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1. Introduction then the Hadamard (or convolution) product of f and g is defined
by
The g-theory has important role in various branches of mathe-
matics and physics as for example, in the areas of special functions, s 1
ordinary fractional calculus, optimal control problems, g-difference, ~ (f *&)(2) := zt > a2t
g-integral equations, g-transform analysis and in quantum physics k=1
(see for instance [1-8]).

Let ¥ denote the class of meromorphic functions of the form We recall some definitions which will be used in our paper.

1 0 1 Definition 1.1. For two functions f and g analytic in U, we say that
f@) = z T Zakl , (11) the function f is subordinate to g, written f{z) < g(z) , if there exists
k=1 a Schwarz function w, that is w is analytic in U, with w(0) =0 and

which are analytic in the punctured unit disc U* := U \ {0}, where Iw(z)] <1 forall ze U, such that f(z) = g(w(z)), z€ U.

U:={zeC:|z] <1}. If g e X is given b
{ d l1rg & v Furthermore, if the function g is univalent in U, then we have

1 00 the following equivalence (see [9]):
g(2) = Z + Zbkzkfl,
k=1 f(2) <g(2) & f(0) =g(0) and f(U) C g(U).

Gasper and Rahman [5] defined the g-derivative (0 < q < 1) of
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From (1.2) we deduce that for a function f of the form (1.1) the
g-derivative Dqf is given by

Def(z) = —é + Y [k=1]gqz2 ze U,
k=1

where

1-gkt
1—

As g — 1, then [k — 1]g - k — 1, hence we have

qlirRqu(z) = f'(2), ze U~

k—1]q:= =14q+---+g<2

Definition 1.2. For 0 < g < 1,0 <A <1, -1<B<A<land be
C*:=C\ {0}, let Esg‘k[b;A,B] be the subclass of ¥ consisting of
functions f of the form (1.1) and satisfying

1_1 zDqf (2) +1 <1+Az
bl (1-%)f(2)—AzDof(z) a| 1+Bz

Also, let X/Cy ; [b; A, B] be the subclass of = consisting of functions
f of the form (1.1) and satisfying

(1.3)

1 zDq(—qzDqf (2)) 1 1+Az
1-— - + - =< .
bl (1-2)(—qzDef(2)) — A2Dq(—qzDef(2)) 4| 1+Bz
(1.4)
It is easy to verify from (1.3) and (1.4) that

feZKgulb:A Bl & —qzDyf € ES;A[b;A,B]. (1.5)

Remarks 1.1. We remark the following special cases:
(i) ES;,O[b;A,B] =: XS;[b; A, B] and YKqolb; A, B] =:

X Kqlb; A, B] (see Mostafa et al. [10]);

(ii) lim X8*,[b;A,B] =: ¥5;[b;A,B] and lim XK, ;[b; A, B] =:
q—>1- q. q—>1- ’
3K, [b; A, B] (see Aouf et al. [11]);

(iii) lim X8*,[b; A, B] =: XS*[b;A,B] and lim XK, o[b; A, B] =:
q—1- 4.0 q—1- 4
2K[b; A, B] (see Bulboaca et al. [12]);

(iv) lir{1 ES;O[b; 1,-1]=: £S(b) and lil‘? XKqolb: 1, -1] =
q—1= ’ q—1-

Y K(b) (see Aouf [13]);

(v) lim ES*O[(I —a)e it cosu; 1, 71] =: TSH(a) and
q—>1- 4.
qlir{lﬁ Thqol(1—a)ecosu; 1, 1] =1 TLH ()

(neR, |u| <%, 0<a<1) (see Ravichandran et al.

T

75

[14] with p=1).

For any complex number «, the g-shifted factorials are defined
by

n-1

(:qQn:=](0-ag). neN:={1.2,...}.
k=0

(o; @) :=1;

(1.6)

If |g| < 1, the definition (1.6) remains meaningful for n = oo as a
convergent infinite product

o0

(@ Qoo = [[(1 — ag).

j=0

In terms of the g-analogue of the gamma function

Ll +n)(1—q)"

Fg(e) ’

where the g-gamma function is defined by

CHON O
(0% Do

(qa; q)n = n> 0»

Iy(x) = ,0<qg<1.

We note that

)
1 d—qr ©n.
where

. if n=0,
@ =\g@+1)(@+2)...(@+n—1), if nen

Consider the g-analogue of Bessel function defined by (see Jack-
son [15])

v+1. o0 _ 1)k 2k+v
TV = LD U (5) 0<q-n

(@D =5 (@ Di (97415 9), \2

and let us define

L£y(z:q) :=

21) (an)ao (]) 1/2 .
@ om (g 7 @R -0:)
1o Do

= -+
z ,; 4k (q: Dr(@ 1 Qe

Z*1 z e U~

Using the Hadamard product, we define the linear operator
Lgv:X— X by

(Lgv (@) = Ly(z:q) = f(2)

DFa-g*

.l o0
= -+
z ,; 4K (q: @i (g @i

where f ¢ ¥ has the form (1.1).

The operator L4, was introduced and studied by Mostafa
et al [10]. Also, as ¢ — 1, the linear operator Lq, reduces to the
operator £, introduced and studied by Aouf et al. [11].

qZt, zeUr,  (17)

Definition 1.3. For 0 < g < 1,0 <X <1, -1<B<A<1, beC*
and v is an unrestricted (real or complex) number, let

ESZ,A‘v[b;A,B] ={feX:Lgvfe ES;_A[b;A,B]},

and

YKqvlb;ABl:={fe X : Lgvf e XBKy,[b: A, Bl}.
It is easy to show that

feXKgyvlb;A Bl & —qzD4f € ES;'M[b;A,B].

We note that: (i) ES;_Ovv[b;A,B] =: X8} ,[b:A.B] and ZKgo,,
[b; A, B] =: XKqv[b; A, B] (see Mostafa et al. [10]);
(ii) qlinsﬁ ES;A_V[b;A,B] =: ES;‘MU[b;A,B] and qllr?i g
[b; A, B] =: XK, ,[b; A, B] (see Aouf et al. [11]).

2. Main results

Unless otherwise mentioned, we assume throughout this paper
that 0 < g < 1,0 <A <1, —-1<B<A<1, beC* and v is an
unrestricted (real or complex) number.

Theorem 21. If f € %, then f € ZSC’;A[IJ;A,B] if and only if

1+[(1-2)M©®) - (2 +49)]z
Z[f(Z) * Z(l"_ A= qz‘; #0,

forallze Uand 6 € [0, 27), (2.1)
where
—if
_ nbABgy . € - +B
M(@©) = Mg**(0) := @ _Bygb (2.2)

Proof. It is easy to verify that for any f € ¥ the next relations

hold:
1
f(@) a2 " f@), (2.3)
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and
1 q+1 ]z,qzoqf(z). (2.4)

Z) * -
N (el e Teer
First, if f € ):S;‘A[b;A, B], in order to prove that (2.1) holds we

will write (1.3) by using the definition of the subordination, that
is

_ q9zDq f (2) _
(1-9)f(@) —22Def (2)

where w is a Schwarz function, hence

_ 14[B+ (A-B)gblw(2)
1+ Bw(z2) ’

z{ —qzDef(z)(1 + Be?) — [1 + [B+ (A — B)gble]

- [(1 - 2)f(Z) - kquf(Z)] } £0,

for all ze U and 6 €[0,2m). Using (2.3) and (2.4), the relation
(2.5) may be written as

i0 L - a1
z{(1+Be )(f(z)*[zg_z)(l—qz) (1—2)(1—‘12)})
— [14[B+ (A—B)gble?]

A 1
GHICEE)
g+1

2 1
- q(f(Z)* [Z(l 21— (1-20 —qz)D]} o

which is equivalent to

(2.5)

B 1 (l+Bei9)(l—%)z _ (%-ﬁ—q)(A—B)qbe""z
— i0 — it ;
2 f@r —— - Babe] | 20,
or
[ (-DE"+B)
T+ [—geg— — (G T2
z| f(2) * z((fl\ f)qzb)(l—q;) #£0,zeU, 0 €[0,2m),

and thus the first part of Theorem 2.1 was proved.

Reversely, suppose that f € ¥ satisfy the condition (2.1). Like it
was previously shown, the assumption (2.1) is equivalent to (2.5),
hence

1+[B+ (A — B)gble?
1 + Bei? ’

qzDq f (2)
(1-2)f(2) — 22Def (2)

forallze Uand 6 € [0, 27). (2.6)
Denoting
_ qzDy f (2)
YO= "0 ader@

b 1B ? (+AB; B)gblz

the relation (2.6) means that ¢(U) Ny (dU) = @. Thus, the sim-
ply connected domain is included in a connected component of
C\ ¥ (dU). Therefore, using the fact that ¢(0) =¥ (0) and the
univalence of the function v, it follows that ¢(z)<¥(z), which
implies that f e ES;’A[b;A,B]. Thus, the proof of Theorem 2.1 is
completed. O

s

Remarks 2.1.

(i) Taking g — 1~ and A =0 in Theorem 2.1 we obtain the re-
sult of Bulboaca et al. [12, Theorem 1];

(i) Putting q— 1=, b=1, A =0 and e? =x in the above

theorem we obtain the result due to Ponnusamy
[16, Theorem 2.1];

(iii) Considering q—1-, A=0, b=(1—-a)e"cosu
(LeR |ul<%Z.0<a<1), A=1, B=-1 and e? =x

in Theorem 2.1 we obtain the result of Ravichandran et al.
(see [14, Theorem 1.2] with p=1);

(iv) If we take ¢ — 1—, the above theorem reduces to the result
from [5, Theorem 4|.

Theorem 2.2. If f € %, then f e XK, ,[b; A, B] if and only if
1-(1+q+¢)z— (q+D[(1 - 2)M©) - <3+q>1q22}

Z[f(z) * z(1-2)(1—q2)(1 - ¢%2)

£0,
forallze U and 6 € [0, 2m), where M(0) is given by (2.2).

(2.7)

Proof. From (1.5) it follows that fe XK;,[b;A,B] if and
only if ®4(z) :=—qzDqf(z) € ES;‘_A[b;A,B]. Then, according to
Theorem 2.1, the function ®4 belongs to ES;‘_A[b;A,B] if and only
if

Z|Pq(2) xg(2)] #0, for allze Uand 6 € [0, 27),
where
14+[(1 - 2HMO) - & + 9z
g8(2) =
z(1-2)(1-qz2)
A simple computation shows that

Digte) - £ -E0)

1+ A +q+g)z+q2(q+ D1 - HMO) - (4 +9)]
B 2(q)(1-2)(1-q2)(1 - ¢°2) ’
and therefore
—(qzDqg(2)
1= +q+¢)z- @+ D1 - HMO) - (5 + gz
B z2(1-2)(1-g2)(1-¢%2) '
Using the above relation and the identity
[~4zDyf (2)] *8(2) = f(2) *[~qzDag(@)].
it is easy to check that (2.8) is equivalent to (2.7). O

(2.8)

Remarks 2.2.

(i) Putting ¢ — 1~ and A =0 in Theorem 2.2 we obtain the re-
sult of Bulboaca et al. [12, Theorem 2];

(ii) Taking ¢q— 1=, b=1, A=0 and e =x in the above
theorem we obtain the result due to Ponnusamy |16,
Theorem 2.2];

(iii) If we take g — 1~, this theorem reduces to the result from
[11, Theorem 6].

Theorem 2.3. If f ¢ ¥ has the form (1.1), then f e ES;_)L ,1b; A, Bl if
and only if

0 (—l)k(l _ q)Zk
1
L F G @
(1 - 2[klg)(A—B)gb+ (1 — 2)[klg(e"¥ + B)
' (A—B)qb f
forallzeUand 6 < [0, 2m).

£ #£0,

(2.9)

Proof. If f ¢ 3, then from Theorem 2.1 we have f e ES;_)L_U[b;A, B]

if and only if '

1+[(1 = 2HMO) - & + )z
z1-2)(1—-q2)

Z|:(£q,vf)(z) * } #0, (2.10)
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for all ze U and all & € [0, 27), where M(6) is given by (2.2).

Since
S 1+(1+q)+(1+q+q2)z
z1l-2)(1-qz) =z

+ (A4+q+P+¢)2+..., zeU, (2.11)
it follows that
1+[(1 - 5MO) - + )z

z(1-2)(1-q2)

= % + i {1 + [(1 - 2)1\/1(9) - ﬂ[k]q}z’”,

k=1

and we may easily check that (2.10) is equivalent to (2.9). O

Theorem 24. If f € ¥ has the form (1.1), then f e XKy, ,[b; A, B] if
and only if
© (DR — ) [k — 1],

1-—
q,; 4k (q: (g @

(1—%[klg)(A—B)gb+ (1 - %) [klq(e +B)
' (A-B)gb
forallze U and 6 < [0, 27).

qzf£0, (212)

Proof. If f ¢ X, then from Theorem 2.2 we have fe
Y Kq.v[b: A, B] if and only if

Z[(ﬁq,uf)(z)

1-(1+q+¢)z—(@+DI(1 - 2)M@) - (3+q)]qzz}
* #0,

z(1-2)(1-g2)(1 - ¢*2)
(2.13)
for all ze U and 6 € [0, 27r), where M(0) is given by (2.2). Using
the power series expansion (2.11) we get

1 1
z(1-2)(1-qz) 1-¢q%z

=%+(1 13+ +(1+q+2¢°+¢ +q*)z
+ (1+q+2@ +2¢3 +2¢* +¢° + ¢®)Z2 +....z e U*,
hence
1-(1+q+¢)z- @+ DA - 2M®O) - (5 +lgz?
z(1-2)(1-qz2)(1 - ¢°2)

1 > A A
SRS uq{l ; [( - q)M(@) . q][qu}z“, zeur

Now, we may easily check that (2.13) is equivalent to (2.12), which
proves our result. O

Unless otherwise mentioned, we assume throughout the re-
mainder of this section that v is a real number, with v > —1.

Theorem 2.5. If f € X has the form (1.1) and satisfies the inequality
< (1-@*(A-B)qlb(1 - 2[kl)| + 11 - 21(1 + [BDIK]q]

g 4k (q: @i (941 @k i
< (A-B)q|b|, (2.14)

then f e ES;AYV[b;A,B].

Proof. If f € ¥ has the form (1.1), assuming that (2.14) holds we
obtain

(-Dk (1 —g)*
" ,; 4K (q: @i (941 @k
(1= 2[Kl)(A—B)gb + (1 - 2)[K]y(e™ + B)
' (A—B)qb ¢

‘ oo

k

kZ

>1-

(@ Di (@15 @)k

1- %[k]q)(A —B)gb+ (1 - %)[k]q(e_ie +B) K
' A—B)gb 4

. (1-g*
>1—
- ,; 4K (q; O (@4 O
(A=B)alb(1 — F[kl)| + 1 = G1(1 + [B])IKg
(A—B)qlb|

for all ze U and 0 € [0, 27). Thus, the relation (2.9) holds and our
conclusion follows from Theorem 2.3. O

= CDFA -

lag| > 0,

Using similar arguments to those in the proof of Theorem 2.5,
we obtain the following theorem:

Theorem 2.6. If f ¢ X has the form (1.1) and satisfies the inequality

00

2

k=1
(1 - @)k —11,[ (A= B)qIb(1 - 2[k]o)| + |1 — [ (1 +|B])[K],]

a
4k (q; )i (@15 @)z 2

< (A—B)q|b|,
then f e XKy, ,[b; A, B].

Remarks 2.3.

(i) Putting ¢ — 1~ in Theorem 2.3 we obtain the result of Aouf
et al. [11, Theorem 8];

(ii) Taking ¢ — 1~ in Theorem 2.4 we obtain the result due to
Aouf et al. [11, Theorem 9];

(iii) If we take ¢ — 1~, Theorem 2.5 reduces to the result of [11,
Theorem 10];

(iv) Considering g — 1~ in the last theorem we obtain the result
from [11, Theorem 11];

(v) Taking A =0 in our results, we obtain the results due to
Mostafa et al. [10].
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