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1. Introduction

Let # denote the class of functions analytic in the open unit
disk U={zeC: |z] <1}, A denote the class of functions in H
given by:

f@ =Z+iakzk (11)

k=2

and S denote the subclass of A consisting of all univalent functions
flz) in U. Clearly, due to the Koebe one quarter theorem [1], every
function f € S has an inverse f~! such that f~1(f(2)) =z, (ze U)
and f(f~1(w)) =w, (|w| < ro(f), ro(f) > 1/4). In fact, some simple
calculations gives:

gw) = f1(w) =w—auw? + (265 — a3)w’
— (5a3 — 5apa3 +agwt +-- - . (1.2)
Let ¥ ={f e S:both fand f~! are univalent in U} denote the
class of bi-univalent functions in U. For more information and ex-

amples on the class %, see the work of Srivastava et al. [2] (see
also [3,4]). Recently many researchers (viz [5-26]) obtained initial
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coefficient estimates for the functions in various subclasses of bi-
univalent functions. In 1972, the following univalence criterion was
proved by Ozaki and Nunokawa [27].

Lemma 1.1. If for f(z) e A
Zf (2)

5 —1
(f(2)

then f(z) is univalent in U and hence f(z) € S.

<1 (zeU),

Also, let 7(u) denote the class of functions f(z) € A such
that:

Zf @)
(f(2))*
where p is real number with 0 < u < 1 and 7(1) = 7. Clearly,

T(uw)cTcS.
Further (see Kuroki et al. [28]), for f(z) € T(u) see that:

2
m(z ”‘2) “1—p (ze).

(f(@)

In 1967, Lewin [29] investigated the class ¥ and proved that
laz| < 1.51; in 1969, Netanyahu [30] showed that max;.y|a;| = 4/3
and in 1979, Brannan and Clunie [31] conjectured that |ay| < v/2.
But still the problem of coefficient estimate for |a,|, (n =3,4,---)
is an open problem.

1

<p (zel),

1110-256X/© 2017 Egyptian Mathematical Society. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license.

(http://creativecommons.org/licenses/by-nc-nd/4.0/)


http://dx.doi.org/10.1016/j.joems.2017.04.001
http://www.ScienceDirect.com
http://www.elsevier.com/locate/joems
http://crossmark.crossref.org/dialog/?doi=10.1016/j.joems.2017.04.001&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:naikpawan@yahoo.com
mailto:amol223patil@yahoo.co.in
http://dx.doi.org/10.1016/j.joems.2017.04.001
http://creativecommons.org/licenses/by-nc-nd/4.0/

292 U.H. Naik, A.B. Patil/Journal of the Egyptian Mathematical Society 25 (2017) 291-293

The object of the present paper is to obtain the improved esti-
mates on the coefficients |a;|, |az| and |a4| for two new subclasses
of the bi-univalent function class X.

We need the following lemma (see [32]) to prove our main re-
sults.

Lemma 1.2. If ¢(z) € P, the class of functions analytic in U with

positive real part, given by:
d@=1+cz+022+ca+--, (zeU);

then |cy| < 2 for each n e N.
2. Main results

Definition 2.1. A function f{z) € ¥ given by (1.1) is said to be in
the class 7x () if the following conditions are satisfied:

Zf(2)
$ >1-— 0<u<1
‘R((m»z) woemo=nsD
and
, wzg’(w)>
RN ———= ) >1-— welU;0<puc<l),
((g(w)f e s

where the function g is an extension of f~! to U defined by (1.2).

Definition 2.2. A function f{z) € ¥ given by (1.1) is said to be in
the class 7¢ if the following conditions are satisfied:

zzf'(Z))‘ _om
arg((f(z))z 2

and

w2g (w) )
arg( &w))?

where the function g is an extension of f~! to U defined by (1.2).

(zeU;0<a<1)

<? Wel;0<a<1),

Theorem 2.3. Let the function f(z) € X given by (1.1) be in the class
Ts (), (0 < p < 1). Then,

lax] <1,
las| < 2u,
lag| <3u.

Proof. Using Definition 2.1 we can write:

2f (2)

=1 -w)+us@ (2.1)
e A
and
wg (w)
——— = (1 - p)+putw), (2.2)
(gw))? S
where s(z), t(w) € P such that:
$@) =1+s12+ 92 +532° +---, (zeU); (2.3)
tw) =1+tw+ 6w + 3w+, (wel). (2.4)

Hence we have:

(1= ) +15@) =1+ Us1Z+ usr2° + sz’ +- -+,
(1= )+ tW) =1+ Uty w + by W? + itz w? 4 - .
Using (1.1) and (1.2), we obtain:

2f@ _
(f@)°

+ (a3 — a3)2® +2(a3 + a4 — 20203)2° + -+,

w2g (w)
(gw))?

Now, equating the coefficients in (2.1) and (2.2) we get s; =t; =0
and also:

=1- (Cl3 —aﬁ)WZ_2(2a§+a4_3a2(13)W3+m .

(a3 — a3) = s, (2.5)
2(a3 + as — 2a,03) = pss, (2.6)
—(as — a3) = pty, (2.7)
—2(2a3 + a4 — 3a,03) = puts. (2.8)
Eq. (2.5) in light of Lemma 1.2 gives:

|as — 3| = |usa| = lsa| < 2p0. (2.9)
By adding (2.6) in (2.8), we obtain:

2a;(a3 — a3) = (53 + t3), (2.10)
which, by using Lemma 1.2 gives:

|a2(a3—a§)| :|a2||a3—a§| <2u. (2.11)
See that, (2.9) and (2.11) together yields:

lao] < 1. (2.12)
By subtracting (2.8) from (2.6), we get:

2(3a3 + 2a4 — 5a03) = (53 — t3). (2.13)
Eliminating a3 by using (2.10) and (2.13), we get:

4(ag — aza3) = ((s3 — t3) + 3 (s3 +t3) = n(4s3 +2t3)  (2.14)
which, by using Lemma 1.2 gives:

|ag — azas] < 3. (215)
Also, eliminating a,as; by using (2.10) and (2.13), we get:

4(as — a3) = (53 — t3) + 5u(s3 + t3) = (653 + 4t3) (2.16)
which, by using Lemma 1.2 gives:

|a4—a§| <5u. (2.17)
Now, using the inequality:

llz1] = |z2]| < |21 — 22 (2.18)

in Eq. (2.9), we can write:

las| — |a3| < |as — d3| < 2p.
from which, it is obvious that:
las| <2u.

Similarly, by using the inequality (2.18) in (2.15) and (2.17), we
get:

lag| <3u.

This completes the proof of Theorem 2.3. O

Theorem 2.4. Let the function f(z) € X given by (1.1) be in the class
T, (0 < a < 1). Then,

laa| < 1,

las| < 2«,

las] < 3.

Proof. Definition 2.2 implies that there exist functions s(z) and
t(w) given by (2.3) and (2.4) respectively, such that:

2f (2)
(f(2))*

=[s@]" (2.19)
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and
w2g (w)
gw))?

Clearly, we have:

= [t(w)]*. (2.20)

[s(2)]% = 1+as;z+ [0,52 n 05(012— 1)5%]Zz+

a(a—1)(a —2)5?]23 e

[a53+a(a—1)s1sz+ 6

[tW]* =14+ at;w+ [atz + Mtf]wﬁL

a(oe—1)(a—2)
B ]

[ozt3+oz(oe—l)t1t2+ wi

Also, we have:

21 (@) N 3
=1 - 2 -2 e

(f(z))z * (03 az)Z + (aZ +0q (12(13)2 +

w2g (w) N , .

i -2(2 -3 o

(g(W))2 (a3 a2)W ( a; +ag a2a3)W +

Observe that, by equating the coefficients in (2.19) and (2.20) we
get s; =t; = 0 and hence the further equalities becomes:

(a3 — a3) = as,,

2(a3 + a4 - 20303) = as3,
—(as — a3) = at,,

—2(2a3 + a4 — 3a,03) = ats.

Now, proceeding similarly as in the proof of Theorem 2.3, we can
complete the further proof. O

3. Conclusions

+ The estimate |a;| < 1 is independent of w and « for the sub-
classes 7y (1) and T¢ respectively.

- By observing the estimates on |as| and |ag4], it is interesting to
see here that, can we generalize it to |an| < (n—1)u, (n > 3)
for the subclass 7x (1) and |ay| < (n — 1), (n > 3) for the sub-
class 77

- It is interesting that the inequalities obtained for the subclasses
Tx () and T¢ are similar.
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