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Introduction
Let A(p) denote the class of functions of the form:

fle) =2+ f:a,-zf (peN={1,2..1), (1.1)

Jj=p+1

which are analytic and p-valent in the open unit disk
U={zeC:|z] < 1}. We write A(1) = A.

For two functions f and g, analytic in U, we say that the
function f'is subordinate to g, if there exists a Schwarz function
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w, i.e, we A(p) with w(0) = 0 and | w(z) < 1, ze U, such
that f{(z) = g(w(z)) for all z € U. This subordination is usually
denoted by f(z) < g(z). It is well-known that if the function g is
univalent in U, then f{z) < g(z) is equivalent to f{0) = g(0) and

SU) c g(U) (see [1]). If fis subordinate to g, then g is superor-

dinate to f.
Let Pi(p, p) be the class of functions g(z) analytic in U sat-
isfying the properties g(0) = p and

/-271
0

where z = re", k = 2 and 0 < p < p. This class was intro-
duced by Aouf [2, with 2 = 0].
We note that:

M'dg <k, (1.2)
p—p
i0

(i) Pe(1,p) = Pulp)(k = 2, 0 < p < I)(see [3]);
(i) Pr(1,0) =Py (k = 2) (see [4,5]);
(i) Pa(p, p) = P(p,p) (0 < p <p,p € N), where P(p,p) is
the class of functions with positive real part greater than
a (see [6]);
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(@iv) Pa2(p,0) = P(p)(p € N), where P(p) is the class of func-
tions with positive real part (see [6]).

The classes Ry(p,p) and Vi(p,p) are related to the class
Pi(p, p) and can be defined as

FeRp,p) = Z}{(S) ePilp.p) (z€U), (1.3)
and
revin = T eppp) cev, 14

Using the concept of subordination, Aouf [2], with a = 0
introduced the class P[p, 4, B] as follows:

For A and B, —1 < B < A < 1, a function / analytic in U
with (0) = p belongs to the class P[p, 4, B] if / is subordinate
to P
Let Py[p, A, B](k = 2,—1 < B < A < 1) denote the class of

p-valent analytic functions / that are represented by

h(z) = (§+%)hl(z) - (’%%)112( ) (=€ U: hy,hs € Plp, 4, B]).

(1.5)

Now we define the following classes Ry[p, 4, B] and Vi[p, A, B]
of the class A(p) for k = 2 and — 1 < B < 4 <1 as follows:

Rilp, A, B] = {f‘fe A(p) and e € Pilp,A4,B], z € U},
(1.6)

and

Vilp, A, B = {f:fe A(p) and (2]{,'((22)))’ € Pulp, A, B], z € U}
(1.7)

Obviously, we know that

f(z) € Vilp, A, B] <= ZAG )em[p A, B). (1.8)

We note that P/C[I,A,B} = Pi[A, B], Ry[1, A4, B] = R[4, B]

and Vi[1, 4, B] = Vi[A, B] (see [7]).
Prajapat [8] defined a generalized multiplier transformation
operator J'(4,€) : A(p) — A(p), as follows:

m — % p+£+(]_p)(5)”’ k
e =2+ 5 (P

(0=20,¢>—-p;peN; meZ={0,£1,...}; ze U).
(1.9)
It is readily verified from (1.3) that
32(T3(0,02)) = (L + )T, (3, 0)f(z)
—[l+p(1 = 3)]T}(0,0)f(2) (6 >0). (1.10)
By specializing the parameters m, 0, £ and p, we obtain the fol-
lowing operators studied by various authors:

(i) J,00,0)f(z) =1,(6,0)f(2) (£ =
m € Ny =N U {0}) (see [9]);

(i) T, (1,0)f(z) =1,(m,0)f (z) (£ =
(see [10,11]);

0,peN,6 =0 and

0,pe N and m e Ny)

(i) J,(6,0)f(z)
[12]);
(iv) J,(1,0)/(2)
15]);
V) J,"(6,0)f(z) =J,;(6,0)f(z) (¢ = 0,6 >0,
e 18

=Dj,f(z)(6 =2 0,p €N and m € No) (see

=Dyf(z) (me Ny and pe N) (see [I13-

p €N and m e Ny) (see [16—- ])

i) 7," (1, 1)f(z) = D"f(z) (m € Z) (see [19]);

(vii) (L Of(z) =17f(z) € =0 and m € Ny)
(see [20,21]);

(viii) J7(3,0)f(z) = Dif(z) (6 = 0 and m € Ny) (see [22]);

(ix) J7(1,0)f(z) = D"f(2) (m € No) (see [23]);

x) J"(0,0)f(z) =13"f(z) (0 = 0 and m € N) (see
[24,25));
i) J{"(1, 1)f () =1"f(2) (m € Ny) (see [26]).

Let us consider the integral operators:

F) = [ pe (BOMOYT (LAY,

(1.11)
and
TrE0h0V\" ((T06,0%(0)
pw(z) / ( ptr] ) : < T ) 4
(1.12)

where f;(z) € A(p) and «;, f; > 0 fori = {1, 2, ..., n}.
We note that:

Fy(z) and G5 (2) =
F,(z) (see [29 30]).

() F5,(2) =
(ii) f;;”o(z) =

Gp(z) (see [27.28]);

Also, we note that

0 F5,) = 732,02
_ [ LOOAONT  (OOLIN"
0 " 1
(=0;0=20 peN; meNy) (1.13)
and
Gr5.0(2) = G5,(2)
1 !/
I"(6,0)f1 (1) I8, 0)fu(1)
—/pz”*‘ (p - ) (,, — ) dt
0 pr pr
(6=0;6=0; peN; meNy); (1.14)
(ii)
Fin() = D)
[ () (P
0 r t ' t
(6=0; peN; me N (1.15)

and
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Gpiso(2) = G5 (2)
g!l

AN;
- m N P 778
:/_ptﬂfl <(Df5>/ l(t))> ] (D""’f"(t)z di
; o] . o

(0 20; peN; me Ny); (1.16)
(iii)
Fyio(2) = D" (2)
[ (ZOY" (0",
(p € N: meNy) (1.17)

and

Gi(2) = G (2)
n A N Bn
- / e (ersco) (Bt} dr
o ptp—l ptp—l
(p € N; m € Ny). (1.18)

1. Main results

Unless otherwise mentioned, we assume throughout this paper
that:

k>=22,06=20,¢>-p, peN me”Z, ze¢Uand —1<B
<AL

Theorem 1. Let J,(0,0)fi(z) € Ry[p, 4, B], for 1 <i<n and
>oi1% = 1. Then, the integral operator F,7(z) defined by
(1.11), also belongs to the class Vi[p, A, B].

Proof. From (1.11), we have

(Fin0) = [(ZLOLAEN" (TN
()

Differentiating (2.1) logarithmically with respect to z and mul-
tiplying by z, we obtain

SCHTICIE (z(J}f(a,z)ﬁ(@)) _p)

(7o) O\ TR
thus

(FE) e (2T ,@f,@)/_
H(f;:;wz))'_H;“’ TreonE P

or equivalently

!

(7)) o

g

(Fo) &

() (o)

_ (§ - %) (iz"]jaiqxz)) , (22)

where p;,q; € Plp, 4, B], foralli = 1, 2, ..., n. Since P[p, A4, B
is a convex set (see [31]), it follows that
(:(722)))

(Fre) (s+a)me - (5-3)me

where Hy, H, € P|p, 4, B] and therefore,

(776,06()
776,04 )

I

N

(ZE?M((—Z)) )> ) € Pilp, 4, B]

This proves the result. [

(ze ).

Remark 1.

(i) Putting p = 1 and m = 0 in Theorem 1, we obtain the
result obtained by Vijayvargy et al. [7], Theorem 2.3 (i);

(ii) Puttingp = 1,m = 0,n = 2,0y = owwand op, = f§ in The-
orem 1, we obtain the result obtained by Noor [32].

Putting m = 0 in Theorem 1, we obtain the following
corollary:

Corollary 1. Let fi(z) € Ri[p,A,B], for 1<i<n and
i 0= 1. Then, the integral operator F,(z) belongs to the
class Vi[p, A, B].

Puttingn = 1, oy = 1 and f; = fin Theorem 1, we obtain
the following corollary:

Corollary 2. Let J'(0,0)f(z) € Ri[p, A, B]. Then, the integral
operator ﬁp(M)dt € Vklp, 4, B).

Putting m € Ny in Theorem 1, we obtain the following
corollary:

Corollary 3. Let I)'(0,0)fi(z) € Rilp, 4, B], for 1 <i<n and
>oii% = 1. Then, the integral operator I, ,(z) defined by
(1.13), also belongs to the class Vi[p, A, B].

Putting ¢ = 0 in Corollary 3, we obtain the following
corollary:
Corollary 4. Let D}, fi(z)fi(z) € Rilp, 4, B], for 1 <i<n and
St o =1. Then, the integral operator D;T(z) defined by
(1.15), also belongs to the class Vi[p, A, B].

Putting £ = 0 and 6 = 1 in Corollary 3, we obtain the fol-
lowing corollary:
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Corollary 5. Let Djfi(z) € Ri[p, 4, B], for 1<i<n and
>oio1% = 1. Then, the integral operator D;™(z) deﬁned by
(1.17), also belongs to the class Vi[p, A, B).

Theorem 2. Let J,'(5,0)fi(z) € Vi[p, 4, B], for 1 <i<n and
YiiBi=1. Then, the integral operator G)%(z) deﬁned by
(1.12), also belongs to the class Vi[p, A, B].

Proof. From (1.12), we have

are.oney\"  ((Tr6.066) "
< Aad A ) - : : (23)
pzv pzr-

Differentiating (2.3) logarithmically and multiplying by z, we
obtain

() =p=

(@) gy (Flreae)

(a2.)) =\ (770.060)

thus

1+z<9§j§fg(z)>, oy Hz(Jf(é,f)ﬁ-(Z))l |
(ne) A (776.040)

or equivalently

- Zf?f<z>)’]' [Z(J’ )'}

[g;;tz;<z>]’

- (’g - %) (;ﬁiq,@) , (24)

where p;,q; € P[p, A4, B], foralli = 1, 2, ..., n. Since P[p, 4, B

is a convex set (see [19]), it follows that

z(Gyse(2) ko1 ko1

H:“”i)/] (Z+§)H1(2) - (Z_E)HZ(Z)’
[ p:w(z)]

where H,, H, € P|p, A, B] and therefore,

I

F@e)] o an
(G152)]
This implies that G)%',(z) € Vi[p, 4, B]. O

0.0l

(ze ).

Remark 2. Putting p = 1 and m = 0 in Theorem 2, we obtain
the result obtained by Vijayvargy et al. [7], Theorem 2.9 (i).

Putting m = 0 in Theorem 2, we obtain the following
corollary:

Corollary 6. Let fi(z) € Vk[p,4,B], for 1<i<n and
S Bi = 1. Then, the integral operator G,(z) also belongs to
the class Vi|p, A, B).

Putting m € Ny in Theorem 2, we obtain the following
corollary:

Corollary 7. Let I}'(6,0)fi(z) € Vk[p, 4, B], for 1 <i<n and
YoiiBi=1. Then, the integral operator G, () deﬁned by
(1.14), also belongs to the class Vi[p, A, B].

Putting ¢ = 0 in Corollary 7, we obtain the following
corollary:

Corollary 8. Let Dy fi(z) € Vi[p, 4, B], for 1<i<n and
S B:i=1. Then, the integral operator GZ"ZZ(Z) deﬁned by
(1.16), also belongs to the class Vi|p, A, B].

Putting ¢ = 0 and 6 = 1 in Corollary 7, we obtain the fol-
lowing corollary:

Corollary 9. Let D)fi(z) € Vi[p, A, B, for 1<i<n and
YiiBi=1. Then, the integral operator G,"(z) defined by
(1.18), also belongs to the class Vi[p, A, B].

Remark 3. By specializing the parameters k, A, B, ¢, §, p and
m, we obtain various results for different operators defined in
the introduction.
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