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Abstract By making use of the principle of subordination between analytic functions and the gen-

eralized fractional differintegral operator, we introduce and investigate some new subclasses of p-

valently analytic functions in the open unit disk. Such results as inclusion relationships, integral-

preserving properties, convolution properties, subordination and superordination properties, and

sandwich theorems for these classes are derived.
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1. Introduction

Let Ap denote the class of functions of the form

fðzÞ ¼ zp þ
X1
n¼1

anþpz
nþpðp 2 N ¼ f1; 2; . . .gÞ; ð1:1Þ

which are analytic and p-valent in the open unit disk

U ¼ fz : z 2 C and jzj < 1g:

Let H[a, n] be the class of analytic functions of the form
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fðzÞ ¼ aþ anz
n þ anþ1z

nþ1 þ � � � ða 2 C; z 2 UÞ:

For the functions f 2 Ap, given by (1.1) and g 2 Ap of the
form

gðzÞ ¼ zp þ
X1
n¼1

bnþpz
nþpðp 2 NÞ;

the Hadmard product (or convolution) of f and g is defined by

ðf � gÞðzÞ ¼ zp þ
X1
n¼1

anþpbnþpz
nþp ¼ ðg � fÞðzÞ:

Let P be the class of functions /(z) which are analytic and

univalent in U and for which /(U) is convex with /(0) = 1 and
Rf/ðzÞg > 0 for z 2 U.

For two functions f and g, analytic in U, we say that the

function f is subordinate to g in U, if there exists a Schwarz
function x, which is analytic in U with

xð0Þ ¼ 0 and jxðzÞj < 1ðz 2 UÞ;
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such that

fðzÞ ¼ gðxðzÞÞðz 2 UÞ:

We denote this subordination by f(z) p g(z). Furthermore, if
the function g is univalent in U, then we have the following
equivalence (see, for details, [1,2]; see also [3]):

fðzÞ � gðzÞðz 2 UÞ () fð0Þ ¼ gð0Þ and fðUÞ � gðUÞ:

Recently, Goyal and Prajapat [4] (see also [5]) introduced
and investigated the generalized fractional differintegral oper-
ator Ikpðl; gÞ : Ap ! Ap as follows:

Ikpðl;gÞfðzÞ¼ zpþ
X1
n¼1

ð1þpÞnð1þpþg�lÞn
ð1þp�lÞnð1þpþg�kÞn

anþpz
nþp ð1:2Þ

ðz2U;p;n2N;l;g2R;l< pþ1;�1< k< gþpþ1Þ

where (m)n is the Pochhammer symbol defined, in terms of
Gamma function, by

ðmÞn ¼
Cðmþ nÞ

CðmÞ ¼
1 ðn ¼ 0Þ;
mðmþ 1Þ � � � ðmþ n� 1Þ ðn 2 NÞ:

�

In particular, we have

I0pð0; 0ÞfðzÞ ¼ fðzÞ and I1pð1; 1ÞfðzÞ ¼ I1pð0; 0ÞfðzÞ ¼
zf0ðzÞ
p

:

It is easily verified from (1.2) that

z Ikpðl; gÞfðzÞ
� �0

¼ ðpþ g� kÞIkþ1p ðl; gÞfðzÞ � ðg

� kÞIkpðl; gÞfðzÞ: ð1:3Þ

We note that the operator Ikpðl; gÞ is a generalization of sev-
eral previously familiar operators, and we will show some of

the interesting special cases as below:

(1) Ik
pðk; gÞ ¼ Ik

pðl; 0Þ ¼ Xk
p, where Xk

p is the fractional differ-

integral operator studied recently by Patel and Mishra
[6] (see also [7]);

(2) I�a
p ð0; b� 1Þ ¼ Qa

b;pðb > �p; aþ b > �pÞ, where Qa
b;p is

the Liu-Owa operator (see [8,9]);

(3) I�a
1 ð0; b� 1Þ ¼ Qa

bðb > �1; aþ b > �1Þ, where Qa
b is the

Jung-Kim-Srivastava operator (see [10]);
(4) I�11 ð0; b� 1Þ ¼ J bðb > �1Þ, where Jb is the Bernardi

integral operator (see [11]).

By making use of the operator Ikpðl; gÞ and the above-men-

tioned subordination principle between analytic functions, we
now introduce the following subclasses of the class Ap of p-
valently analytic functions.

Definition 1. A function f 2 Ap is said to be in the class

Mk
pðl; g; c; /Þ if it satisfies the subordination condition:

1þ 1

c

z Ikpðl; gÞfðzÞ
� �0
pIkpðl; gÞfðzÞ

� 1

0
B@

1
CA � /ðzÞðz 2 U; / 2 PÞ; ð1:4Þ

where (and throughout this paper unless otherwise mentioned)

the parameters c, p, k, l and g are constrained as follows:

c 2 C� ¼ C n f0g; p 2 N; l; g 2 R; l < pþ 1 and �1
< k < gþ pþ 1:
Definition 2. A function f 2 Ap is said to be in the class

Nk
pðl; g; a; b; /Þ if it satisfies the subordination condition:

ð1þ aÞ zp

Ikpðl; gÞfðzÞ

 !b

� a
Ikþ1p ðl; gÞfðzÞ
Ikpðl; gÞfðzÞ

 !
zp

Ikpðl; gÞfðzÞ

 !b

� /ðzÞðz 2 U; / 2 PÞ; ð1:5Þ

where a 2 C, 0 < b < 1 and all powers are understood as prin-

ciple values.
For the sake of convenience, we set

Mk
p l; g; c;

1þ Az

1þ Bz

� �
¼Mk

pðl; g; c;A;BÞð�1 6 B < A 6 1Þ;

and

Nk
p l; g; a; b;

1þ Az

1þ Bz

� �
¼ Nk

pðl; g; a; b;A;BÞð�1 6 B < A 6 1Þ:

The main objective of this paper is to derive such results as

inclusion relationships, integral-preserving properties, convo-
lution properties, subordination and superordination proper-
ties, and sandwich theorems for the classes Mk

pðl; g; c; /Þ and
Nk

pðl; g; a; b; /Þ. For some recent inclusion and subordination
results in analytic function theory, one can find in
[12–24,29,30] and the references cited therein.
2. Preliminary results

In order to establish our main results, we shall require the fol-
lowing known definition and lemmas.

Definition 3. ([25]) Denote by Q the set of all functions f that
are analytic and injective on U n EðfÞ, where

EðfÞ ¼ fe 2 @U : lim
z!e

fðzÞ ¼ 1g;

and such that f0(e) „ 0 for e 2 oUnE(f).

Lemma 1 [26]. Let j, s 2 C. Suppose that / is convex and uni-
valent in U with

/ð0Þ ¼ 1 and Rðj/þ sÞ > 0 ðz 2 UÞ:

If the function q is analytic in U with q(0) = 1, then the
subordination

qðzÞ þ zq0ðzÞ
jqðzÞ þ s

� /ðzÞ ðz 2 UÞ

implies that

qðzÞ � /ðzÞ ðz 2 UÞ:

Lemma 2. ([2])Let the function h be analytic and convex
(univalent) in U with h(0) = 1. Suppose also that the function
k(z) given by

kðzÞ ¼ 1þ cnz
n þ cnþ1z

nþ1 þ � � � ð2:1Þ
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is analytic in U. If

kðzÞ þ zk0ðzÞ
n
� hðzÞ ðRðnÞ > 0; n–0; z 2 UÞ; ð2:2Þ

then

kðzÞ � qðzÞ ¼ n
n
z�

n
n

Z z

0

t
n
n�1hðtÞdt � hðzÞ ðz 2 UÞ;

and q is the best dominant of (2.2).

Lemma 3. ([26])Let q be univalent in U, and let h and / be

analytic in the domain D containing q(U) with /(x) „ 0 when
x 2 q(U). Setting Q(z) = zq0(z)/(q(z)), S(z) = h(q(z))
+ Q(z) and suppose that

(1) Q(z) is a starlike function in U,

(2) R
zS0ðzÞ
QðzÞ

� �
> 0 ðz 2 UÞ.

If p is analytic in U with p(0) = q(0), p(U) ˝ D and

hðpðzÞÞ þ zp0ðzÞ/ðpðzÞÞ � hðqðzÞÞ þ zq0ðzÞ/ðqðzÞÞ;

then p p q, and q is the best dominant.

Lemma 4. ([27])Let q be convex function in U and f 2 C, d 2 C*

with

R 1þ zq00ðzÞ
q0ðzÞ

� �
> max 0;�R

f
d

� �� �
:

If p is analytic in U and

fpðzÞ þ dzp0ðzÞ � fqðzÞ þ dzq0ðzÞ;

then p p q, and q is the best dominant.

Lemma 5. ([28])Let q be univalent in U, and let # and u be ana-
lytic in the domain D containing q(U). Suppose that

(1) R
#0 ðqðzÞÞ
uðqðzÞÞ

� �
> 0 ðz 2 UÞ.

(2) zq0(z)u(q(z)) is starlike function in U.

If p 2 H[q(0), 1] \ Q with p(U) ˝ D, #(p(z)) + zp0(z)u
(p(z)) is univalent in U, and

#ðqðzÞÞ þ zq0ðzÞuðqðzÞÞ � #ðpðzÞÞ þ zp0ðzÞuðpðzÞÞ;

then q p p, and q is the best subordinant.

Lemma 6. ([25])Let q be convex univalent in U and . 2 C.
Further assume that Rð.Þ > 0. If p 2 H[q(0), 1] \ Q and

p(z) + .zp0(z) is univalent in U, then

qðzÞ þ .zq0ðzÞ � pðzÞ þ .zp0ðzÞ;

which implies that q p p, and q is the best subordinant.
3. Properties of the function class Mk
pðl; g; c; /Þ

We begin by proving the following inclusion relationship given

by Theorem 1.
Theorem 1. Let k < pþ g; c ¼ c1 þ ic2–0; tanr ¼ c2
c1

and /
2 P with Ið/Þ < ðRð/Þ � 1Þ cot r. Then

Mkþ1
p ðl; g; c; /Þ �Mk

pðl; g; c; /Þ: ð3:1Þ

Proof. Let f 2Mkþ1
p ðl; g; c; /Þ and suppose that

wðzÞ ¼ 1þ 1

c

z Ikpðl; gÞfðzÞ
� �0
pIkpðl; gÞfðzÞ

� 1

0
B@

1
CA; ð3:2Þ

where w is analytic in U with w(0) = 1. In view of (1.3) and

(3.2), we obtain

ðpþ g� kÞ
Ikþ1p ðl; gÞfðzÞ
Ikpðl; gÞfðzÞ

¼ cpðwðzÞ � 1Þ þ pþ g� k: ð3:3Þ

Differentiating both sides of (3.3) with respect to z logarithmi-

cally and using (3.2), we get

1þ 1

c

z Ikþ1p ðl; gÞfðzÞ
� �0
pIkþ1p ðl; gÞfðzÞ

� 1

0
B@

1
CA

¼ wðzÞ þ zw0ðzÞ
cpðwðzÞ � 1Þ þ pþ g� k

� /ðzÞ ðz 2 UÞ: ð3:4Þ

Since R cpð/ðzÞ � 1Þ þ pþ g� kð Þ > 0 for Ið/Þ < ðRð/Þ � 1Þ
cotr, and where tan r ¼ c2

c1
, so by applying Lemma 1 to (3.4),

it follows that w(z) p /(z), that is, that f 2Mk
pðl; g; c; /Þ.

Thus, the assertion (3.1) of Theorem 1 holds true. h

Taking /ðzÞ ¼ 1þAz
1þBz in Theorem 1, we have the following

corollary.

Corollary 1. Let k < p + g, c = c1 + ic2 „ 0, and tanr ¼ c2
c1

with

I
1þAz

1þBz

� �
< R

1þAz

1þBz

� �
�1

� 	
cotr ð�16B<A6 1;z2UÞ:

Then

Mkþ1
p ðl; g; c;A;BÞ �Mk

pðl; g; c;A;BÞ:

Next, we discuss some integral-preserving properties for the

function class Mk
pðl; g; c; /Þ.

Theorem 2. Let c = c1 + ic2 „ 0, tanr ¼ c2
c1

and / 2 P with
Ið/Þ < ðRð/Þ � 1Þ cot r. If f 2Mk

pðl; g; c; /Þ, then F 2Mk
pðl;

g; c; /Þ, where the integral operator F defined by

FðzÞ ¼ cþ p

zc

Z z

0

tc�1fðtÞdt ðz 2 U; c > �pÞ: ð3:5Þ

Proof. Let f 2Mk
pðl; g; c; /Þ. Then from (3.5), we find that

z Ikpðl; gÞFðzÞ
� �0

¼ ðcþ pÞIkpðl; gÞfðzÞ � cIkpðl; gÞFðzÞ: ð3:6Þ

Upon setting

qðzÞ ¼ 1þ 1

c

z Ikpðl; gÞFðzÞ
� �0
pIkpðl; gÞFðzÞ

� 1

0
B@

1
CA; ð3:7Þ
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where q is analytic in U with q(0) = 1. Combining (3.6) and

(3.7), we obtain

ðcþ pÞ
Ikpðl; gÞfðzÞ
Ikpðl; gÞFðzÞ

¼ cpðqðzÞ � 1Þ þ pþ c: ð3:8Þ

Taking the logarithmical differentiation on both sides of (3.8)

and using (3.7), we get

qðzÞ þ zq0ðzÞ
cpðqðzÞ � 1Þ þ pþ c

¼ 1þ 1

c

z Ikpðl; gÞfðzÞ
� �0
pIkpðl; gÞfðzÞ

� 1

0
B@

1
CA

� /ðzÞ ðz 2 UÞ: ð3:9Þ

Hence, by virtue of Lemma 1, we conclude that q p /, which
implies that F 2Mk

pðl; g; c; /Þ. h

Theorem 3. Let f 2Mk
pðl; g; c; /Þ with / 2 P and

Rðcpmð/ðzÞ � 1Þ þ pmþ cÞ > 0 ðz 2 U; c 2 C;m 2 C�Þ:

Then the function K 2 Ap defined by

Ikpðl; gÞKðzÞ ¼
cþ pm

zc

Z z

0

tc�1 Ikpðl; gÞfðzÞ
� �m

dt

� �1
m

ðz 2 UÞ:

ð3:10Þ

belongs to the class Mk
pðl; g; c; /Þ.

Proof. Let f 2Mk
pðl; g; c; /Þ. Then from (3.10), it follows that

mz Ikpðl; gÞKðzÞ
� �0

¼ ðpþ cÞIkpðl; gÞfðzÞ
Ikpðl; gÞfðzÞ
Ikpðl; gÞKðzÞ

 !m

� cIkpðl; gÞKðzÞ: ð3:11Þ

Suppose that

-ðzÞ ¼ 1þ 1

c

z Ikpðl; gÞKðzÞ
� �0
pIkpðl; gÞKðzÞ

� 1

0
B@

1
CA ðz 2 UÞ: ð3:12Þ

Then, by using (3.11) and (3.12), we have

cpmð-ðzÞ � 1Þ þ pmþ c ¼ ðcþ pmÞ
Ikpðl; gÞfðzÞ
Ikpðl; gÞKðzÞ

 !m

: ð3:13Þ

In view of (3.12) and (3.13), we easily get

-ðzÞ þ z-0ðzÞ
cpmð-ðzÞ � 1Þ þ pmþ c

¼ 1þ 1

c

z Ikpðl; gÞfðzÞ
� �0
pIkpðl; gÞfðzÞ

� 1

0
B@

1
CA � /ðzÞ ðz 2 UÞ: ð3:14Þ

Since

Rðcpmð/ðzÞ � 1Þ þ pmþ cÞ > 0 ðz 2 UÞ;

so an application of Lemma 1 to (3.14) yields - p /, that is,
that K 2Mk

pðl; g; c; /Þ. This completes the proof of
Theorem 3. h

Now, we derive certain convolution properties for the func-
tion class Mk

pðl; g; c; /Þ.
Theorem 4. Let f 2Mk
pðl; g; c; /Þ. Then

fðzÞ ¼ zp � exp cp
Z z

0

/ðxð1ÞÞ � 1

1
d1

� �� 	

� zp þ
X1
n¼1

ð1þ p� lÞnð1þ pþ g� kÞn
ð1þ pÞnð1þ pþ g� lÞn

znþp

 !
; ð3:15Þ

where x is analytic in U with x(0) = 0 and Œx(z)Œ < 1
(z 2 U).

Proof. Let f 2Mk
pðl; g; c; /Þ. We know that subordination

condition (1.4) can be written as follows:

z Ikpðl; gÞfðzÞ
� �0
Ikpðl; gÞfðzÞ

¼ cp½/ðxðzÞÞ � 1� þ p; ð3:16Þ

where x is analytic in U with x(0) = 0 and Œx(z)Œ < 1 (z 2 U).

By virtue of (3.16), we easily find that

Ikpðl; gÞfðzÞ
� �0
Ikpðl; gÞfðzÞ

� p

z
¼ cp½/ðxðzÞÞ � 1�

z
; ð3:17Þ

which, upon integration, yields

log
Ikpðl; gÞfðzÞ

zp

 !
¼ cp

Z z

0

/ðxð1ÞÞ � 1

1
d1;

implies that

Ikpðl; gÞfðzÞ ¼ zp � exp cp
Z z

0

/ðxð1ÞÞ � 1

1
d1

� �
: ð3:18Þ

Then, from (1.2) and (3.18), we readily deduce that the asser-

tion (3.15) of Theorem 4 holds true.

Taking /ðzÞ ¼ 1þAz
1þBz in Theorem 4, we obtain the following

corollary. h

Corollary 2. Let f 2Mk
pðl; g; c;A;BÞ with �1 6 B < A 6 1.

Then

fðzÞ ¼ zp � exp cp
Z z

0

ðA� BÞðxð1ÞÞ
1 1þ Bðxð1ÞÞð Þ d1

� �� 	

� zp þ
X1
n¼1

ð1þ p� lÞnð1þ pþ g� kÞn
ð1þ pÞnð1þ pþ g� lÞn

znþp

 !
;

where x is analytic in U with x(0) = 0 and Œx(z)Œ < 1

(z 2 U).

Theorem 5. Let f 2 Ap and / 2 P. Then f 2Mk
pðl; g; c; /Þ if and

only if

1

zp
f� pzpþ

X1
n¼1

ðnþpÞð1þpÞnð1þpþg�lÞn
ð1þp�lÞnð1þpþg�kÞn

znþp�p½cð/ðeihÞ�1Þþ1�
((

� zpþ
X1
n¼1

ð1þpÞnð1þpþg�lÞn
ð1þp�lÞnð1þpþg�kÞn

znþp

 !))
–0 ðz2U;0< h< 2pÞ: ð3:19Þ

Proof. Suppose that f 2Mk
pðl; g; c; /Þ. We know that (1.4)

holds true, which implies that
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1þ1

c

z Ikpðl;gÞfðzÞ
� �0
pIkpðl;gÞfðzÞ

�1

0
B@

1
CA– /ðeihÞ ðz2U;0< h< 2pÞ: ð3:20Þ

It is easy to see that the condition (3.20) is equivalent to

1

zp
z Ikpðl; gÞfðzÞ
� �0

� p½cð/ðeihÞ � 1Þ þ 1�Ikpðl; gÞfðzÞ
n o

– 0 ðz

2 U; 0 < h < 2pÞ:
ð3:21Þ

On the other hand, we find from (1.2) that

z Ikpðl;gÞfðzÞ
� �0

¼ pzp

þ
X1
n¼1

ðnþpÞð1þpÞnð1þpþg�lÞn
ð1þp�lÞnð1þpþg�kÞn

anþpz
nþp:

ð3:22Þ

Combining (1.2), (3.21), together with (3.22), we easily get the

convolution property (3.19) asserted by Theorem 5. h
4. Properties of the function class Nk
pðl; g; a; b; /Þ

In this section, we first present the following subordination
property given by Theorem 6.

Theorem 6. Let f 2 Nk
pðl; g; a; b; /Þ with 0 < b < 1 and

R
bðpþg�kÞ

a

� �
> 0. Then

zp

Ikpðl; gÞfðzÞ

 !b

� bðpþ g� kÞ
na

z�
bðpþg�kÞ

na

�
Z z

0

t
bðpþg�kÞ

na �1/ðtÞdt � /ðzÞ ðz 2 UÞ: ð4:1Þ

Proof. Let f 2 Nk
pðl; g; a; b; /Þ and suppose that

hðzÞ ¼ zp

Ikpðl; gÞfðzÞ

 !b

ðz 2 UÞ: ð4:2Þ

Then h(z) is of the form (2.1) and analytic in U. Differentiating
(4.2) with respect to z logarithmically and using (1.3), we get
hðzÞ þ azh0ðzÞ
bðpþ g� kÞ ¼ ð1þ aÞ zp

Ikpðl; gÞfðzÞ

 !b

� a
Ikþ1p ðl; gÞfðzÞ
Ikpðl; gÞfðzÞ

 !
zp

Ikpðl; gÞfðzÞ

 !b

� /ðzÞ: ð4:3Þ

Thus, by applying Lemma 2 to (4.3) with n ¼ bðpþg�kÞ
a , we

immediately derive the assertion (4.1) of Theorem 6. h

Taking /ðzÞ ¼ 1þAz
1þBz in Theorem 6, we have the following

corollary.

Corollary 3. Let f 2 Nk
pðl; g; a; b;A;BÞ with �1 6 B< A 6 1,

0< b < 1 and R
bðpþg�kÞ

a

� �
> 0. Then
zp

Ikpðl; gÞfðzÞ

 !b

� bðpþ g� kÞ
na

z�
bðpþg�kÞ

na

Z z

0

1þ At

1þ Bt
t

bðpþg�kÞ
na �1dt

� 1þ Az

1þ Bz
ðz 2 UÞ:

From Theorem 6, we easily get the following inclusion
relationship.

Corollary 4. Let 0< b < 1 and R
bðpþg�kÞ

a

� �
> 0. Then

Nk
pðl; g; a; b; /Þ � Nk

pðl; g; 0; b; /Þ:

Now, we give another inclusion relationship for the function
class Nk

pðl; g; a; b; /Þ.

Theorem 7. Let 0< b < 1 and a2 > a1 P 0. Then

Nk
pðl; g; a2; b; /Þ � Nk

pðl; g; a1; b; /Þ: ð4:4Þ

Proof. Suppose that f 2 Nk
pðl; g; a2; b; /Þ. We know from (1.5)

that

ð1þa2Þ
zp

Ikpðl;gÞfðzÞ

 !b

�a2

Ikþ1p ðl;gÞfðzÞ
Ikpðl;gÞfðzÞ

 !
zp

Ikpðl;gÞfðzÞ

 !b

�/ðzÞ ðz2UÞ:

ð4:5Þ
Since 0 6 a1

a2
< 1, and the function / is convex and univalent in

U, we deduce from (4.1) and (4.5) that

ð1þa1Þ
zp

Ikpðl;gÞfðzÞ

 !b

�a1

Ikþ1p ðl;gÞfðzÞ
Ikpðl;gÞfðzÞ

 !
zp

Ikpðl;gÞfðzÞ

 !b

¼ 1�a1

a2

� �
zp

Ikpðl;gÞfðzÞ

 !b

þa1

a2

ð1þa2Þ
zp

Ikpðl;gÞfðzÞ

 !b

�a2

Ikþ1p ðl;gÞfðzÞ
Ikpðl;gÞfðzÞ

 !
zp

Ikpðl;gÞfðzÞ

 !b
2
4

3
5

�/ðzÞ ðz2UÞ;

that is f 2 Nk
pðl; g; a1; b; /Þ, which implies that the assertion

(4.4) of Theorem 7 holds true. h

In view of (4.1), and by applying the similar methods of
proof of Theorems 4 and 5, respectively, we get the following

convolution results.

Theorem 8. Let f 2 Nk
pðl; g; a; b; /Þ. Then

fðzÞ ¼ zp /ðxðzÞÞð Þb
h i

� zp þ
X1
n¼1

ð1þ p� lÞnð1þ pþ g� kÞn
ð1þ pÞnð1þ pþ g� lÞn

znþp

 !
; ð4:6Þ

where x is analytic in U with x(0) = 0 and Œx(z)Œ < 1
(z 2 U).

Theorem 9. Let f 2 Nk
pðl; g; a; b; /Þ. Then

1

zp
zpþ

X1
n¼1

ð1þpÞnð1þpþg�lÞn
ð1þp�lÞnð1þpþg�kÞn

znþp

 !
� fðzÞ� zp /ðeihÞ


 �b" #
–0

� ðz2U;0< h< 2pÞ: ð4:7Þ
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Theorem 10. Let q be univalent in U, a 2 C* and 0< b < 1.

Suppose also that q satisfies

R 1þ zq00ðzÞ
q0ðzÞ

� �
> max 0;�R

bðpþ g� kÞ
a

� �� �
: ð4:8Þ

If f 2 Ap satisfies the subordination condition

ð1þ aÞ zp

Ikpðl; gÞfðzÞ

 !b

� a
Ikþ1p ðl; gÞfðzÞ
Ikpðl; gÞfðzÞ

 !
zp

Ikpðl; gÞfðzÞ

 !b

� qðzÞ þ azq0ðzÞ
bðpþ g� kÞ ; ð4:9Þ

then

zp

Ikpðl; gÞfðzÞ

 !b

� qðzÞ;

and q is the best dominant.

Proof. Let the function h(z) be defined by (4.2). We know that
(4.3) holds true. Combining (4.3) and (4.9), we find that

hðzÞ þ azh0ðzÞ
bðpþ g� kÞ � qðzÞ þ azq0ðzÞ

bðpþ g� kÞ : ð4:10Þ

By using Lemma 4 and (4.10), we easily obtain the assertion of

Theorem 10. h

Taking qðzÞ ¼ 1þAz
1þBz in Theorem 10, we get the following

result.

Corollary 5. Let a 2 C*, 0 < b < 1 and �1 6 B < A 6 1.
Suppose also that

R
1� Bz

1þ Bz

� �
> max 0;�R

bðpþ g� kÞ
a

� �� �
:

If f 2 Ap satisfies the subordination condition

ð1þ aÞ zp

Ikpðl; gÞfðzÞ

 !b

� a
Ikþ1p ðl; gÞfðzÞ
Ikpðl; gÞfðzÞ

 !
zp

Ikpðl; gÞfðzÞ

 !b

� 1þ Az

1þ Bz
þ aðA� BÞz

bðpþ g� kÞð1þ BzÞ2
;

then

zp

Ikpðl; gÞfðzÞ

 !b

� 1þ Az

1þ Bz
;

and 1þAz
1þBz is the best dominant.

Theorem 11. Let aj 2 C (j = 0, 1, . . ., n), b 2 C*, u, v, k 2 C
such that k, u + v „ 0, and q1 „ 0 be convex univalent in U.
Further assume that

R 1þ zq001ðzÞ
q01ðzÞ

� zq01ðzÞ
q1ðzÞ

� �
> 0 and R �b

Xn
j¼1

jajq
j
1ðzÞ

 !

> 0 ðz 2 UÞ: ð4:11Þ

If f 2 Ap satisfies
UðzÞ �
Xn
j¼0

ajq
j
1ðzÞ þ b

zq01ðzÞ
q1ðzÞ

; ð4:12Þ

where

UðzÞ ¼
Xn
j¼0

aj

ðuþ vÞzp

uIkþ1p ðl; gÞfðzÞ þ vIkpðl; gÞfðzÞ

 !kj

þ bk p�
uz Ikþ1p ðl; gÞfðzÞ
� �0

þ vz Ikpðl; gÞfðzÞ
� �0

uIkþ1p ðl; gÞfðzÞ þ vIkpðl; gÞfðzÞ

0
B@

1
CA;
ð4:13Þ

then

ðuþ vÞzp

uIkþ1p ðl; gÞfðzÞ þ vIkpðl; gÞfðzÞ

 !k

� q1ðzÞ;

and q1 is the best dominant.

Proof. Define the function p1(z) by

p1ðzÞ ¼
ðuþ vÞzp

uIkþ1p ðl; gÞfðzÞ þ vIkpðl; gÞfðzÞ

 !k

ðk; u

þ v – 0Þ: ð4:14Þ

Differentiating both sides of (4.14) logarithmically and multi-
plying by z, we get

zp01ðzÞ
p1ðzÞ

¼ k p�
uz Ikþ1p ðl; gÞfðzÞ
� �0

þ vz Ikpðl; gÞfðzÞ
� �0

uIkþ1p ðl; gÞfðzÞ þ vIkpðl; gÞfðzÞ

0
B@

1
CA:
ð4:15Þ

Therefore, by making use of (4.12)–(4.15), we obtain

Xn
j¼0

ajp
j
1ðzÞ þ b

zp01ðzÞ
p1ðzÞ

�
Xn
j¼0

ajq
j
1ðzÞ þ b

zq01ðzÞ
q1ðzÞ

: ð4:16Þ

By setting

hðwÞ ¼
Xn
j¼0

ajw
j and /ðwÞ ¼ b

w
;

we observe that h(w) is analytic in C and that /(w) „ 0 is ana-
lytic in C*.

Also, we let

QðzÞ ¼ zq01ðzÞ/ðq1ðzÞÞ ¼ b
zq01ðzÞ
q1ðzÞ

;

and

SðzÞ ¼ hðq1ðzÞÞ þQðzÞ ¼
Xn
j¼0

ajq
j
1ðzÞ þ b

zq01ðzÞ
q1ðzÞ

:

From (4.11), we see that Q(z) is starlike univalent in U and

R
zS0ðzÞ
QðzÞ

� �
¼ R 1þ zq001ðzÞ

q01ðzÞ
� zq01ðzÞ

q1ðzÞ
þ �b
Xn
j¼1

jajq
j
1ðzÞ

( )
> 0:
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Thus, an application of Lemma 3 to (4.12) yields our desired

result.
In the following, we provide some superordination results

for the class Nk
pðl; g; a; b; /Þ. h

Theorem 12. Let q2 be convex univalent in U, 0 < b < 1 and

a 2 C with RðaÞ > 0. Also let

zp

Ikpðl; gÞfðzÞ

 !b

2 H½q2ð0Þ; 1� \Q

and

ð1þ aÞ zp

Ikpðl; gÞfðzÞ

 !b

� a
Ikþ1p ðl; gÞfðzÞ
Ikpðl; gÞfðzÞ

 !
zp

Ikpðl; gÞfðzÞ

 !b

be univalent in U. If

q2ðzÞ þ
azq02ðzÞ

bðpþ g� kÞ � ð1þ aÞ zp

Ikpðl; gÞfðzÞ

 !b

� a
Ikþ1p ðl; gÞfðzÞ
Ikpðl; gÞfðzÞ

 !
zp

Ikpðl; gÞfðzÞ

 !b

;

ð4:17Þ

then

q2ðzÞ �
zp

Ikpðl; gÞfðzÞ

 !b

;

and q2 is the best subordinant.

Proof. Let the function h(z) be defined by (4.2). Then, from
(4.3), we have

q2ðzÞ þ
azq02ðzÞ

bðpþ g� kÞ � ð1þ aÞ zp

Ikpðl; gÞfðzÞ

 !b

� a
Ikþ1p ðl; gÞfðzÞ
Ikpðl; gÞfðzÞ

 !
zp

Ikpðl; gÞfðzÞ

 !b

¼ hðzÞ þ azh0ðzÞ
bðpþ g� kÞ :

ð4:18Þ

Therefore, by means of (4.18) and Lemma 6, we readily get the

assertion of Theorem 12. h

Taking q2ðzÞ ¼ 1þAz
1þBz in Theorem 12, we obtain the following

corollary.

Corollary 6. Let q2 be convex univalent in U, �1 6 B< A 6 1,
0< b < 1 and a 2 C with RðaÞ > 0. Also let

0–
zp

Ikpðl; gÞfðzÞ

 !b

2 H½q2ð0Þ; 1� \Q

and

ð1þ aÞ zp

Ikpðl; gÞfðzÞ

 !b

� a
Ikþ1p ðl; gÞfðzÞ
Ikpðl; gÞfðzÞ

 !
zp

Ikpðl; gÞfðzÞ

 !b

be univalent in U. If
1þ Az

1þ Bz
þ aðA� BÞz

bðpþ g� kÞð1þ BzÞ2
� ð1þ aÞ zp

Ikpðl; gÞfðzÞ

 !b

� a
Ikþ1p ðl; gÞfðzÞ
Ikpðl; gÞfðzÞ

 !
zp

Ikpðl; gÞfðzÞ

 !b

;

then

1þ Az

1þ Bz
� zp

Ikpðl; gÞfðzÞ

 !b

;

and 1þAz
1þBz is the best subordinant.

Theorem 13. Let aj 2 C (j = 0, 1, . . ., n), b 2 C*, u, v, k 2 C
such that k, u + v „ 0, and q3 „ 0 be convex univalent in U.
Further assume that

R �b
Xn
j¼1

jajq
j
3ðzÞ

 !
> 0; ð4:19Þ

and
zq00

3
ðzÞ

q0
3
ðzÞ is starlike univalent in U. If

0–
ðuþ vÞzp

uIkþ1p ðl; gÞfðzÞ þ vIkpðl; gÞfðzÞ

 !k

2 H½q3ð0Þ; 1� \Q:

Let U(z) given by (4.13) be univalent in U and

Xn
j¼0

ajq
j
3ðzÞ þ b

zq03ðzÞ
q3ðzÞ

� UðzÞ; ð4:20Þ

then

q3ðzÞ �
ðuþ vÞzp

uIkþ1p ðl; gÞfðzÞ þ vIkpðl; gÞfðzÞ

 !k

;

and q3 is the best subordinant.

Proof. Define the function p2(z) by

p2ðzÞ ¼
ðuþ vÞzp

uIkþ1p ðl; gÞfðzÞ þ vIkpðl; gÞfðzÞ

 !k

ðk; uþ v–0Þ:

ð4:21Þ

Then a simple computation shows that

UðzÞ ¼
Xn
j¼0

ajp
j
2ðzÞ þ b

zp02ðzÞ
p2ðzÞ

;

where U(z) is given by (4.13), then from (4.20), we have

Xn
j¼0

ajq
j
3ðzÞ þ b

zq03ðzÞ
q3ðzÞ

�
Xn
j¼0

ajp
j
2ðzÞ þ b

zp02ðzÞ
p2ðzÞ

:

By setting

#ðwÞ ¼
Xn
j¼0

ajw
j and uðwÞ ¼ b

w
; ð4:22Þ

it is easily observe that #(w) is analytic in C and that u(w) „ 0 is
analytic in C*. Since q3 is convex univalent in U, if follows that

R
#0ðq3ðzÞÞ
uðq3ðzÞÞ

� �
¼ R �b

Xn
j¼1

jajq
j
3ðzÞ

 !
> 0; ð4:23Þ
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by the hypothesis (4.19) of Theorem 13. Thus, by applying

Lemma 5, Our proof of Theorem 13 is completed.

Finally, combining the above mentioned subordination and

superordination results, we easily obtain the following
sandwich results.

Theorem 14. Let q4, q5 be convex univalent in U, 0< b < 1
and a 2 C* with RðaÞ > 0. Suppose also that q5 satisfies (4.8)

and

0–
zp

Ikpðl; gÞfðzÞ

 !b

2 H½q4ð0Þ; 1� \Q:

Let

ð1þ aÞ zp

Ikpðl; gÞfðzÞ

 !b

� a
Ikþ1p ðl; gÞfðzÞ
Ikpðl; gÞfðzÞ

 !
zp

Ikpðl; gÞfðzÞ

 !b

be univalent in U. If

q4ðzÞ þ
azq04ðzÞ

bðpþ g� kÞ � ð1þ aÞ zp

Ikpðl; gÞfðzÞ

 !b

� a
Ikþ1p ðl; gÞfðzÞ
Ikpðl; gÞfðzÞ

 !
zp

Ikpðl; gÞfðzÞ

 !b

� q5ðzÞ þ
azq05ðzÞ

bðpþ g� kÞ ;

then

q4ðzÞ �
zp

Ikpðl; gÞfðzÞ

 !b

� q5ðzÞ;

and q4, q5 are, respectively, the best subordinant and the best
dominant.

Theorem 15. Let q6, q7 be convex univalent in U, aj 2 C (j = 0,

1, . . ., n), b 2 C*, u, v, k 2 C such that k, u + v „ 0, and let q6
satisfies (4.19) and q7 satisfies (4.11). Further assume that

0–
ðuþ vÞzp

uIkþ1p ðl; gÞfðzÞ þ vIkpðl; gÞfðzÞ

 !k

2 H½q6ð0Þ; 1� \Q;

and U(z) defined by (4.13) be univalent in U satisfying

Xn
j¼0

ajq
j
6ðzÞ þ b

zq06ðzÞ
q6ðzÞ

� UðzÞ �
Xn
j¼0

ajq
j
7ðzÞ þ b

zq07ðzÞ
q7ðzÞ

;

then

q6ðzÞ �
ðuþ vÞzp

uIkþ1p ðl; gÞfðzÞ þ vIkpðl; gÞfðzÞ

 !k

� q7ðzÞ;

and q6, q7 are, respectively, the best subordinant and the best

dominant.

We observe that, one can easily restate Theorem 15 for the

different choices of k, l, g, u, v, k, b and aj (j= 0, 1, . . ., n). For
example, if we take g = 0, a0 = 1 and aj = 0 (j = 1, . . ., n) in
Theorem 15, we get the following result.

Corollary 7. Let q6, q7 be convex univalent in U, b 2 C*, u, v,

k 2 C such that k, u + v „ 0, and let
zq00i ðzÞ
q0
i
ðzÞ ði ¼ 6; 7Þ is starlike

univalent in U. Further assume that
0–
ðuþ vÞzp

uXkþ1
p fðzÞ þ vXk

pfðzÞ

 !k

2 H½q6ð0Þ; 1� \Q;

and

vðzÞ ¼ 1þ bk p�
uz Xkþ1

p fðzÞ
� �0

þ vz Xk
pfðzÞ

� �0
uXkþ1

p fðzÞ þ vXk
pfðzÞ

0
B@

1
CA

be univalent in U satisfying

1þ b
zq06ðzÞ
q6ðzÞ

� vðzÞ � 1þ b
zq07ðzÞ
q7ðzÞ

;

then

q6ðzÞ �
ðuþ vÞzp

uXkþ1
p fðzÞ þ vXk

pfðzÞ

 !k

� q7ðzÞ;

and q6, q7 are, respectively, the best subordinant and the best
dominant.
5. Conclusion

We conclude this paper by remarking that in terms of the gen-
eralized operator (1.2) and in view of the function classes de-
fined by (1.4) and (1.5) involving arbitrary coefficients, the

main results will lead to additional new results. In fact, by
appropriately selecting the functions /(z) and q(z), and special-
izing the parameters p, a, b, c, k, l, g and aj (j= 0, 1, . . ., n),
the results presented in this paper would find further applica-
tions for the classes which incorporate generalized forms of lin-
ear operators. These considerations can fruitfully be worked

out and we skip the details in this regard.
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