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Circular fuzzy matrices

In this paper, we define the intuitionistic circular fuzzy matrix and introduce the necessary and sufficient
conditions for an intuitionistic fuzzy matrix to be circular. Also, we study some properties of intuitionistic
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1. Introduction

The concept of intuitionistic fuzzy matrices was introduced by
Pal et al. [1] as a generalization of the well known ordinary fuzzy
matrices introduced by Thomason [2] which take its elements from
the unit interval [0,1]. An intuitionistic fuzzy matrix is a pair of
fuzzy matrices, namely, a membership and non-membership func-
tion which represent positive and negative aspects of the given in-
formation (see [3,4]). However, intuitionistic fuzzy matrices have
been proposed to represent finite intuitionistic fuzzy relations. This
concept is a generalization to that of the ordinary fuzzy relations
which also is a generalization to the crisp relations (or Boolean re-
lations).

In this paper, we concentrate oure attention on one of the im-
portant kind of intuitionstic fuzzy matrices called intuitionistic cir-
cular fuzzy matrices. However, a characterization of intuitionistic
circular fuzzy matrices is given and some important properties are
established.

The paper is organized in three sections. In Section 2, the def-
initions and operations on intuitionistic fuzzy matrices are briefly
introduced. In Section 3, results concerning of intuitionistic circu-
lar fuzzy matrices are proved using the operations and notations
in the previous section. In Section 4, we exhibit the adjoint of an
intuitionistic circular fuzzy matrix throughout its determinant and
show that the adjoint of an intuitionistic circular fuzzy matrix is
also circular. However, the operations v and A play an important
role in our work.
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2. Preliminaries and definitions

We give here some definitions and notations which are applied
in the paper. Note that an intuitionistic fuzzy matrix A of order
m x n is defined as follows: A = [a;;] where a;; = <a] a:;> and
a” € [0, 1] maintaining the condition 0 < a +a” <1
Now we define some operations on the mtumomstlc fuzzy ma-
trices.. For intuitionistic fuzzy matrices A = [a;;] . B=|bj]

Jinxn Ulnxn’

and C = [c;;] _ the following operations are defined [3,5-7],

[(mln(au,b ) max(alf]f,bg))],
[(max(a b) min(ag,bg))],

i
= [(k (alk/\cl/q) e (axkvcl/(;'))il’
k k k —
A [ ()] [ /U,al{j(()):l:Ak 1
<1,0> if i=],
=A°
<0,1> if i#].
AT = [aﬁ] (the transpose of A),
VA =AAAT

aU

AAB= [GU/\blj]:
AVB [aijvbij]z

AC

I

A < B if and only if a; < by .That is if and only if a,fj < bgj and
alf} > b;} for all i, j.
We may write 0 instead of < 0, 1 > and 1 instead of < 1,0 > .

Definition 2.1. [1,3,8-11] . For an n x n intuitionistic fuzzy matrix

A we have:
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a) A is symmetric if and only if AT = A,

b) A is idempotent if and only if A2 =

c) A is transitive if and only if A% < A,

d) A is circular if and only if (A2)T < A,

e) A is weakly reflexive if and only if a; > g for all 1 <, j <
n,

(f) A is reflexive if and only if g; =1 forall 1 <i <n,

(g) A is similarity if and only if A is symmetric, transitive and

reflexive.

It is noted that (AT)2 = (A2)T for any n x n matrix. So, the in-
tuitionistic fuzzy matrix A is circular if and only if A2 < AT, i.e,
aignay; < a;; for every 1 < i, j, k < n. Moreover, if A is symmetric,
then A is transitive if and only if A is circular.

3. Results

Throughout the next two sections we deal only with n x n in-
tuitionistic fuzzy matrices. In this section, some properties of intu-
itionistic circular fuzzy matrices are examined by the definitions in
the above section. However, we begin with the following proposi-
tion.

Proposition 3.1. Let A be an n x n intuitionistic fuzzy matrix and let
A denotes the m x m submatrix of A (where m < n) such that

(A A
e[ 4]

Then A is circular if and only if A2 < AT, A)A; < AT, A3A; < AT,
A4A3 < Ag, A1A2 < Ag, A2A4 ng, A3A2 SAZ and A421 < A;{

Proof. Suppose that A satisfies all the above conditions and con-
sider

2_p_|B1 B
Then
By = A2 v AA; <AT VAT = A,

Bz = A]Az VA2A4 < Ag \/AT = AT,
B3 = A3A] \/A4A3 < Ag \/AT :Ag

and
By =A3A; VA2 <Al VAL = AL

Thus, we have A2 = B < AT and A is circular.

Conversely, suppose that A is circular. For 1 < s < m and m+
1<t<n, Let C=Aq, D=A,,E=A;3 and F = A4. Then ¢ = ay for
every 1 <s, t <m, dst = Ay forevery 1 <s <mand 1<t <
n—m,es =i,y foreveryl<s<n-mand1<t<mand fo: =
A(symy(r+m) fOr every 1<s<n-mand 1 <t <n-m.

1. To show that A2 < AT and AyA; <Al let G=A? and H = AyAs.
Then

(Csk A Cl/<t)’ kgl (Csk v C;&))
(a;k A a;d)’ k;”\1 (ask v akt))
(

1(2) _11(2)
:<ast s Ot )

Thus, g < ¢ and therefore, A% < Afl.

( sk N ekt) k;\ ( g( v e;clt))
(k+m)t) m( s(k+m) v a(k+m)t)>
\:/l+ (g A aut), Zé (asu vay)) (where u=k+m)
/(2) //(2))

n
uv (asu A aut) (asu v aut)) ( o
g, Agg) = G5 = Cts-

u

Thus, hs < ¢ and therefore, AyA; < AT.
2. To show that A4A; < AT and A3A; <Al
A3A1. Then

m r\ Mo 1
v (fsk A ekt)’ P ( sk V ekt))
_ ” m a / n-m a’ 7"

= <k=1 ( (sm) (k) a(k+m)r)’ A ( (s+m) (k+m) Y a(k+m)t)>

. n , , n
- <u:\n<+1 (a(s+m)u A aut)’ u:?n\ﬂ (a(s+m)u v aut))

(where u =k +m)

let Q= A4A3 and L =

n—

er—<

IA

n n

<uZl (a/(s+m)u A aill‘)’ u/=\1 (a/(/s+m)u v agt))
/(2) /1(2)

(@ e Asemye)

= (aé(s+m)’ a!(s+m)> = g (semy = s
Thus, g < dis and therefore, A4A3 < AT. Also,

lse = (esk A C;d)’ ,m (e;/k v Cl/!t))
(a£s+m)k N akt) (a/(/s+m)k v a;(/[))
ke ( (s+m)k A akt) ( ;/s+m)k v a;c/[)>

k=
/(2) //(2)
a(s+m)t’ (s+m)t) <at(s+m)’ at(s+m)> - at(s+m) dts~

=

IL<=I<zI <3

IAN

o~~~ —~
=

i.e,, I+ < dis and therefore, A3A; §A2.
3. To show that AjA; < AT and AyA; <Al let R=AA; and Z=
A2A4. Then

(CQL v dig))
(ask v ak(t+m)))

A (ask v ak(t+m)))

<a([+m)s’ a([+m)s> = U(t+m)s = Cts.

st = <kvl (Csk A dkt)

= ( V (ask A ak(r+m))
= <k\=/1 (ask N ak(t+m))'

_(d?) /1(2)
- <as(t+m)’ s(t+m))

Therefore, A;A; < Al Also,

(dsk A fkr) ( o V Ié/t))
71( stlerm) " <k+m><r+m>) - m( @erm) ¥ Wrmyem)))
% (a5 A au<r+m>) . 5“(“5:4 V @iim))
(asu A au(t+m)) (aSU v au(r+m)))
a/<2> 4Py <

s(t+m)? Vs(t+m) (a(t+m)s’ a(t+m)s> = A(t+m)s = Cts-

:
|
3 ._.

Hence, A,A4 < Al
4. To show that A3A, < Al and A3 <
Then

AL, let P =A3A; and W = AZ.

pst:(

= {

k=

n / / n 1 "

k=nv1+1 (eSk A dkt)’ k=n/\1+l (eSk v dkt))
n
\
m

/ / 4 4
l(a(s+m)k N ak(t+m))’ (a(s+m)k v ak(t+m))>

AN
+ k=m+1

n n
= (k\:/l (a,(s+m)k A a;<(t+m))’ k/:\l (a/(/s+m)k v agcl(t+m))>

— (g @ /1(2)
- (a(s+m)(t+m)’ a(erm)(ter)>
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= (a/(t+m)(s+m)* a/(/t+m)(s+m)> = A(t+m)(s+m)

A3A2 < A£ .
Also,

= fs. Therefore,

n—m n—-m
Wy = <k\:/l( sk /\flit)’ kQ]( oV Ii/t)>
n—m n—m
= <kvl (a,(5+m)(k+m) N a/(k+m)(t+m))’ kﬁl (a,(,5+m)(k+m)

//
(k+m)(t+m)))

/ 1 1
U= \17/1+1( (s+m)u A au(t+m))’ u:ﬁﬂ (a(s+m)u v au(t+m))>

IA

ag(um)))

a/ 2) 7(2) )

(s+m) (t+m)* L (sm) e+m)

(

n
< (a(s+m)u u(t+m))’ u/:\l (a/(/s+m)u v
=
<a(t+m)(s+m)’ a(t+m)s> - a(t+m)(s+m) f[s-
Thus, A3 < A]. This completets the proof. O

Remark. It is easy to see that the intuitionistic fuzzy matrix A is
circular if and only if AT is circular.

Lemma 3.2. [3] For intuitionistic fuzzy matrices A = [aU]an’B =
[bij]mxn’

C=[cyl,,, and D=[dy] . if A < B, then AC < BC and DA <
DB.

Proposition 3.3. An intuitionistic fuzzy matrix A is circular if and
only if EG@DAEG D) s circular for every 1 < i, j < n, where EG:J) is
the intuitionistic fuzzy matrix obtained from the identity intuitionistic
matrix I, by interchanging the row i and row j.

Proof. First, we notice that EGCDEGH) = I, and (EGD)T = EGD for

every 1 < i, j < n. Suppose that A is circular. Then
(ECDAECDY2 = (EGCDAEGD ) (EGDAEED)
= EGCDA2EGD) < EUDATEGD) = (EGDAEG)T
and hence EC-DAE(J) is circular.
Now, suppose that E(: DAE( ) is circular. That is
(EGDAED ) (EGDAEWD) < (EGDAEGD)T = EGDATEG]) Then
EGDA2EG ) < EGDATEG D) and so by Lemma 3.2, we get
E(. DA DEG. ) < EG DATEG DEG. D), That is B )A2 < EGDAT, Also,
EGDEGDA2 < EGDEGDAT and so A2 < AT and A is thus
circular. O
Proposition 3.4. Let * be a binary operation on [0, 1] satisfies for
every x, y, u, v € [0, 1], the following conditions:
1 (x = y)A(U * v) < (xAUu)*(yAv),
2. (x * y)v(u * v) > (xvu)*(yvv),
B.x<yu<vimplyxxu<ysxw

If A and B are n x n intuitionistic circular fuzzy matrices,
then A*B is circular, where A*B is defined as AxB = [a; *b;;] =

)] —
/ / 1 //
[(aij * bij' aj; bij>]'

Proof. Let C =A«+B and D = C2. Then
n n
dj = (dj dij) = (v (cic n ). A (i v €i))

i’
n / n !/
A CRTARCART A CRLAMCATA))
= ((a;, * b;,) A (a[j * bfj) (alf;l * b:;) Y (a;.,’j * b;{j))
for somelandh < n.
By the properties of the operation *, we get
dl’] = (alfl*b/)A(a“*b’ ) < (all/\a“)*(b’ Ab; ) gaﬂ*b’ = 31
(since A and B are circular) and
d// —_ (a// * b// ) Vi (a b// ) > (a Vi a// ) (b//

ih hj
i Thus dj < ¢;; and A*B is c1rcu1ar O

1/ v 7
vbhj) > aji*bji =

u_

Corollary 3.5. The intuitionistic fuzzy matrix AAB is circular if A and
B are circular.

Proof. Since the operation A satisfies the conditions of operation*,
then AAB is circular. O

Corollary 3.6. The intuitionistic fuzzy matrix A is circular when A
is circular.

Proof. By Corollary 3.5, since A and AT are circular. O

Corollary 3.7. Let F:X — X be a function such that
F(X)AF(y) < F(xAy) and if x <y, then F(x) < F(y) for all x, y € X.If
A is an intuitionistic circular fuzzy matrix, then F(A) is circular, where

F(A) = [F(a;j)]

Proof. Since A is circular, we have, agrqy < a; forall 1 <, j, k <
n.But by the definition of F, we have that FlagAay;) < Fa;;) and
Flag)AF(ay;) < Flagray) < Faj;). Thus F(A) is circular. O

Proposition 3.8. A is circular and weakly reflexive if and only if A is
symmetric and transitive.

Proof. Suppose that A is circular and weakly reflexive. Then
aji = ajj Aaj; < a;;. Also, a;; = a;; A G;j < aj;. So, a;; = aj; and A is
symmetric. Also, we have alsz) <aji = a;; and A is thus transitive.
Conversely, suppose that A is symmetric and transitive. Then

afj” <a;j =aj;. Hence A is circular. To show that A is weakly
reflexive, we have a;; = a;; A aj; < a;; (by the circularity and sym-

metry of A). Thus A is weakly reflexive. O

Corollary 3.9. If the intuitionistic circular fuzzy matrix A is reflexive,
then A is similarity.

Proposition 3.10. If A is circular and symmetric intuitionistic fuzzy
matrix, then A is idempotent.

Proof. Since A is symmetric, we have A is transitive. i.e., A2 < 4, it
remains to show that A2 > A. Again since A is symmetric, we have
—a. i i = i /"

ajj = aji for every 1 < i, j < n. Let ajj=c>0. That is <al],al]>
(¢’,¢”) > (0,1). Then by circularity of A we have a; > aAaj or aj; >
¢ and ajf < ¢”. i.e, a; > c. On the other hand
a® @ @y " ’ nn NN _ [l
U = (au @ ) = ( v (aikAakj) A (aj, \/akj)) = (@ A
/
al] a; vahj) for some l <L h<n But a”/\aU aj; Aa] c
and
1 ¢’ )
alh va,; < ajv al] . Therefore, a;;
This completes the proof O

>c=aq; and A? > A

Corollary 3.11. If A is circular , then VA is idempotent.

Proof. By Proposition 3.10 and Corollary 3.6, since VA is

symmetric. O

Proposition 3.12. For a circular and weakly reflexive intuitionistic
fuzzy matrix A, we have A is idempotent.

Proof. By Propositions 3.8 and 3.10. O
Corollary 3.13. Let A be a circular and reflexive Then A is idempotent.

Proof. By Proposition 3.10 and Corollary 3.9. O

4. Adjoint of an intuitionistic circular fuzzy matrix

Definition 4.1. [5,10]. The determinant |A| of an n x n intuition-

istic fuzzy matrix A is defined as: |A| = vsq, (t&(aéﬁ(”,a;g(t))),

where S;, is the symmetric group of all permutations of the indices
(1,2,...,n).
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Definition 4.2. [5,10]. The adjoint of A is denoted by adjA and is
defined as: b;; = |Aji| where |A;| is the determinant of the (n—
1) x (n — 1) matrix A;; formed by deleting row j and column i from
A and where B = adjA.

Remarks:

1. The element of the matrix D = A;; can be written in terms of
the elements of the matrix A as follows:

Ayy if u<i and v<j,
d = Jaww ifu>iand v<j,
w Ay(ps1) if u<i and v > j,

Quinywsry if u>iandv > j.

2. If W=AT, then W,»jzAz;. = (A;)T and so, for G=(A;)T we
have:

Ayy if u<iandv<j,
G = Ayut1) @f uz= i and v<j,

A1) .1f u<i and v >,

Auityer) ifu > iandv > j.

Proposition 4.3. Let A be an n x n intuitionistic circular fuzzy ma-
trix. Then AyAy; < (Ay)T for every 1 < i, j, k < n.
Proof. Let C = Ay.F = A;. G = (A;)T and R = CF. Then
-1 -1
Twy = (nv1(c[,m A o), nAl(c{{m v fmy)) Since we have that A is
m— m—

circular, we have the following cases:
Case 1: Ifu <i, m < k and v < j, then

n-1 n-1
/ / 4 4
Ty = (m\il (aum A amv)’ m/il (aum v amv)>
/ / /! /! / /!
= (ayy A Gy, Gy V Agy) < Ay, Q) = Qyu = G
for some p,g <n.
Case 2: Ifu <i, m < k and v > j, then

Tw = <:1\Z (ailm A a;n(v+l))’ :{3 (agm v a#t(w-])))
= (ayy A a;)(vﬂ)v g V ag(v+1)> = <a/(v+1)u’ a/(/wrl)u)
= AQu+1)u = Guv-
Case 3: Ifu <i,m > k and v < j, then
Twy = (;\Z (aL(mH) A a/(m+1)v)’ :g] (aﬂ(mﬂ) v a;/m+1)v))
= (@ypr1) A Qprtyr Qugget) Y Qgaty) < (@ Gyy) = Quu = Guv-
Case 4: Ifu > i, m < k and v > j, then
Tw = <:~Z1 (a/(u+1)m A a;n(vﬂ))v ;/31 (a/(/u+1)m v agl(v+l)))
= <a/(u+1)p A a/p(v+1)’ a/(/uﬂ)g M a,;/(um)

IA

(@) @e1) Qoatyen)) = Tty ust) = Euv-
Case 5: Ifu > i, m > k and v < j, then
n-1., ’ n—1.,, "
Tuy = <mv=1(a(u+1)(m+1) A a(m+l)v)’ — (a(u+1)(m+1) v a(m+1)u))
/ / 4 1"
= (Aus1y (pr1) A Qpstyw Uurtyge1) ¥ Qg

<a;/(u+1)’ a;;/(uﬂ)) = Qy(u+1) = Buv-

Case 6: If u <i, m > k and v > j, then

n-1 n-1
Twy = (m\él(a/u(m-#l) A a/(m+1)(v+l))’ m/;l(ag(mﬂ) v a/(/m+1)(u+1))>

/ / 4 A
(@yprty A Apitywst) Quggst) ¥ Agatywst))

IA

/ 1"
(a(v+l)u’ a(v+])u) = Q+1)u = uv-

Case 7: Ifu > i, m < k and v < j, then
n—-1,, / 1., "
Tw = <rn\il (a(u+l)m A amv)v m/;1 (a(u+l)m v amv))
/ / 1 7 / 1
= (a(u+1)p A lpy, Aoy yg V agv> = (av(u+l)’ av(u+1)>
= av(u+1) = Zuv-
Case 8: Ifu > i, m > k and v > j, then

n-1 n1
Tw = <m\;](a,(u+1)(m+l) A a/(m+1)(u+1))v m/;1(a/(/u+1)(m+1)Va/(/m+l)(v+1))>

! 7 /! 1/
(@i pan) A Qprnweny Turnygen) ¥ Tgrnwen))

IA

’ "
<a(v+1)(u+l)v a(v+1)(u+1)) = Aw+1)(u+1) = 8uv-

Thus, we have ry, < gy in every case and hence AyAy; < (A;)T
forevery 1 < i, j,k <n. O

Corollary 4.4. If A is intuitionistic circular fuzzy matrix, then A; is
circular for every 1 < i < n.

Proposition 4.5. [6]. Let A and B be two intuitionistic fuzzy matrices
of order n x n. Then we have the followings:

(i) [AT| = 1Al
(ii) |AIA[B| < |ABJ,
(iii) |A| = A\Tblaij|Aij| where A; is the intuitionistic fuzzy matrix of
Jj=

order (n—1) x (n—1) formed by deleting row i and column j
from A.

Corollary 4.6. Let A and B be two intuitionistic fuzzy matrices of or-
der n x n such that A < B. Then |A| < |B|.

Proposition 4.7. Let A be a circular matrix. Then adjA is circular.

Proof. Let B=adjA. Then bys = |Asul, by, = |Ay| and by = |Ajl.

By Propositions 4.1, 4.3 and Corollary 4.4 we get

|Asul A |Aul < 1Asuful| < |AL| = Ais]. Since A is commutative,
then

|[AyIAlAsul < |Ail. Therefore, by, Abus =bg and so adjA is
circular. O
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