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MATHEMATICS SUBJECT CLASSIFICATION:

Abstract This paper is motivated by an open problem of Luke’s theorem. We consider the prob-
lem of developing a unified point of view on the theory of inequalities of Humbert functions and of
their general ratios are obtained. Some particular cases and refinements are given. Finally, we
obtain some important results involving inequalities of Bessel and Whittaker’s functions as appli-
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1. Introduction

The two sided inequalities for generalized hypergeometric
functions have been established by Luke [1-4] through Padé
approximation. He later obtained the bounds of Appell’s
hypergeometric functions F;, F> and Fj3, through their Euler
integral representations (see or instance Luke [4]). An exten-
sion to the framework of the classical families of inequalities
for Gauss and Kummer’s hypergeometric, Laguerre, Bessel
and modified Bessel functions have been introduced in
[5-19]. The reason of interest for this family of Humbert func-
tions is due to their intrinsic mathematical importance and to
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the fact that these functions have applications in physics. Here
we obtain some inequalities for Humbert, Bessel and Whittak-
er’s functions. In what follows we observe that

1
l—z<e?<1l—z4=2,

> z>0, (L.1)
and from Luke’s results [4], can write that
l+z<ef<1+2z, 0<z<], (1.2)
then the function

(-2
F(—,—a,b;—z) = . a,b>0, z>0, (1.3)
of )= L @GR
where
r
(@), =ala+ D)(a+2)(a+k—1) :%; k
Z 17 (a)O = 17
satisfies the inequalities
1-= < F(—,—a,b;—2)
ab 0L2 y Ty 6y Uy
cl-ii F a,b>0,2>0 (1.4)
-7 AN ’ y Z ) .
ab  2(a),(b),

1110-256X © 2013 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society. Open access under CC BY-NC-ND license.

http://dx.doi.org/10.1016/j.joems.2013.04.012


mailto:drshehata2006@yahoo.com
http://dx.doi.org/10.1016/j.joems.2013.04.012
http://www.sciencedirect.com/science/journal/1110256X
http://dx.doi.org/10.1016/j.joems.2013.04.012
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

Inequalities for Humbert functions

15

and

2
1+a—Zb<OFz(—,—;a,b;z) < 1+£ a,b>0, 0<z<1.  (L5)
The proofs of (1.4) and (1.5) follow of help are the beta inte-
gral representation, confluence principle and the inequalities
(1.1) and (1.2), respectively.
Thus, it follows from (1.4) that

Z3 Z3
[ N (A Y PR
CEN TR 2( e+ Lo+ 27)
Z3
S (.
a+ Db+ 1)
+ 2 ;
1458+ (a1 2+ Db +2)’
a,b>—1, z>0, (1.6)
and from (1.5), we get
23 3
(I (AT Y P
e e+ S “( jat b+ 27)
S PR
M+ )b+1)’
ab>-1, 0<z<l1. (L.7)

In a similar way, we define the exponential functions as the
following:

(z+w)

1
l—z—w<e <1—z—w—|—§z2

1
+zw+§wz, z+w>0, (1.8)

l+z+w<e™ <l +2242w, 0<z+w<l. (1.9)

In general, a new generalized form of the hypergeometric func-
tions oF; is introduced by using the integral representation
method

, : N (=2)"(=w)
R Dy PRGN RE W)
a,b,c,d>0, z>0,w>0, (1.10)
z w
C(a+D)(b+1) (c+1)(d+1)
< oFy(—,—a+1,b+1,c+1,d+ 1;—z,—w)
<l— z B w . 2
(a+1)b+1) (c+1)(d+1) 2(a)(b),
+ zw + W2 :
(a+ )b+ D(c+1)(d+1) 2(c),(d),
a,b,e,d>—1, z>0, w>0, (1.11)
and
1+ z + w
(a+1)(b+1) (c+1)(d+1)
< oFu(—,—a+1,b+1,c+1,d+ 1;z,w)
<14 2z . 2w
(a+1)(b+1) (c+1)(d+1)
a,b,c,d>—-1, 0<z<l1,0<w<1. (1.12)

In the next section, we will discuss further of the Humbert
functions of one variable of the inequalities properties
investigated.

2. Inequalities for Humbert functions of one variable

The Humbert function J,;(z) of one variable z for non-nega-
tive integers a, b be defined in the form [20,21]:

7 1 Z\ a+b P Lb 1. 3
“v”(“)*r(a+1)r(b+1)(’) 0 ’(*’“ + ’ﬁ)

(— 1) a+b+3k

7Z3u+lv+3kr(a+k+l) Th+k+ DR

where

Z3
Bl—- - 1 1;
02( sa+ b+ 27)

From (2.1) and (1.6), we find that

Z3 3 a+b
3
z

27(a+1)(b+1)
6

(=1)'z
3 @t Db+ Dk

<1-

z
S8t Da 2B (b1 2)]
a,b>—1,z>0. (2.2)

Eq. (2.2) can be expressed as

3\ Fa+1)I(b+1) 1
X 5 STl
27(a+1)(b+1) + 1458 (a+1)(a+2) (b+1)(b+2) ab

a+b
nr
(3) ( a+ £b+ )>; ah>—1
X T 27(a+ D) (b+1)
0<x<max<1 3v/(a+ 1)( b+1> (2.3)

Thus, combining (2.2) and (2.3) we can write

(E) a+b 1- m a [,(Z)
X 1— uh(X)

77(u+]) ESVRIRT I u+2)(b+1) b+2)

< (f) atb (1 - 27(a+1)(h+1 + 14)8(a+1 (a+2)(h+l)(h+’)> >0,
X - 27(u+1 (b+1)
< x < max (1,3\*/(a+1) b+1) ) (2.4)

and also, for a,b > —2,0 < z < max

(1,33/(a+2)(b +2)), we
get

23
Ia+1)(b+1) ! — e
72 1— 23 + 26
27(a+2)(b+2) T 1458(a+2)(a+3)(h+2)(h+3)

J,,J,(Z)
Ja+1,b+1 (Z)
.W -6
- (9(a + )b+ 1)) <1 Tar Do T 1458(u+l)(a+2)(h+l)(h+2)
2 -3
z S

(2.5)

Our interest is to show that our inequality (2.2) gives inequality
atz =1

! a+b
" e < et DG+ 13 a0)
1
R TIPSR

1
D(a+2)(b+ 1)(b+2)

+1458(a+ ;oa,b>—1. (2.6)
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As an example for a = b = 2, z = 1, we have from (2.2) - z3 _ w?
0.003073718 < J55(1) < 0.003073733. 27(a+ 1)(b+1) 27(c+ 1)(d+1)

3 (g + )b+ DI (¢ + DI(d+ 1
Fora =b =1,z = 0.9, from (2.2) we have < (a+ )25+bj;c+¢)1 (X DId+ )Jn,b,c,d(z7 w)
0.0893925 < J;1(0.9) < 0.089393411. | 73 w3

S T @D+ ) (et D@+ )

3. Inequalities for Humbert functions of two variables T L

1458(a+ 1)(a+2)(b+ 1)(b+2)
It is the purpose of this section to introduce a new inequalities 2yl
for Hu.mbe.rt functions of two Variabl.es, which represents a + 729(a+ )b+ )(c+ D(d+1)
generalization of the exponential functions and hypergeomet- Wb

ric functions oF, as given by the relations (1.8)—(1.11) and
(1.12). Now we define the Humbert functions of two variables

T8 Dier )@ D@+ 2)’

as the following a,b,c,d>—1, z,w>0, (32)
Junea(zow) = et For the set of values z=w=04 x=y=0.S8,
3P D)YO(b+ 1) (c+ 1) (d+1) a=b=c=d= 1, gives from
2w
><0F4<77a+1b+lc+ld+l 37 E)

J111.1(0.4,0.4)

) a3 0.062431845 < —————= < 0.062431876.
= Z brerdr3hiok CL” - ; J11.1.1(0.8,0.8)
G0 3T a+ h+ D)E(b+h+ 1) (e +k+ )T (d+k+ 1)hlk!
abed>—1 (3.1) In conclusion, we shall now show that there exist opera-
o 7 ' tional relations between Humbert functions and the various
and with the same manner in the preceding, from (1.7) for the type of Whittaker’s and Bessel functions, more results could
Humbert functions of two complex variables, we have the ~ be obtained, but the details are omitted for reasons of
inequalities brevity.
1
1 X3 3 X6 33 36
T @G T @) T @ @06 T mE e e @) | a2 @ @)
Xa+byc+d 1
< - < , abc,d>—-1, 0<x
3 (a+ (b + DI e+ DI(d+ Dapea(x,7) 1 = 55 — meen

TN~ T N@E)
< max (1,3\3/(41—0— D+ 1)), 0 < y < max (1,33/(c+ D(d+ 1)), (3.3)

23

+d - w3

zyath (w\ - a+r)b+1) 27((-+1l)(d+1) Japea(z; W)

; ; 1— x3 _ »? + X0 + X33 + I < J » 'd(x y)
27(a+1)(b+1)  27(c+1)(d+1) 1458(a+1)(a+2)(b+1)(b+2) 729(a+1)(b+1)(c+1)(d+1) 1458(c+1) (c+2)(d+1)(d+2) a,b,c¢, ’

d 3 3 6 PN A6
(i) ath (&) ore (1 T Wt )b1) 27(<:+‘i)(d+1) + s 729(a+l)(b+‘1‘)(<+l)(d+1) + 1458(<'+1)(c4‘r2)(d+1)(d+2)>
3 )
X y

1 3 )3
27(a+D)(b+1) — 27(c+1)(d+1)

abe,d>—1, z,w>0, 0<x<max(1,3~‘ PESVCES )), 0<y<max(1,33 (c+1)(d+1)), (3.4)

and

(9(a+ (b + 1)> <9(c+ 1)(d + 1)>

z2 w?

U']
- 27(a+])(b+1) T e+ )@+ 1)

1 -3
X (1 23 2wl wo )
- a+2)(1)+2 2 T e a+2)(a+z)(b+2 5 T et @ T w0 @)

- Jabed(z,w) )(d ))( (c+1)(d+1))

2
Jar1btler1, d+1 Z, W w

1 _ 23 _ w3

77(a12)(b12) 27(c+2)(d+2)

a,b,e,d>—2, 0<z<max (1,33/(&—5— 2)(b +2)),0 < w < max (1,33/(c+ 2)(d+ 2)). (3.5)

6 % 3 wo
% <1 - 27(a+1)(b+|) 27 ((+l) d+1) + 1458(a+1)(a+2)(b+1)(b+2) + 729(a+1)(h+1 (c+1)(d+1) + 1458(:+1)(:+2)(d+1)(d ))
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4. Inequalities for Whittaker’s and Bessel functions

The Whittaker’s functions My ,,(z) defined by the relation [22]

X s, 7S<3x ) = 1)“'(%)#%1"(;» I %) M, (}),

Val(2s + 1) 2
1 x* 1
—=—- R S+ = . 4.1
Frmaey R(erg)>o !
From (4.1), we can write the relation
(=1 /A (2s + 1)2¥ x ¥ S [x

M, (x)= Josos| 34/ - 4.2

,A(X) I"(r—l—s—i—%) +s,2. B ( )

We put that @ = r + 5, b = 25 and z = 33/3 into (2.2), it fol-
lows that

N2 3 X !
((71)‘F(r+s+ nr(r +s+%)2"*—%") (' 20r+s+1)(2s + 1)) < Moy ).

< ( \/ﬁﬁu >
(=1)'T(r+s+ ])r(l‘+s+%)2sf%r

X X2
(1 st D@+ ) 8 Ast DI ts+2)2s+ 1)(2s+2)>" (4.3)

thus, we can deduce that

1 (=12 ¥ X3 (r 45 + DI (r+s+1) - 1

Ve Py Trn B Ty sy TS ey M;s(x)
1 D)2 Y+ s+ DE(r+s+1
_ 1LY st OI(rts ) »
VT I~ s

For example, if s > 5 Lyp>=l 2 , then (4.3) gives
0.5 < Myo(1) < 053125,
1.852662388 < M, (1) < 1.8728325,
0.16111111 < M,(1) < 0.161168981,
0.027298289 < M, (1) < 0.027304122.

Her has given the following form for the operational relations
of this Bessel function of the first kind [20,21,23]

X5 0 (3V/) = == (—2\[1]), (4.5)

and
nm 1
X5, ,,M(3f) o <—2 —). (4.6)
p
where L 7 = Tt a+1) ,R(e +1) > 0 and J,(x) is one of Bessel func-

tion of the ﬁrst kind an inequalities for it:
22 (;)tl
1 - 2 J
( 4(a+1))F(a—|—l)< @

< (1 Tdar ) Rt 1)(a+2)> a+1)
a>-1, z>0, (4.7)

o

and

1 X\ ¢ 1
A (LZ + 1) ~ <
(1 - (a+1) + 32(at1) a+2)> (2) J“(x)

(i )res ) o 0ss

4(a+1)

ax (1,2@). (4.8)

As an example fora = 0, @ = 2, z = 1 and from (4.7), we get

0.75 < Jo(1) < 0.765625,

0.114583333 < J5(1) < 0.114908854.
Ifa=1,z=0.1, then (4.7) gives
0.0498375 < J,(0.1) < 0.049937526041.

In [24], the Bessel functions J, ;(z, w) of two index of two vari-
ables defined by

Jus(z w)*LF(f —a+1, bJrl—Z2 1)
ab\Z, - F(ﬂ+ 1)F(b+ 1)2(1+170 2 4 4
( 1)/1+/<-2h+a 2k+b
11/2;0211+/)+2/1+/\ a+h+1) (b+k+1)h|kl’
(4.9)
where
2 2
Z —W’
-1 h+k 7hsz
) a,b>—-1, z,w>0.

- MZ>0 2% "*’” (a+1),(b+ 1)k

It is evident that the ordinary Humbert functions of two vari-
ables are linked to the bessel functions of two index of two
variables by

xla b zl‘z/ nbcd(s\/_ 3\/_) 21, k 2( ‘,de< \/> \/>>

(4.10)

From (4.9) and (4.10), we find that

(1 - 4(;1 N 4(bni 1)) <2“*br(a iT ;F(b + 1))

< Jup(z,w) < | 1— = - v + =
@bl 4a+1) 4(b+1) 320a+1)(a+2)

4

ey D+ TReL DG+ 2))

Zowb

. (2‘””F(a+ Db+ 1));
For example, whena = b = 2,z = w = 1, form (4.11) we get
0.013020833 < J55(1, 1) < 0.1321072049.
Fora=b=1,z=w=0.9, from (4.11) we have
0.16149375 < J,,(0.9,0.9) < 0.1649536523.

a,b>—1,

z,w>0. (4.11)

Here, we have obtained inequalities for some special functions
from a known result for hypergeometric functions. This ap-
proach opens new possibilities to deal with other members of
Humbert, Whittaker’s and Bessel functions as well as hyper-
geometric functions. Hence, new results and further applica-
tions can be obtained and will be discussed in a forthcoming

paper.

4.1. Open problem

How can one derive the above identity directly from the prop-
erties of ¢F>»? Such derivation would immediately give another
proof inequalities for the fundamental relations of generalized
hypergeometric function.
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