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Abstract We establish some new inequalities of Hermite-Hadamard type for functions whose third

derivatives absolute values are quasi-convex. Applications to special means have also been pre-

sented.
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1. Introduction

Let f: U „ I ˝ R fi R be a function defined on the interval I of
real numbers. Then f is called convex if

fðkxþ ð1� kÞyÞ 6 kfðxÞ þ ð1� kÞfðyÞ;
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for all x, y 2 I and k 2 [0, 1]. Geometrically, this means that if
P, Q, and R are three distinct points on graph of f with Q be-
tween P and R, then Q is on or below chord PR. There are

many results associated with convex functions in the area of
inequalities, but one of those is the classical Hermite-Hadam-
ard inequality:

f
aþ b

2

� �
6

1

b� a

Z b

a

fðxÞdx 6 fðaÞ þ fðbÞ
2

;

for a, b 2 I, with a < b.
Recently, many others [1–12] developed and discussed Her-

mite-Hadamarad’s inequality in terms of refinements, counter-
parts, generalizations and new Hermite-Hadamarad’s type
inequalities.

The notion quasi-convex function which is the generaliza-

tion of convex function is defined as:
gyptian Mathematical Society. Open access under CC BY-NC-ND license.
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A function f: [a, b] fi R is called a quasi-convex on [a, b], if

fðkxþ ð1� kÞyÞ 6 maxffðxÞ; fðyÞg; 8x; y 2 ½a; b�:

Any convex function is a quasi-convex function but converse is
not true in general.(see for example [3]).

Recently, D.A. Ion [6] obtained established inequalities of
the right-hand side of Hermite-Hadamard’s type functions
whose derivatives in absolute values are quasi-convex func-

tions. These inequalities are defined as follows:

Theorem 1.1. Let f: I0 ˝ R fi R be a differentiable function on
I0 with a, b 2 I0 and a< b. If Œf0Œ is quasi-convex on [a, b], then
we have:

fðaÞ þ fðbÞ
2

� 1

b� a

Z b

a

fðxÞdx
����

���� 6 ðb� aÞ
4

maxfjf0ðaÞj; jf0ðbÞjg:

Theorem 1.2. Let f: I0 ˝ R fi R be a differentiable function on
I0 with a, b 2 I0 and a< b. If Œf0Œp/(p�1) is quasi-convex on [a,

b], then we have:

fðaÞ þ fðbÞ
2

� 1

b� a

Z b

a

fðxÞdx
����

����
6

b� a

2ðpþ 1Þ1=p
ðmaxfjf0ðaÞjp=ðp�1Þ þ jf0ðbÞjp=ðp�1ÞgÞ

ðp�1Þ=p
:

Theorem 1.3. Let f: I0 ˝ R fi R be a differentiable function on
I0, a, b 2 I0 with a < b. If Œf00Œ is quasi-convex on [a, b], then we
have:

fðaÞ þ fðbÞ
2

� 1

b� a

Z b

a

fðxÞdx
����

���� 6 ðb� aÞ2

12
maxfjf00ðaÞj; jf00ðbÞjg:

In this paper, we establish new refined inequalities of the right-

hand side of Hermite-Hadamard result for the class of functions
whose third derivatives at certain powers are quasi-convex func-
tions. Applications to special means have also been presented.
2. Main results

Before proceeding toward our main theorem, we begin with
the following lemma:

Lemma 2.1. [16]. Let f: I � R fi R be three times differentiable
mapping on I0 such that a, b 2 I0 with a < b and f000 2 L[a, b].

Then

fðaÞ þ fðbÞ
2

� 1

b� a

Z b

a

fðxÞdx� b� a

12
½f0ðbÞ � f0ðaÞ�

¼ ðb� aÞ3

12

Z 1

0

kð1� kÞð2k� 1Þf000ðkaþ ð1� kÞbÞdk

In the following, we present a new result of the upper Hermite-
Hadamard inequality for quasi-convex functions.

Theorem 2.2. Let f: I ˝ R fi R be three times differentiable

mapping on I0 such that f000 2 L[a, b], where a, b 2 I with
a< b. If Œf000Œ is quasi-convex on [a, b], then we have the follow-
ing inequality:
fðaÞ þ fðbÞ
2

� 1

b� a

Z b

a

fðxÞdx� b� a

12
½f0ðbÞ � f0ðaÞ�

����
����

6
ðb� aÞ3

192
maxfjf000ðaÞj; jf000ðbÞjg: ð2:2:1Þ

Proof. Using Lemma 2.1 and quasi-convexity of Œf000Œ, we get

fðaÞ þ fðbÞ
2

� 1

b� a

Z b

a

fðxÞdx� b� a

12
½f0ðbÞ � f0ðaÞ�

����
����

6
ðb� aÞ3

12

Z 1

0

kðk� 1Þjð2k� 1Þjjf000ðkaþ ð1� kÞbÞjdk

6
ðb� aÞ3

12
maxfjf000ðaÞj; jf000ðbÞjg:

Z 1

0

kðk� 1Þjð2k� 1Þjdk

¼ ðb� aÞ3

192
maxfjf000ðaÞj; jf000ðbÞjg:

The proof is completed. h

In the following theorem, we establish the corresponding

version for powers of the absolute value of the second
derivative:

Theorem 2.3. Let f: I � R fi R be three times differentiable
mapping on I0, such that f000 2 L[a, b] with a,b 2 I and a < b. If

Œf000Œp/(p�1) is quasi-convex on [a, b], and p > 1, then we have
the following inequality:

fðaÞ þ fðbÞ
2

� 1

b� a

Z b

a

fðxÞdx� b� a

12
½f0ðbÞ � f0ðaÞ�

����
����

6
ðb� aÞ3

96

1

pþ 1

� �1=p

ðmaxfjf000ðaÞjq; jf000ðbÞjqgÞ1=q; ð2:2:2Þ

where q= p/(p � 1).

Proof. By using Lemma 2.1 and well known Holder’s integral
inequality, we have

fðaÞþ fðbÞ
2

� 1

b�a

Z b

a

fðxÞdx�b�a

12
½f0ðbÞ� f0ðaÞ�

����
����

6
ðb�aÞ3

12

Z 1

0

kðk�1Þjð2k�1Þjjf000ðkaþð1�kÞbÞjdk

6
ðb�aÞ3

12

Z 1

0

kpð1�kÞpjð2k�1Þjdk
� �1=p Z 1

0

jf000kaþð1�kÞbjqdk
� �1=q

By using the factZ 1

0

kpð1� kÞpj2k� 1jdk ¼ 1

22pþ1ðpþ 1Þ

and the quasi-convexity of Œf000Œq, we get the desired result. The
proof is completed. h

Theorem 2.4. Let f: I � R fi R be three times differentiable

mapping on I0 such that f000 2 L[a, b], with a, b 2 I and a< b.
If Œf000Œq is quasi-convex on [a, b] and q P 1, then we have the
following inequality:

fðaÞ þ fðbÞ
2

� 1

b� a

Z b

a

fðxÞdx� b� a

12
½f0ðbÞ � f0ðaÞ�

����
����

6
ðb� aÞ3

192
ðmaxfjf000ðaÞjq; jf000ðbÞjqgÞ

1
q: ð2:2:3Þ
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Proof. Using Lemma 1 and well known power-mean inequal-

ity, we get

fðaÞþ fðbÞ
2

� 1

b�a

Z b

a

fðxÞdx�b�a

12
½f0ðbÞ� f0ðaÞ�

����
����

6
ðb�aÞ3

12

Z 1

0

kðk�1Þjð2k�1Þjjf000ðkaþð1�kÞbÞjdk

6
ðb�aÞ3

12

Z 1

0

kðk�1Þjð2k�1Þjdk
� �1�1=q Z 1

0

kðk�1Þjð2k�1Þjjf000ðkaþð1�kÞbÞjqdk
� �1=q

6
ðb�aÞ3

12

1

16

� �1�1=q

� 1

16
maxfjf000ðaÞjq; jf000ðbÞjqg

� �1=q

¼ðb�aÞ3

192
ðmaxfjf000 ðaÞjq; jf000ðbÞjqgÞ1=q:

where we use the factZ 1

0

kð1� kÞjð2k� 1Þjdk ¼ 1

16

The proof is completed. h
3. Application to some special means

We now consider the applications of our theorem to the special
means.

For positive numbers a> 0 and b > 0, define

A ða; bÞ ¼ aþb
2

and

Lpða; bÞ ¼

bpþ1�apþ1
ðpþ1Þðb�aÞ

h i1=p
; p–� 1; 0;

b�a
ln b�ln a ; p ¼ �1;

1
e

bb

aa

� �1=ðb�aÞ
; p ¼ 0;

8>>>><
>>>>:

We known that A and LP are respectively called the arithmetic
and generalized logarithmic means of two positive numbers a

and b
By applying Hermite-Hadamard type inequalities estab-

lished in Section 2, we are in position to construct some

inequalities for special means A and Lp.
Consider the following function:

fðxÞ ¼ xaþ3

ðaþ 1Þðaþ 2Þðaþ 3Þ ð3:1:1Þ

For 0 < a 6 1 and x > 0. Since f000(x) = xa and
(kx + (1 � k)y)a 6 kaxa + (1 � k)aya For all x, y > 0 and
k 2 [0, 1]. then f000(x) = xa is a-convex function on R0 and

fðaÞ þ fðbÞ
2

¼ 1

ðaþ 1Þðaþ 2Þðaþ 3ÞAða
aþ3; baþ3Þ;

1

b� a

Z b

a

fðxÞdx ¼ 1

ðaþ 1Þðaþ 2Þðaþ 3ÞL
aþ3
aþ3ðaaþ4; baþ4Þ;

f0ðbÞ � f0ðaÞ ¼ 1

12ðaþ 1ÞL
aþ1
aþ1ðaaþ2; baþ2Þ
Theorem 3.1. For positive number a and b such that b > a and
0 < a 6 1, we have

12Aðaaþ3; baþ3Þ � 12Laþ3
aþ3ðaaþ4; baþ4Þ

�ðb� aÞ2ðaþ 2Þðaþ 3ÞLaþ1
aþ1ðaaþ2; baþ2Þ

�����
�����

¼ ðb� aÞ3

16
ðaþ 1Þðaþ 2Þðaþ 3Þmaxfjaaj; jbajg:
Proof. The assertion follows from inequality (2.2.1) applied to

the mapping (3.1.1). h

Theorem 3.2. For positive number a and b such that b > a and
0< a 6 1, we have

12Aðaaþ3; baþ3Þ � 12Laþ3
aþ3ðaaþ4; baþ4Þ

�ðb� aÞ2ðaþ 2Þðaþ 3ÞLaþ1
aþ1ðaaþ2; baþ2Þ

�����
�����

6
ðb� aÞ3

8

1

pþ 1

� �1=p
ðaþ 1Þðaþ 2Þðaþ 3Þmax fjaajq; jbajqg

1
q:

Proof. The assertion follows from inequality (2.2.2) applied to
the mapping (3.1.1). h

Theorem 3.3. For positive number a and b such that b> a with
0< a 6 1 and q > 1 we have

12Aðaaþ3; baþ3Þ � 12Laþ3
aþ3ðaaþ4; baþ4Þ

�ðb� aÞ2ðaþ 2Þðaþ 3ÞLaþ1
aþ1ðaaþ2; baþ2Þ

�����
�����

6
ðb� aÞ3

16
ðaþ 1Þðaþ 2Þðaþ 3Þmax fjaajq; jbajqg

1
q:

Proof. The assertion follows from inequality (2.2.3) applied to

the mapping (3.1.1). h
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