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1. Introduction

Let A denote the class of analytic univalent functions in the
unit disc U={z € C: |z] < 1} of the form:

fz) :z+Zanz”. (L.1)
n=2
A function f{z) € A is called starlike of order « if f{(z) satisfies
o (Z)}
Re > a, 1.2
¥ (12

for 0 < < 1 and z € U. We denote by S"(«) the class of all
starlike functions of order «. Also, a function f{(z) € 4 is called
convex of order o if f(z) satisfies
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Re{l +Zf,/((zz))} > 4, (1.3)

for 0 <o < 1 and z € U. We denote by C(x) the class of con-
vex functions of order o.

For f > 1 and z € U, let MM(p) denotes the subclass of A4
consisting of functions f{z) of the form (1.1) and satisfying
the condition

) <

and let 9M(p) denote the subclass of A consisting of functions
f(z) of the form (1.1) and satisfying the condition

f'(2)
Re{l + 70 } < P, (1.5)
it follows from (1.4) and (1.5) that
fz) € W(P) <> f (z) € M(P). (1.6)

The subclasses 9(f) and 9(B) and some related classes
have been studied by several authors (e.g. [1-4]).

Furthermore, let 7 denote the subclass of analytic univalent
functions of the form:
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z) = ayz + Z\an\z” (@ > 0). (1.7)
n=2
Also, let
Z) = ap;z + Z|an,,~\z" (a()_,' > 0), (]8)
n=2

and

g(2) =bojz+ Y _|busl"  (bo; > 0), (1.9)
n=2

the quasi-Hadamard product (f; * g;)(z) of the functions fi(z)

and g(z) by

(i * g)(2) = aoibojz + Y _lanilbujlz"  (ijeN=1,2,3,..).
n=2

Similarly, we can define the quasi-Hadamard product of more
than two functions.

Also, let V() = M(B) N Vand U(B) = N(B) N V, following
the results obtained by Uralegaddi et al. [5], we can obtain the
following lemmas.

Lemma 1. Let the function fl(z) eV, then
fz) e V(B) (1 < B<3) ifand only if
D (n=Pla,| < (B—Dag (1.10)
n=2
Lemma 2. Let the Sfunction fl(z) eV, then
fz) e UB) (1 < p<3) if and only if
> “n(n = Plas| < (B—1)ag (1.11)
n=2
Let ¢(z) be a fixed function of the form:
—coz+2cn (coscn = 0). (1.12)

Using the function defined by (1.12), we now define the fol-
lowing new classes.

Definition 1. A function f(z) € V,(c,, 6) (¢, = ¢; > 0) if and
only if

ch |a,| < day

Definition 2. A function f(z) € U,(c,, 9) (¢, =
only if

00
chn | Ay | < 5@0
n=2

Also, we introduce the following class of analytic functions
which plays an important role in the discussion that follows.

(5> 0). (1.13)

¢y > 0) if and

(6> 0). (1.14)

Definition 3. A function f{z) € Vk(cn7 0) (cy = ¢ >0) if and
only if

> nenlan| < day (5> 0), (1.15)

n=2

j=12...,

where k is any fixed nonnegative real number.

For suitable choices of ¢, J, k and ag = 1, we obtain:

@) Vo((n—B),(B=1)) =V(f) (1 < B <) 8k
(if) Vbo(n(" B),(B—1))=U(p) (1 <p<3 ISk
(i) VO ((n— 1)+ n — 2B+ 1],2(8 — 1)) = WM()

(B>1,a0 = 1) ([6.7], with k = 1);
(iv) Viy(n{(n = 1) + |n = 28 + 1}, 2(f — 1)) = N(B)
(B> 1,a0 = 1) ([6,7], with k = 1).

Evidently, V?D(c,,,é) = V,(cs,0) and |14 (c,,,é) = U,(cy,9).
Further V7 (¢,,0) C V2 (cn,é) ifyr>p > 0 the containment
being proper. Moreover for any positive integer k, we have the
following inclusion relation

V;(cn, 0) C V‘ (¢, 0) C -+ C V2(en,0) C Ulc, ) C Ve, 0).

We also note that for nonnegative real number £, the class
V’;(cn, 0) is nonempty as the function

5(1()
z) = aoz + E n “n g

n=2

(1.16)

where ag > 0, J,
(1.15).

The quasi-Hadamard product of two or more univalent
functions has been recently defined and studied by Aouf [8],
Darwish [9], Frasin [10], Frasin and Aouf [11] and Kumar [12].

The object of this paper is to establish a result concerning
the quasi-Hadamard product of functions in the classes
Vfu(cn,é), Uy (cn,0), and V(cp, 0).

> 0 and > 7,4, < 1, satisfy the inequality

2. The main results

Theorem 1. Let the functions f;(z) defined by (1.8) belong to the
class Uy(c,, 0) for every i = 1,2,...,m; and let the functions
gi(z) defined by (1.9) belong to the class V,(c,, J) for every
q. If ¢w = né(neN), then the quasi-Hadamard

product f1xfo% % fp, % gy xgo% - %g,(z) belongs to the
class Vﬁ,’"*‘f’l(cn,é).

Proof. It is sufficient to show that

i{”’”"‘ (ﬁlan,l Hlbn,|>] <ﬁao, Hbo/>

n=2
Since f{z) € Uy(c,, 6), we have

00

ch,, |an | < dao,, (2.1)

n=2

for every i = 1,2,...,m. Therefore,

0
| < 07! (7) i
C"

and hence
|| < nay,, (2.2)

the inequalities (2.1) and (2.2) hold for every i = 1,2,...,m
Further, since g{(z) € V,(c,, 6), we have
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(ii) Putting ¢, = nn—p) n=2) and
ch\b Jl < 0boj, (2.3) d=(B—1)(1 <B<% in the above results, we obtain

for every j = 1,2,..
‘bn,j| < n71b0J7 (24)

.,q. Hence, we obtain

for every j = 1,2,...,¢q
Using (2.2) for i = 1,2,...,
and (2.3) for j = ¢, we have

e q
Z n2m+q l Hlan ; H'bn]‘
n=2 i=1 J=1
00 m q—1
Z n2m+q l n*Zmnf(qfl)HaOJ_ . Hbo,f ‘bn7q|
n=2 =1 =1
m q—1 mn q
= HaO i HbOJ ch |bn q| HaOp,i-HbO,j -
i=1 j=1 n=2 i=1 Jj=1
Hence, fi # fo% - % fr % g x gy - % g, € Vif”*q’l(cn,é).
We note that the required estimate can also be obtained by

using (2.2) fori = 1,2,...,m—1, (24) forj = 1,2,...,q, and
2.1 fori=m. 0O

m, (2.4) for j=1,2,...,q—1

Taking into account the quasi-Hadamard product func-
tions fi(2),/>(2),...,fm(z) only, in the proof of Theorem 1
and using (2.2) for i = 1,2,...,m — 1, and (2.1) for i = m,
we obtain

Corollary 1. Let the functions f;(z) defined by (1.8) belong to
the class  Uy(c,, 6) for every
cn = nd, meN), then the quasi-Hadamard product
f1xfox-- % f,,(z) belongs to the class Vﬁ,’”’l(cn,é).

Also taking into account the quasi-Hadamard product
functions g(z),g2(2), . . .,g,(2) only, in the proof of Theorem 1
and using (2.4) for j = 1,2,...,4 — 1, and (2.3) for j = ¢, we
obtain

Corollary 2. Let the functions g;(z) defined by (1.9) belong to
the class  Vy(c,, 0) for every
¢y 2 nd, (meN). Then the quasi-Hadamard product
g1 % &% -+ % g, belongs to the class VZ,’I(cn7 0).

Remarks
(i) Puttinge, = (n—f)(n =2)and 6= (f—1)(1 < B <4%)

in the above results, we obtain results corresponding to
the class V(f).

i=12,....m If

i=12,....q. If

results corresponding to the class U(f).

(i) Putting ¢, = (n—1) +|n—=28+1 ®>2) and
0=2(f—1) (f>1) in the above results, we obtain
results corresponding to the class M(f).

(iv) Putting ¢, = n{n—1) +1n—=28+ 1} (n>2) and
0=2(—1) (f>1) in the above results, we obtain
results corresponding to the class 9t(f).
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