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1. Introduction

We know that Gronwall-Bellman inequality [1,2], play a consid-
erable role in the study of qualitative properties of the solutions of
some certain differential equations see, (e.g., [3-7]). Many others
results on its generalizations may be seen in [8-14].

In [1] Gronwall introduced the following inequality which is
one of the best widely and known in the study of many qualitative
and quantitative properties of solutions of differential equations.

Theorem 1.1. [1] Let u be a continuous function defined on the in-
terval | = [, @ + h] and

t
0<u(t) < / [bu(s) + alds, Vt €], (1.1)
o
where a, b are nonnegative constants. Then

0 < u(t) < ahexp[bh], vVt e]. (1.2)

In [2] Bellman proved the following inequality:
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Theorem 1.2. [2] Let u and f be continuous and nonnegative func-
tions defined on J = [0, h], and let c be a nonnegative constant. Then
the inequality

u(t) 5c+/0t f()u(s)ds, Vtej (13)

implies that

u(t) <cexp </[ f(s)ds), Vte] (1.4)
0

Lipovan [3], studied the retarded Gronwall-type inequality in
the following theorem.

Theorem 1.3. [3] Let u, h e C([tg, To], R+), « € C([tg, Tyl [to, Tol).
with a(t) < t on [tg, To], and k be constant. Then the inequality

a(t)
u(t) < I<—|—/ h(s)u(s)ds, ty<t<Ty,

a(to)

implies that

a(t)
u(t) <k exp (/ h(s)ds), to<t <Tp.
a(to)
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In this paper, several retarded nonlinear integral inequalities are
proved, however, the inequalities presented in [15] and [16] is not
directly applicable in the study of certain nonlinear retarded dif-
ferential and integral equations. In some problems, it is desirable
to establish some new inequalities of the above type where non-
retarded case ¢t in [15] and [16] is replaced by retarded case «(t)
and the linear case u(t) in integral functions in [15] is replaced by
the nonlinear case uP(t), and also investigate a slight generalization
of the celebrated Gronwall-Bellman type inequalities which can be
used more effectively in the study the qualitative behavior of the
solutions of certain classes of nonlinear retarded differential and
integral equations. Some applications of some of our results are
also introduced to illustrate the benefits of this work.

We start by giving the following inequality which used in the
proofs of the basic theorems of our results:

Lemma 14. [17] Ifx > 0, p > 1, then
X7 < mix+ my, (1.5)
where m; = %K% and my = %K%, K=>0.

Now we are ready to state and proof our results:

2. Main results

Throughout this article, R denoted the set of real numbers,
R, =[0,00), J; =[a, b] and ’ denotes the first derivative. C(J;, R;)
denotes the set of all nonnegative real-valued continuous functions
from J; into R, and C!'(J;,R;) denotes the set of all nonnegative
real-valued continuously differentiable functions from J; into R..

Theorem 2.1. Let w,g feC(;,Ry), c(t), a(t) e Cl(;,Ry), with
a(t) < t, ax(a) =aand p > 1 be a constant. And

) b
WP(t) < c(t) + f 2(s)w(s)ds + f F$)wP(s)ds, Ve e,

(21)
If

Ei = /ab f(s) exp[/asmg(r)dr]ds <1,

then

+ng(r)] exp[—/armg(t)dr]dr)ds} {1 _E, }71
X eXp[/aa(t) mlg(s)ds:l + exp[[]a(t) m1g(s)d5:|

X faa(t) [L](s)) + ng(s)] exp[f /as m1g(r)dr]ds,

o' (a=1(s))
(2.2)
for all t € J;. Where my, my are defined as in Lemma 1.4.
Proof. Define a function z;(t) by:
alt) b
21(6) = c(t) + / g(s)w(s)ds + / F$)wP(s)ds, Ve e
a a
(2.3)

We observe, z;(t) > 0 nondecreasing on J; with

b
21(@) = ca) + / F(s)wP(s)ds, Vit el (2.4)

Then from (2.1) and (2.3) and by using the monotonicity of z;(t),
we get

o(t) < z:E ), w(a(t)) < z:ﬁ (a(t)) < zf (t), Vtel. (2.5)

By differentiating (2.3) and using (2.5), we obtain
Z(t) =) + [g(a(t))w(a(t))]a/(r)
<)+ [g(a(t))z% (r)]a’<r>, vt e )i, (2.6)

from (2.6) and using Lemma (1.4), we get

Z(t) <)+ [m1g(oz(t))21 )+ ng«x(t))]a'(r), Vt e i,

(2.7)
The inequality (2.7) can be written as the following
2 () —migla () (t)z1 () =" (t)+maga(t))e’(t), VYt e]i.
(2.8)

The inequality (2.8) gives us the following estimation

z1(t) < z1(a) eXP[ /a " m1g(5)d5] + eXp[ /a 0 m1g(5)d5]

y /a(t) C/(a”l (S))

2@ 1() + ng(s)] EXP[— /as mlg(r)dr]ds,

(2.9)
for all t € J;. Using wP(t) < z4(t) in (2.9), reduces

wP(t) < z1(a) exp[/aam mlg(s)ds] + exp[/ﬂam mlg(s)ds]

LD o exs]- [ misran]es
(2.10)

for all t € J;. From (2.4) and (2.10), we get
b s
z1(a) < c(a) +/ f(s) (21 (@) eXIJU m1g(r)dr]

+exp[/asm1g(r)dr]

x/as[% +ng(r)] eXP[— /armlg(r)df]dr>d5

<c(a)+2z(a) /ﬂb f(s) exp[/ﬂS m1g(t)dr]ds
[ s (exp[ [[me@ae] [[Se D mogn]
X exp[— /armug(t)dr]dr)ds

< {c(a) +/ab f(s) (exp[/: m1g(r)dt]

x /as[ cla? ) + ng(r)]

a’(a=1(r))

xexp[— /armlg(r)dr]dr>ds}
x{l —/abf(s) exp[‘/aS m]g(r)dt]d5}1,

for all t € J;. We obtain the required inequality (2.2) from
(2.10) and (2.11). This completes the proof. O

(2.11)
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Remark 2.1. If we put «(t) =t, then Theorem 2.1 reduces to The-
orem 2.1 in [16].

Remark 2.2. If we put «(t) =t and p =1, then Theorem 2.1 re-
duces to Theorem 1.5.1 in [15].

Theorem 2.2. Let w, f € C(J;,Ry), c(t), a(t) e C1(J;, Ry), with a(t)

< t, a(a) =a, and k(t,s), %k(t, s)eC(; xJ1,Ry) and p > 1 be a
constant. And

a(t) b
aﬂ’(t)gc(t)—i—/ k(t,s)a)(s)ds+/ F$)wP(s)ds, Vt ey,

(2.12)
If
E, = /abf(s) exp[/ﬂsmm(r)dr]ds <1,
then
P (t) < {c(a) +/abf(s) (exp[/ﬂs mm(t)dr]
[y +men)
x exp[— /armm(r)d'c]dr>ds}{l —El}_1
X exp[/aa(t) mln(s)ds] + exp[/aa(t) mm(s)ds]
X /ﬂa(t)[% + mzn(s)] exp[— /as mln(r)dr]ds,
(2.13)

for all t € J;. Where my, m, are defined as in Lemma 1.4, and

) g
n(t):k(t,a(t))a/(t)+f Skt s)ds, Ve,

Proof. Define a function z(t) by:

a(t) b
2(t) = c(t) + f k(t. s)o(s)ds + / F)wP(s)ds, Ve ey
(2.14)

We observe, z,(t) > 0 nondecreasing on J; with

2,(a) = c(a) + / )P (s)ds, Vt e, (2.15)

Then from (2.12) and (2.14) and using the monotonicity of z(t), we
have

1 1 1
o(t) <z (t), w(a(t)) <zj(a(t)) <zj(t). Vtel.
By differentiating (2.14) and using (2.16), we obtain

(2.16)

a(t) 0
Z(t) = ¢'(6) + [k(t, a(t))w(a(t))]a/(t) +[ Sk 0)ds
1 a(t) 1
<)+ [k(t,a(t))zg (t)]oe’(t)—i—/ [ %k(t,s)zf (s)ds

a(t) 1
<cd(t)+ [k(t, a(t))a'(t) +/ %k(t, s)ds]z; (t)

<CO +nOZ ). Vel (2.17)
from (2.17) and using Lemma (1.4), we get
Zo(t) < c'(t) + min(t)za(t) + man(t), vVt e];. (2.18)

The inequality (2.18) can be written as the following

2, () —mn(0)za(t) < ' (t) +man(t),  Vte]. (2.19)
The inequality (2.19) gives us the following estimation
o(t) a(t)
2 (t) < z;(a) exp[/ mm(s)ds] + exp[/ mm(s)ds]
“O c(a'(5)) :
X/a @@ 1)) +m277(5)] eXP[ffa mm(r)dr]ds,
(2.20)

for all t € J;. Using wP(t) < zp(t) in (2.20), gives

wP(t) <zy(a) exp[/aa([) mm(s)ds] + exp[/aa(t) mm(s)ds]

[ LD e[ [ munar]s

(2.21)
for all t € J;. From (2.15) and (2.21), we get

2(a) < c(@) + / " fs) (z2 (@exp [ Smm(r)dr]

+exp[/asm1n(r)dr] /as[(i’/((z%‘]((rr)))) +m277(r)]

X exp[f er1n(r)dt]dr>ds

<c(a) +2z;(a) /abf(s) exp[/: mm(r)dt]ds
+/abf(s>(exp[/:mm(r>dr] [T o]
X exp[— [urmm(r)dr]dr>ds

< {c(a) [ '56 (exp[ [ mincerar]

/as[ (@ '(r) N mm(r)]

a’(a=1(r))

x exp[— /armm(r)dr]dr>ds}

x{l —/abf(s) exp[/ﬂs mm(t)dr]ds}_l,\?’t efi.

We obtain the required inequality (2.13) from (2.21) and (2.22).
This completes the proof. O

(2.22)

Remark 2.3. If we put a(t) =t, then Theorem 2.2 reduces to The-
orem 2.3 in [16].

Remark 2.4. If we put a(t) =t and p =1, then Theorem 2.2 re-
duces to Theorem 1.5.2 part (by) in [15].

Theorem 2.3. Let w € C(J;, R}), c(t), a(t) € C1(J;,R;), with a(t)
< t, a(@=a and ki(t.s). ky(t.5), Sk (t.s). Zky(t.5) € C(y x
J1,Ry) and p > 1 be a constant. And

a(t) b
WP (t) < c(t) +/ ki (t,s)w(s)ds+/ ko (t, $)aP(s)ds, Vit ;.

a a

(2.23)

If

E3 = /abkz(a, s) exp[/:(mlm (t)+ nz(r))dr]ds <1,
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then

b s
wP(t) < {C(a)+/ kz(a,S)(eXDU (mm1(r)+nz(t))dt]

X /as[ G G)) + mzn(r)]

o' (a~1(r))
-1

y exp[— far(mlm (T) + nz(r))dr]dr>ds} {1 - 53}
r pa(t)
xexp[ [ mini(6)-+ m2(9)ds]

r po(t)
+exp / (M1 (5) + 13 (s))ds]

x /aa(t)[% + man; (S)]

r N
x exp| - f (m1n1(r)+n2(r))dr]ds, (2.24)
L a
for all t € J;, where my, m, are defined as in Lemma 14,
al(t) a
=k (6, @ (6)e' () +/ Sl(€)ds,  Vee]
And
b3
m© = [ shkods. Vel
a Ot
Proof. Define a function z3(t) by:
alt) b
z3(t) = c(t) +/ kq(t,s)w(s)ds +/ ky(t,s)wP(s)ds, Vte]i.
a a
(2.25)
We observe, z3(t) > 0 nondecreasing on J; with
b
23(a) = c(a) + / ko (. s)wP(s)ds. Vit e ;. (2.26)

Then from (2.23) and (2.25) and using the monotonicity of z3(t),
we get

o(t) <22 (1), o (b)) <20 (a(t)) <z ().

By differentiating (2.25) and using (2.27), we obtain

Z(t) = (t) + [Iq (t, a(r)>w<a(t>)]a/<t>

Vtel. (2.27)
+/aa(t) %kl (t,S)w(S)dSJrfab%kz(t’ S (s)ds
=d(®)+ [k1 (t. a(t))z;l’ (t)]o/(t)

N /a “ %kl (t,5)2] (5)ds

+ /a b%kz(t,s)k(s)ds

e+ [,q t.a(t)a(t) + /uam %kl (t, S)ds]zf (t)

b3
+/a ﬁkz(t,s)a(S)dS

<CO+mOZ O +mOz0), Ve, (228
from (2.28) and using Lemma (1.4), we get
Zg (t) < C/(t) +mim (f)Z3 (t) + mamn (t)

+n2(t)z3(8),  Vtelr. (2.29)

The inequality (2.29) can be written as the following

Z3(t) — (M1 (8) + m2(6))z3(t) < ' (£) + mamy (b), Vt e ;.

(2.30)

The inequality (2.29) gives us the following estimation
a(t)
20 =z@ee[ [ min(s) +na(s))ds]
a

vewp| “ ) + s (s1)ds

x faa(t)[% + m2771(5)]
« exp[— fa S(mym (r) + (r))dr]ds, (2.31)

for all t € J;. Using wP(t) < z(t) in (2.31), gives
al(t)
WP(0) < 23(0) exp] / (mi (5) + 72(5))ds
a(t)
+exp[ / (M1 (5) + 13 (s))ds]

X/ﬂ“(f)[c’(a—1(s)) +m2n1(s)]

o (a=1(s))

X eXp[f fa S(mm] ) +mn (T))dr]ds, (2.32)

for all t € J;. From (2.26) and (2.32), we get
b s
z3(a) < c(a) + / k2(a.s) <Z3 @exp / (my1(2) + na(0))de |

+expl [ mm (0) + m(e)d ]

x /as[ cla’ ) +mam (r)]

o' (a=1(r)

X exp[— /:(mlm (t) + nz(r))dr]dr>ds
< c(@) +25(a) /abkza,s) exp[/:(mm (v) +m2(1))dr Jds
+/abk2(a,s)(exp[/as(mml(r) +m(0)de ]

X /as[ cla’1(n) + m2771(r)]

a’(a=1(r))

xexp[ - /ar(mﬂh(f)+nz(f))df]dr)ds

< {c(a)-i-/abkz(a, s)(exp[/ﬂs(mlm(r) (e

« exp[— far(mlm () + nz(r))dr]dr)ds}

x{l —/ubkz(a,s) exp[/ﬂs(mml(r)+n2(t))dt]ds}_l, (2.33)

for all t € J;. We obtain the required inequality (2.24) from
(2.32) and (2.33). This completes the proof. O

Remark 2.5. If we put o(t) =t, then Theorem 2.3 reduces to The-
orem 2.4 in [16].
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Remark 2.6. If we put a(t) =t, c(t) =k (any constant) and p =
1, then Theorem 2.3 reduces to Theorem 1.5.2 part (b,) in [15].

Theorem 2.4. Let w € C(J;,Ry), c(t),a(t) € C1(J;,Ry), with a(t)

<t a(@=a and k(t, s), ky(t, s), ks(t.s). Zki(t,5), Lky(.s),
9 ks(t.s) €C(y xJ1.R+) and p > 1 be a constant. And

wP(t) <c(t) + /a(t) ki(t,s) [a)(s) + /s ky (s, t)a)(t)dr]ds

+ / ks (t, )P (5)ds,

foralte]. If

(2.34)

Ey = /abka(a, 5) exp[/ﬂs(mm(r) + Us(f))df]ds <1,

then

b s
wP(t) < {C(a)+/ ka(a,S)(eXD[/ (m1n4(r)+ns(r))dr]

/as[id(a_l(r)) +mzn4(r)]

o' (a1(r))

« exp[— /ar(mlm(r) + n5(r))dr]dr)ds}

x{1—53}4

vewp| O mama(s) + 71 (5)ds]

vOr (e (s)
x/a [ot’(oc—l(s)) +m2774(5)]

X exp[— /5(m1n4(r) + ns(r))dr]ds, vVt eq,

exp[ / “ (m1na(s) + ns(5)>d5]

(2.35)

where my, my are defined as in Lemma 1.4,
a(t) 9
ma® =kta@)1+ [ gt mde o ©)
a

a(t) 8 s
+/ —kq (t,s)[l +/ kz(s,r)dt]ds,
a at a

forall teJq, and

b
ns(t) = / 2l<3(t, s)ds,  Vtel.
. Ot

Proof. Define a function z4(t) by:

al(t) s
Za(t) = c(t)+f Y (t,s)[w(s)+/ kz(s,r)w(r)dt]ds

b
+/ ks (t,s)wP(s)ds, Vt € J;. (2.36)
a
We observe, z4(t) > 0 nondecreasing on J; with
b
z4(a) =c(a) +/ ks(a,s)wP(s)ds, Vte]. (2.37)

Then from (2.34) and (2.36) and using the monotonicity of z4(t),
we have

o(t) <z} (). w(a(t) <z} (@) <z} (). Vel (238)

By differentiating (2.36) and using (2.38), we obtain

al(t)
Z(t) = (t) + ks (t,a(t))[a)((x(t))+/ kz(s,r)a)(t)dr]a’(t)

+faa(t) %lﬁ (t,s)[a)(s) +/as ka (s, T)w(f)df]ds
b
+/a %I@(t,s)a)"(s)ds
1 a(t) 1
< ()+k (¢, a(t))[z}f (t)+/ ka(s, T)z, (T)df]“’(f)
a(t) 1 S 1
+/u %kl (t,s)[z}l’ (s)-i—/a ka(s. T)z} (T)df]ds
b
+/a %I@(t,s)z‘;(s)ds
a(t)
<c(t)+ [kl (t,oc(t))[l +/ %kz(s,r)dr]o/(t)
a(t) N 1
+/a %k] (t,s)[l +/a kz(s,t)dr]ds]zj (t)
b
+[/a %’@(f, S)d5]24(t)

1

< c'(t) +nat)zg () + 15 (t)za(t),
from (2.39) and using Lemma (1.4), we get
Z,(t) </ (6) + mina(£)z4(t) + many(t)

+15(t)za(t),  Vtelr.
The inequality (2.40) can be written as the following
Zy(£) = (mina(t) + ns5(6))za(t) < ¢'(£) + mana(t), Ve € 1.
(2.41)

Vt e, (2.39)

(2.40)

The inequality (2.41) gives us the following estimation

a(t)
24(6) < 23 @) exp| / (mina(s) +15())ds

a(t)
+exp[ / (M17a(5) + 15 (s))ds]
§ /“m ¢ (s)

m + m2n4(5)]

<exp|- | (M) + s (1)dr] s, (2.42)

for all t € J;. Using wP(t) < z(t) in (2.42), reduces

al(t)
WP(0) < 24(@) exp| / (mi7a(s) + 15(5))ds

vewp| “® (muma(s) + s (5))ds]

x /aa(t)[% + mzm(S)]

<exp|- | mina )+ 15(r)dr s,

for all t € J;. From (2.37) and (2.43), we get

(2.43)

b s
24(a) < c(a) + / ks(a.s) (z(a) exp[ / (m1na(T) + ns(r»dr]

c'(a1(r))
o' (a=1(r))

xexp[—[ur(mlm(r)+ns(r))dr]dr)ds

+exp[/as(m1n4(r)+n5(r))dr] /as[ +mzn4(r)]

b s
SC(a)+Z4(a)/ ka(a,S)exp[/ (m1n4(r)+ns(r))dr]ds

+/L;b ky(t,s) (EXP[/as(mlrM(f) + 775(T))d‘l.’]
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x [[% + mzm(r)]

« exp[f far(nu na(T) + ns(t))dt]dr>ds

< {C(a) +fabl<3(a, s) (eXp[/:(m n4(7T) +ns(r))dr]

« exp[— /ar(mlm(r) + ns(r))dr]dr>d5}

~1

x{l —/ﬂbka(a,s) exp[/as(mlm(r)+ns(r)>dr]d5}
(2.44)

for all t € J;. We get the required inequality (2.35) from (2.43) and
(2.44). This completes the proof. O

Remark 2.7. If we put «(t) =t, then Theorem 2.4 reduces to The-
orem 2.5 in [16].

Remark 2.8. If we put «(t) =t, c(t) =k (any constant) and p =1,
then Theorem 2.4 reduces to Theorem 1.5.3 part (cq) in [15].

Theorem 2.5. Let , f,g h e C(J;,Ry), a(t) € C1(J;, Ry), with a(t)
<t a(a)=a, and p > 1 and c > 0 be constants. If

a(t) s
a)”(t)gc—i—/ g(s)[w(s)+/ F(D)o(t)de

b
+/ h(r)w”(r)dr]ds, Vi e, (2.45)

then

wP(t) < cexp[/m (mine(s) + 777(5))(15]
a(t) ‘
+exp| f (mung(s) +17(5))ds |

< " mano(s) | exp| - [ () + 171 |ds

for all t € J;, where my, m, are defined as in Lemma 14,

(2.46)

a(t)

N6 (t) = g(a(r))[l +

and

m(©) = [g@®) f bh(r)dr]am,

f(r)dr]a (t).Vt < ).

a

VtE]l.

Proof. Define a function z5(t) by:
a(t) S
25(t) = c+/ g(s)[w(s)—i—/ F(Owo(t)dT

+/bh(r)wp(r)dt]ds, vVt e ]i. (2.47)

We observe, z5(t) > 0 nondecreasing on R, with z(a) = c. Then
from (2.45) and (2.47) using the monotonicity of z5(t), we get

1 1 1
w(t) =z5 (t)., w(a(t)) =z (a(t)) <z (t),
By differentiating (2.47) and using (2.48), we obtain

Vie]. (2.48)

al(t)
z5(t) =g(a(t))[a)(0£(t))+f f(Mw(r)dr

+/abh(t)a)p(t)dr]a’(t)
< g(oe(t))[l + /aa(t) f(f)df]a’(f)zsl"

+g@®) / bh(r)dr]a/(r)zﬂr)

= (D2 + 1 (Oz5(1) Ve e, (2.49)
from (2.49) and using Lemma (1.4), we get
z5(t) < mine(t)zs(t) + mane(t) + n7(6)zs(t), Vt € Ji. (2.50)
The inequality (2.50) can be written as the following
z5(t) — (mine(t) +n7(t))zs(t) < mane(t),  Vtei.  (2.51)
The inequality (2.51) gives us the following estimation
25(0) = cesp [ tmino(s) + m(s))as]
alt) ’
vexp[ [ (mine(s) + 17 (9)ds]
a(t) ‘ s
< [ mans)] exp[ = [ amino(r) £ (ryarfas. (252)

for all t € J;. Using wP(t) < z5(t) in (2.52), We get the required
inequality (2.46). This completes the proof. O

Remark 2.9. If we put a(t) =t, then Theorem 2.5 reduces to The-
orem 2.6 in [16].

Remark 2.10. If we put «(t) =t and p =1, then Theorem 2.5 re-
duces to Theorem 1.5.3 part (cy) in [15].

3. Application

Example 3.1. Consider the following retarded Volterra-Fredholm
integral equation:

t b
wP(t):M(t,/ Hl(t,a)(a(s)))ds,/ Hz(t,wp(s))ds>,\7’te]1,

(31)

where M e C(J; x R2,R;) and H; € C(J; x Ry, Ry), i= 1,2, satisfy
the following hypothesis:

IM(t, w,u)| <c(t) +|w| +ul, Vte], (3.2)

[Hi(t. 0)| < gO)]w]. [H(t. )| < f(D)|w]. (33)

where w(t), c(t), g(t), «(t) and p are defined as in Theorem 2.1.
Using the conditions (3.2) and (3.3), from (3.1), we get

Vteh,

t b
lw(®)]P < c(t) + / g(s) (e (s))|ds + / F(O)]wP(s)|ds

a(t) - b
e+ [ B josyias+ [ polor s

for all t € J;. Now an application of Theorem 2.1, we have

b s -1
wP(t) < {c(a)+/ f(s)(exp[f m1%dr]
ST (a7 1(r)) HCU))
Xfa [a’(a*l(r)) i ’(Ol’l(r))]

xexp[ / m g((a—jl(( )))) dt]dr)ds}
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el [ w2

e [ m%ds]

+exp[faa(t)m %ds]

aOF (a(s)) gla~1(s))
X/a [/(a ) mza/(a-](s»]

xexp[ / m g,((ai_ll((r)))) dr]ds (3.4)

1—
for all t € J;, where my = %I(Tp,mz — 2-1K5 and K > 0. Thus,
the estimation in inequality (3.4), implies the boundedness of the
solution w(t) of retarded Volterra-Fredholm integral Eq. (3.1).
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