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preserving properties, convolution properties, subordination and superordination properties, and
sandwich theorems for these classes are derived.
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1. Introduction

Let A, denote the class of functions of the form

12) :zf’+ia,,+,,z”+v(pezv: (1,2,..}), (1.1)

n=1
which are analytic and p-valent in the open unit disk
U={z:ze€C and|z] <1}

Let H[a, n] be the class of analytic functions of the form
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f(Z) =a+ anzn + an+lzn+l + -

(ae C;ze ).

For the functions f'c A4, given by (1.1) and g € 4, of the
form

glz) =2+ an+p2“+p(]7 €N),

n=1

the Hadmard product (or convolution) of f'and g is defined by

(f*8)(2) =2+ _awiphuip?” = (§%/)(2)-
n=1

Let P be the class of functions ¢(z) which are analytic and
univalent in U and for which ¢(U) is convex with ¢(0) = 1 and
R{p(z)} >0forze U.

For two functions f and g, analytic in U, we say that the
function f is subordinate to g in U, if there exists a Schwarz
function w, which is analytic in U with

®(0) =0 and|w(z)| < 1(z € U),
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such that
f(2) = g(w(2))(z € U).

We denote this subordination by f(z) < g(z). Furthermore, if
the function g is univalent in U, then we have the following
equivalence (see, for details, [1,2]; see also [3]):

fz) < g(2)(z € U) <= /10) = g(0) and f{U) C (V).

Recently, Goyal and Prajapat [4] (see also [5]) introduced
and investigated the generalized fractional differintegral oper-
ator I5(u,n) : A, — A, as follows:

>~ (1+p),(1+p+n—u),
I _p n n n+p
(b Z+Z (T+p—w),(L+p+rn—2a),"""

(zeUpneN;pne Ryjp<p+1l;—oo<i<n+p+1)

(12)

where (v), is the Pochhammer symbol defined, in terms of
Gamma function, by
I'(v+n)

(n=0),
(V))I = F(V)

1
:{m+nmu+m4)mem.

In particular, we have

1,(0,0)(z) =f(z) and L,(1,1)f(z) =

It is easily verified from (1.2) that

(LmAD) =+ 1= DL n)fz) — (n
= D mAE). (1.3)

We note that the operator II’,‘(,u7 1) is a generalization of sev-
eral previously familiar operators, and we will show some of
the interesting special cases as below:

€)) 1;(1, n) = 1;’(;1, 0) = Q;“, where Q; is the fractional differ-
integral operator studied recently by Patel and Mishra
[6] (see also [7]);

(2) 1,70, 1) = 0} (B > —p;ou+ B > —p), where Oy  is
the Liu-Owa operator (see [8,9]);

(3) 1770, 8- 1) = O4(f > —1;2+ B > —1), where O} is the
Jung-Kim-Srivastava operator (see [10]);

4 1;'(0,p—1)=J4(B> —1), where J; is the Bernardi
integral operator (see [11]).

By making use of the operator I;;(y, 1) and the above-men-
tioned subordination principle between analytic functions, we
now introduce the following subclasses of the class 4, of p-
valently analytic functions.

Definition 1. A function f€ 4, is said to be in the class
M (ps ;73 ¢) if it satisfies the subordination condition:

—1| <¢(z)(ze U;¢p € P), (1.4)

where (and throughout this paper unless otherwise mentioned)
the parameters y, p, A, u and 5 are constrained as follows:

C\ {0};
<Ai<n+p+1

yecC = PEN; wuneR, pu<p+1 and —oo

Definition 2. A function f€ A4, is said to be in the class
N7 (1, m; 0, B @) 1f it satisfies the subordination condition:

p b
() (I;xu, n)f(2)>

_a<12+1(,11)f())< 7 )
D(w,mf(z) ) \Io(un)f(z)

< ¢(z)(z€ U; ¢ € P), (1.5)

where o € C,0 < f < 1 and all powers are understood as prin-
ciple values.
For the sake of convenience, we set

1+ Az A
M (u,nm + )=M,”;(u,n;v;A;B)(71<B<A<1),

1+ Bz
and
1+ A4z ;
= N (o, B; A:B)(—1 < B< A< 1).
N(uﬂw ﬁ’1+B) N7 (s m 0, By A3 B)( < )

The main objective of this paper is to derive such results as
inclusion relationships, integral-preserving properties, convo-
lution properties, subordination and superordination proper-
ties, and sandwich theorems for the classes M?* (,u7 1;v; ¢) and
N”(y, ;. B; ¢). For some recent inclusion and subordination
results in analytic function theory, one can find in
[12-24,29,30] and the references cited therein.

2. Preliminary results

In order to establish our main results, we shall require the fol-
lowing known definition and lemmas.

Definition 3. ([25]) Denote by Q the set of all functions f that
are analytic and injective on U \ E(f), where

E(f) = {& € OU : limf(z) = oo},
and such that f'(¢) # 0 for ¢ € OU\ E(f).

Lemma 1 [26]. Let k, © € C. Suppose that ¢ is convex and uni-
valent in U with

¢(0)=1 and R(kp +1) >0 (z€U).

If the function p is analytic in U with p(0) = 1, then the
subordination

plz) + 2

p(2) + <¢(z) (zeU)
implies that
p(z) < $(z) (z€ ).

Lemma 2. ([2])Let the function h be analytic and convex
(univalent) in U with h(0) = 1. Suppose also that the function
k(z) given by

k(z) =1+ 2"+ o2 + -+ (2.1)
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is analytic in U. If
zk'(2)
¢

k(z) +

then

<h(z) (R(E) > 0; 640z € U), (2.2)

k(z) < q(z) = %ﬁ /0 6 h(t)dt < h(z) (2 € U),

and q is the best dominant of (2.2).
Lemma 3. ([26])Let g be univalent in U, and let 0 and ¢ be

analytic in the domain D containing q(U) with ¢(w) # 0 when

weq(U). Setting Q(z) = zq'(z)Pp(q(z)), S(z) = 0(q(z))
+ Q(z) and suppose that

(1) O(2) is a starlike function in U,
@) in(zs’@) >0 (zeU).

0z)
If p is analytic in U with p(0) = q(0), p(U) < D and
0(p(2)) +zp'(2)p(p(2)) < 0(q(2)) + 24’ (z)d(4(2)),

then p < q, and q is the best dominant.

Lemma 4. ([27])Let g be convex function in U and { € C,5 € C”
with

SR(I +H (Z)) > max {o, —m(é) }
q(2) 0
If p is analytic in U and

p(z) +0zp'(2) = Lq(z2) + 024 (2),
then p < q, and q is the best dominant.

Lemma 5. ([28])Let q be univalent in U, and let ¥ and ¢ be ana-
Iytic in the domain D containing q(U). Suppose that

?(qtz)
) ‘.R(w(;’(z))) >0 (zeU).

(2) zq'(2)p(q(2)) is starlike function in U.

If pe H[q(0), 1]NQ with p(U)c D, 9(p(z)) + zp'(z)p
(p(z)) is univalent in U, and

Hq(2)) + 24'(2)p(q(2)) < 9(p(2)) + 20" (2)p(p(2)),

then g < p, and q is the best subordinant.

Lemma 6. ([25])Let g be convex univalent in U and @ € C.
Further assume that R(g) > 0. If p€ H[q(0), 1]NQ and
p(z) + 0zp'(z) is univalent in U, then

q(2) + ezq'(2) < p(2) + ezp'(2),

which implies that ¢ < p, and q is the best subordinant.

3. Properties of the function class M[f(;t, 1;7; @)

We begin by proving the following inclusion relationship given
by Theorem 1.

Theorem 1. Let 2 <p+wn, y=7y, +ip,7#0, tanco :i and ¢
€ P with 3(¢) < (R(¢p) — 1)cota. Then

M (s ;) © Mo (575 ). (3.1)

Proof. Let f € M;;*' (u,n;7; ) and suppose that

IR L UC0))
) 7 pl;(tu? ﬂ)f(z)

-11, (3.2)
where  is analytic in U with y/(0) = 1. In view of (1.3) and
(3.2), we obtain

L (wn)f(2)
(40— L
(1, mf(z)
Differentiating both sides of (3.3) with respect to z logarithmi-
cally and using (3.2), we get

(A )
7\ P (wn)f(z)

2y'(z)

=y(z) + >
e ETET e

Since R(yp(Pp(z) — 1) +p+1n—24) > 0 for I(p) < (R(P) — 1)

cota, and where tano = ﬁ, so by applying Lemma 1 to (3.4),

it follows that y(z) < ¢(z), that is, that f'€ M (u,n;7;¢).

Thus, the assertion (3.1) of Theorem 1 holds true. [

W) -D+p+n—4i  (33)

—1

<¢(z) (zeU). (34

Taking ¢(z) = {4 in Theorem 1, we have the following
corollary.
Corollary 1. Let A <p +1n, y =7y; + iy,#0, and tanc =2
with

/1
(1+ Az 1+ Az
R — —1< <1 .
J(1+Bz><{m(l+32) l}cota( I<B<A<LI1;zeU)

Then
M (93 A, B) C Mi(u,n;7; A, B).

Next, we discuss some integral-preserving properties for the
function class M (i, 1;7; ¢).

Theorem 2. Let y = y; + iy, #0, tanc =2 and ¢ € P with

3() < (R($) — 1)cota. If f € M(u,n:7: ), then F € My,
1;7; @), where the integral operator F defined by

_ctp
ad

F(z)

/' )t (z € Use > —p). (3.5)
0
Proof. Let /€ M;;(,u,n;y; ¢). Then from (3.5), we find that

(BnFE) = e+ wnfe) - B Fe). (6

Upon setting
1 (=(BwmFe)
gy =1+ [~

: 1, (3.7)
7\ pL(nn)F(2)
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where ¢ is analytic in U with ¢(0) = 1. Combining (3.6) and

(3.7), we obtain
(g, mA(z)
(c+p) ==
I'(u,m)F(2)
Taking the logarithmical differentiation on both sides of (3.8)
and using (3.7), we get

(gz) =) +p+ec. (3.8)

(2 (Bwnn)

B zq'(2) .t _
@) W@@%—U+p+c_l+v PL(umf(2) :
<¢(z) (zeU). (3.9)

Hence, by virtue of Lemma 1, we conclude that ¢ < ¢, which
implies that F € M, (u,n;7;¢). O

Theorem 3. Let f'€ M, (u,n;7; ¢) with ¢ € P and

R(ypm(Pp(z) = 1) +pm~+¢) >0 (zeUyce C;me C).
Then the function K € A, defined by

1
; ctpm (7 iy AU
Bk = (S22 [ (e 'a)) e o
0
(3.10)
belongs to the class M;(u,n; 75 ).

Proof. Let € M;;(u,n; 7; ¢). Then from (3.10), it follows that

mz(L(u K ) = (0 + Lo )f(Z)(

~ eI mK().

L, m)f(z) )”“
I, n)K(z)
(3.11)

Suppose that

Y G TUEC))

v\l m)K(z) Sl Ee

(3.12)

Then, by using (3.11) and (3.12), we have

ypm(w(z) = 1) +pm+c = (H—pm)(%) .

In view of (3.12) and (3.13), we easily get

w(z) +

(3.13)

zw'(z)
ypm(w(z) — 1) + pm+ ¢
| ((nwar)

=1 — -
ik L, mf(2)

<¢(z) (zeU). (3.14)

Since

R(ypm(d(z) —

so an application of Lemma 1 to (3.14) yields @ < ¢, that is,
that K€ My(p,n;7;¢). This completes the proof of
Theorem 3. O

)+pm+¢)>0 (z€U),

Now, we derive certain convolution properties for the func-
tion class M, (1, 1;7; §).

Theorem 4. Let f € M;;(u,n; y;¢). Then

70 = [ -exp (o [ 2

]
(5

L+p—w,(+p+n-
(1+p),I+p+n-—

where o is analytic in U with w(0) =0 and | w(z)| < I

(zeU).

)

)

0 2F z"*”) . (3.15)

Proof. Let f€ M;(u, n;7;¢). We know that subordination
condition (1.4) can be written as follows:

(B )
Lne)

where o is analytic in U with w(0) = 0 and | w(z)] < 1(z € U).
By virtue of (3.16), we easily find that

(HenD)  p  pplgo) - 1

=p[¢((2)) — 1] +p, (3.16)

L(pmfiz) = z
which, upon integration, yields
I S
log ( 17('“ n/f ) / (o t
S
implies that
1 Fp(w(c)) -1
¢0unyk)=2”pr(w1/ ?i—iﬁl—fm). (3.18)
0 ¢

Then, from (1.2) and (3.18), we readily deduce that the asser-
tion (3.15) of Theorem 4 holds true.

Taking ¢(z) = {24 in Theorem 4, we obtain the following
corollary. [

Corollary 2. Let f€ M(u,n;7; A, B) with —1 <
Then

flz) = {z" - exXp (W /0: %dg]
*<”+§i +p—w,(1+p+n )wa>

(1+p),(d1+p+n-—
where o is analytic in U with o(0) =0 and | w(z)l < I
(zeU).

B <AL

Theorem S. Letfe€ A,and ¢ € P. Then f € M;‘(,u7 n;y; @) if and
only if

pli(e(e”) =

2P (14p), (4P 0= 1), iy Dl
"{/*{p‘ +Z (I+p—w),(I+p+n—-12), )+

n=1
|
1

UL+p) (LN =1y iy #0 (zeU;0<0<2m). (3.19)
H(l+p—p),(I+p+n—2),"

Proof. Suppose that f€ M;;(u,n;y;¢). We know that (1.4)
holds true, which implies that
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1 ((Bns))

_ i0 .
v PI;;(#,H)f(Z) 1| #¢(") (zeU;0<0<2n).

(3.20)

It is easy to see that the condition (3.20) is equivalent to

(B — s 1)+ R} #0
€ U;0 <0< 2n).

(3.21)
On the other hand, we find from (1.2) that
(Lumf(z)) =per
N (n+p)(1+p),(1+p+n—p) "
+ 2, 2"t
; (+p—p,(+p+n—2), "7
(3.22)

Combining (1.2), (3.21), together with (3.22), we easily get the
convolution property (3.19) asserted by Theorem 5. [

4. Properties of the function class Nﬁ(u, n; o, B; @)

In this section, we first present the following subordination
property given by Theorem 6.

Theorem 6. Let f€ N;;(,u,n;fx,ﬂ; ¢) with 0<p <1 and
SR(L:M) > 0. Then

< P )/’ . Blp +1 _}'>27%
7 f(2) na
% ‘/0 IHZ A ¢( )dl = ¢(Z) (Z c U) (41)

Proof. Let f € N;;(uﬂq; o, B; ¢) and suppose that

B
h(z) = (sz)> (z € U). (4.2)

Then A(z) is of the form (2.1) and analytic in U. Differentiating
(4.2) with respect to z logarithmically and using (1.3), we get

azh'(2) - B
(Chy rrrEraly ”(zwm)
L (wn)f(z) o\
B a( 11/;(”7 mfiz) > (1;;(#7 n)f(z)) < ¢(2). (4.3)

Thus, by applying Lemma 2 to (4.3) with &= /3(’”" 4)

immediately derive the assertion (4.1) of Theorem 6. D

we

Taking ¢(z) = {5 in Theorem 6, we have the following
corollary.

Corollary 3. Let f € N;;(,u,n;oc, B;A,B) with —1 < B< A

VA
~

0 < B < 1and R("=2) > 0. Then

B / 1+ At /zw», 2 1y
o 1+ Bt

(zeU).

» )/’ Bon—3)_
I (w,mf(z) no

<1+Az
1+ Bz

From Theorem 6, we easily get the following inclusion
relationship.

Corollary 4. Let 0 < f < I and ‘R(W%"”)) > 0. Then

N2 (w0, B5 @) © N (150, 85 ).

Now, we give another inclusion relationship for the function
class Ny (p,m;0, 5 ¢).

Theorem 7. Let 0 < f < I and a; > o; = 0. Then

N (s 5.0, B; ) © N (s 5 01, B ). (4.4)

Proof. Suppose that f'e
that

2 N\ (e 2 Y
“”2)<1;;<M>f<z>) ’“Z<I;<u,n>f(z) )(r;w.,n)f(z)) =90 (zet).

(4.5)

No (302, B; ). We know from (1.5)

Since 0 < 2 < 1, and the function ¢ is convex and univalent in
U, we deduoe from (4.1) and (4.5) that

(1+a)<2”>/g“ <Iﬁ+l(u7n)f(2)>< z” )"
NeGen@) "\ s ) \EGenf)

) 2\ (w2

<9(2) (z€ ),

that is f'e I\flﬁ(u,n;acl,ﬂ; ¢), which implies that the assertion
(4.4) of Theorem 7 holds true. [

In view of (4.1), and by applying the similar methods of
proof of Theorems 4 and 5, respectively, we get the following
convolution results.

Theorem 8. Let f'€ Ny(u,n; %, f; ¢). Then

A7) = [ ()]

l+p+n—
+p+n—

( +Zl+p W,

where o is analytic in U with w(0) = 0 and |w(z)| <1
(zeU).

7 A z"ﬂ’) . (46)

Theorem 9. Let f € N;(u,n; o, f;¢). Then

#0

L P U U DM et PR TV DRV AN
Z_’Kz +;(1+1)—u)n(l+p+n 2, )f() #(9(e)

x (zeU;0<6<2m). (4.7
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Theorem 10. Let g be univalent in U, o.€ C* and 0 < § < 1.
Suppose also that q satisfies

(345 sl (222

If '€ A, satisfies the subordination condition

R W A O\ Y
(1 <1§(u7 n)f(2)> - a( I (w,n)f(2) ) (1;(% n)f(2)>

uzq'(2)
Blp+n—2)

(4.8)

<q(z) + (4.9)

then

B
(1;‘;<u, n)f(Z)) =46

and q is the best dominant.

Proof. Let the function /(z) be defined by (4.2). We know that
(4.3) holds true. Combining (4.3) and (4.9), we find that

ozh'(z) 0zq'(2)
Blp+n—4) Blp+n—2)

By using Lemma 4 and (4.10), we easily obtain the assertion of
Theorem 10. O

h(z) + <q(z) + (4.10)

Taking ¢(z) = {4 in Theorem 10, we get the following
result.

Corollary 5. Let aeC", 0<f <1 and —1<B <
Suppose also that

m(l - BZ) > max {o, J.R(M) }
1+ Bz o
If '€ A, satisfies the subordination condition

P B 1;+l (M’ n)f(Z) o B
S (1;‘;<u, n>f<z>> B ( I f2) ) (1;‘,-(/1, n)f(Z)>

<1-|—Az o(4 — B)z
1+Bz B(p+n—2A)(1+Bz)*

A<

then

I
(rxu, n)f(Z)) )

and {5 is the best dominant.

14+ Az
1+ Bz’

Theorem 11. Let ;€ C (j=0,1,...,n), bc C uvkecC
such that k, u + v#0, and q; #0 be convex univalent in U.
Further assume that

and % (l?i:ioc/c/i <z>>
>0 (zeU). (@.11)

If f € A, satisfies

o(z) < Zn:a,c/; (z) + bzqqlll((zz)) : (4.12)

where

zZ) = . o (u+v)zp v
e ; ' (”’ﬁﬂ(ﬂ, mAfz) +v1;§(#711)f(2)>

uz([”'(u n)f(z))l + VZ<1;"(H7 Az )>,
ull M (u,mf(z) + v (n,mA(2) 7
(4.13)

+bk|p—

then

(u+v)z K .
(u[;’;ﬂ(m mfz) + Vlj;(m ﬂ)f(z)) < q,(2),

and q; is the best dominant.

Proof. Define the function p,(z) by

M——
wly ™ (s MAz) + VI (mA2)
+v#0).

pi(2) =

(kyu

(4.14)

Differentiating both sides of (4.14) logarithmically and multi-
plying by z, we get

wz (1 (wmf2) 4z (B ns2))

2 (2) =kl|lp-— ; .
72 uly " (e, mf(z) + vE (e, n)f(2)

(4.15)
Therefore, by making use of (4.12)—(4.15), we obtain
i%ﬂi (2)+b Zp' ) Z %4, (2) qu(( )) (4.16)
=0

By setting

0(w) Zoc,w’ and ¢p(w) =

we observe that 0(w) is analytic in C and that ¢(w) # 0 is ana-
lytic in C".
Also, we let

0(z) = 2¢,(2)p(q: (=) =

and
S(z) = 0(q,(2)) + 0(2) =

From (4.11), we see that Q(z) is starlike univalent in U and

S ZS’(Z) . 72(1/1(2) o . ] .
R(Q(Z))_m{H 0.(2) +b/_§1:1./¢1()}>0

zq1(2)
q,(2)
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Thus, an application of Lemma 3 to (4.12) yields our desired
result.

In the following, we provide some superordination results
for the class N/;;(u,n; o, ;). O

Theorem 12. Let g, be convex univalent in U, 0 < f < I and
o€ C with R(a) > 0. Also let

s
<W’W(Z)) € Hlg,(0),1]1nQ

and

2 N\ () P
a+ )(1 P E >> - < /) ) (I;;(u, ﬂ)f(Z))

be univalent in U. If
B
ozgh(z) zr
o <0 (1;‘;<u, n)f(Z)>

_a<1;;+‘(u,n>f<z>>< 2 )ﬁ
Lwmf) J\L(wmfz))

(4.17)

¢>(2)

then

» B
%) = (1;‘;<u, n)f(Z)> ’

and q5 is the best subordinant.

Proof. Let the function /(z) be defined by (4.2). Then, from
(4.3), we have

B
22 (2) N
)+ gy =g < (0 )<1;;<u,n>f<z>>

7 (u, /) - \
< /o) ) <1;‘;<u, n)f(2)> =ha

Therefore, by means of (4.18) and Lemma 6, we readily get the
assertion of Theorem 12. [

azh'(z)
Blp+n—17)
(4.18)

144z

=5 in Theorem 12, we obtain the following

Taking ¢,(z) =
corollary.

Corollary 6. Let g, be convex univalent in U, —1 < B < A< I,

0 < B < 1andae CwithR(o) > 0. Also let

B
” <11(u11)f(2)) € H[g,(0),11nQ

and

zP b I;Jrl ('u’ ’V)f(z) o B
e (I;im n>ﬂz>> ) < L nfe) ) (z;;m n)f(2)>

be univalent in U. If

14+ Az
1+ Bz

B
4 HA-B): 2<(1+a)<" z )
Bp+n—2)(1+ Bz) (s, mf(z)

_a<1;i“<u7n>f<z>>< z )”
L(wnfz) J\L(wnfz))

then
zP !
) ( Tz )) ’

and ”A = is the best subordinant.

1+ A4z
1+ Bz

Theorem 13. Let ;€ C (j=0,1,...,n), be CuvkeC
such that k, u + v#0, and q3#0 be convex univalent in U.
Further assume that

m(ﬁifmz)) >0,

5=
113(A)

(4.19)

and is starlike univalent in U. If

k
- (u+v)z
ull M (u,mf(z) 4+ v (u,mf(2)
Let ®(z) given by (4.13) be univalent in U and

qu( )
Somih + 050

then

€ Hg;(0),1]n Q.

< o(2), (4.20)

] (u+v)z k
q3(2) < <u1”“(u, mMAz) + VI (u,mf(z )) 7

and g3 is the best subordinant.

Proof. Define the function p,(z) by

]
z) = (u+v)z .
P(2) <u1;1+‘(#»’7)f(2)+vl;;(ﬂ,n)f(z)> (k,u + v#0).

(4.21)

Then a simple computation shows that
Zo‘lplz Zp?((z)) ;
where @(z) is given by (4.13), then from (4.20), we have
> @) + 0T <Y k)4
3 =

By setting

2ph(2)
P2(2) .

w) = Zo;,w’ and @(w) = — (4.22)

j=0

it is easily observe that ©¥(w) is analytic in C and that p(w) # 0 is
analytic in C". Since g3 is convex univalent in U, if follows that

M = AN oL U z
SR((/J(éh(Z))) a SR(b,Zl/ "l )) -0

(4.23)
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by the hypothesis (4.19) of Theorem 13. Thus, by applying
Lemma 5, Our proof of Theorem 13 is completed.

Finally, combining the above mentioned subordination and
superordination results, we easily obtain the following
sandwich results.

Theorem 14. Let q,, g5 be convex univalent in U, 0 < § < I
and o € C" with R() > 0. Suppose also that qs satisfies (4.8)
and

P B
" <W> € H[g,(0),1]Nn Q.

Let

(I4o) (2 ﬁﬂx L (mmf(2) 2 )
(e mf) A ENAVATE G

be univalent in U. If

B
q4(2) + Blp+n—1) <(I+ )<I;(M7 U)f(z)>

., L (p,n)f(2) 2’ ! azqs(z)
< 11 mf2) ) <I;<u, n)f(Z)> S =7y

then

I
q4(2) < (W> < q5(2),

and q4, qs are, respectively, the best subordinant and the best
dominant.

Theorem 15. Let g5, g7 be convex univalent in U, o; € C (j = 0,
1,..,n),beC uv keCsuchthat k, u + v#0, and let qs
satisfies (4.19) and q; satisfies (4.11). Further assume that

(- (u+ v)z”_
uI;+l (1, MAz) + v (1, m)

and ®(z) defined by (4.13) be univalent in U satisfying

f(2)> € Higy(0).1]n 0.

RN 1O BUYENE < W PN (1)
]z:():“qu( )+b l]é(z) = (15( )_< ]zzo:(xlqé( )+b q7(z) )

then

: (u+v)z ‘ :
%z = (ulf;“(u, mf(z) + v, (u, n)f(2)> o)

and qs, q; are, respectively, the best subordinant and the best
dominant.

We observe that, one can easily restate Theorem 15 for the
different choices of A, u, n, u, v, k, band o; G = 0, 1, ..., n). For
example, if we take y = 0,00 = land o; = 0 (G = 1, ..., n)in
Theorem 15, we get the following result.

Corollary 7. Let qg, q, be convex univalent in U, be C*, u, v,

k € C such that k, u + v#0, and let ZZ,;,((Z‘;) (i=6,7) is starlike

univalent in U. Further assume that

(u+v)z ‘
7 <uQI’;Hf(z) n vQ;,f(z)) € Hlg5(0),1] N Q,

and
uz(Q;Hf(z))/ + vz(Q;f(Z)>/
uQ;‘“f(z) + vQ;;f(z)

y(z)=1+0bk|p—

be univalent in U satisfying

G 243(2)
1+bq6(2) =< x( )<1+h%(2) ,

then

. (u +v)2" i
qé( ) = (MQ;Hf(Z) ¥ VQ;J(Z)) =< (17( )7

and qs, q7 are, respectively, the best subordinant and the best
dominant.

5. Conclusion

We conclude this paper by remarking that in terms of the gen-
eralized operator (1.2) and in view of the function classes de-
fined by (1.4) and (1.5) involving arbitrary coefficients, the
main results will lead to additional new results. In fact, by
appropriately selecting the functions ¢(z) and ¢(z), and special-
izing the parameters p, o, f, 7, 2, u, nand o; (j = 0, 1, ..., n),
the results presented in this paper would find further applica-
tions for the classes which incorporate generalized forms of lin-
ear operators. These considerations can fruitfully be worked
out and we skip the details in this regard.
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