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Abstract The object of this paper is to introduce the notion of extended generalized ¢-recurrency
to Sasakian manifolds and study its various geometric properties with the existence by an
interesting example. Among the results established here it is shown that an extended generalized
¢-recurrent Sasakian manifold is an Einstein manifold. Further, we study extended generalized
T—¢-recurrent Sasakian manifold and obtain the results which reveal the nature of its associated
I-forms. Finally, an example of a 3-dimensional extended generalized ¢-recurrent Sasakian mani-
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1. Introduction

The notion of local symmetry of a Riemannian manifolds be-
gan with the work of Cartan [1]. The notion of locally symme-
try of a Riemannian manifold has been weakened by many
authors in several directions such as recurrent manifolds by
Walker [2], semi-symmetric manifold by Szabo [3], pseudo-
symmetric manifold by Chaki [4], pseudo-symmetric manifold
by Deszcz [5], weakly symmetric manifold by Tamassy and
Binh [6], weakly symmetric manifold by Selberg [7]. However,
the notion of pseudo-symmetry by Chaki and Deszcz are dif-
ferent and that of weak symmetry by Selberg and Tamassy
and Binh are also different. As a weaker version of locally sym-
metry, in 1977 Takahashi [8] introduced the notion of local ¢-
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symmetry on a Sasakian manifold. By extending this notion,
De et al. [9] introduced and studied the notion of ¢-recurrent
Sasakian manifolds.

The notion of generalized recurrent manifolds was intro-
duced by Dubey [10] and then studied by De and Guha [11].
A Riemannian manifold (M", g), n > 2, is called generalized
recurrent if its curvature tensor R satisfies the condition

VR=A® R+ B®G, (1.1)

where A and B are two non-vanishing 1-forms defined by
A(o) = g(o, p1), B(o) = g(o, p2) and the tensor G is defined by

GX,\Z=g(Y,Z)X—g(X,Z)Y (12)

for all X, Y, Z € y(M); y(M) being the Lie algebra of smooth
vector fields and § denotes the covariant differentiation with
respect to the metric g. Here p; and p, are vector fields associ-
ated with 1-forms A4 and B respectively. Especially, if the 1-
form B vanishes, then (1.1) turns into the notion of recurrent
manifold introduced by Walker [2].

A Riemannian manifold (M", g) is called a generalized Ricci-
recurrent [12] if its Ricci tensor S of type (0, 2) satisfies the condition

VS=A4©S+Bog, (1.3)
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where 4 and B are defined in (1.1). In particular, if B = 0, then
(1.3) reduces to the notion of Ricci-recurrent manifolds intro-
duced by Patterson [13].

In 2007, Ozgur [14] studied generalized recurrent Kenmotsu
manifold. Generalizing this notion recently, Basari and Mura-
than [15] introduced the notion of generalized ¢-recurrency to
Kenmotsu manifolds. Also, the notion of generalized ¢-recur-
rency to Sasakian manifolds and Lorentzian a-Sasakian man-
ifolds are respectively studied in [16,17]. By extending the
notion of generalized ¢-recurrency, Shaikh and Hui [18]
introduced the notion of extended generalized ¢-recurrency
to f-Kenmotsu manifolds. Also, this notion has been further
studied by Shaikh, Prakasha and Ahmad [19] for LP-Sasakian
manifolds. As a continuation of this, here we plan to study ex-
tended generalized ¢-recurrency to Sasakian manifolds.

The paper is organized as follows: Section 2 is concerned
with some preliminaries about Sasakian manifolds. Section 3
deals with an extended generalized ¢-recurrent Sasakian man-
ifolds and we obtain a necessary and sufficient condition for
such a manifold to be a generalized Ricci-recurrent. Further,
it is shown that an extended generalized ¢-recurrent Sasakian
manifold is an Einstein manifold and in such a manifold the 1-
forms 4 and B are related by A + B = 0. In Section 4, we give
definition of extended generalized 7—¢-recurrent Sasakian
manifolds analogous to those of concircular and projective
curvature tensors defined in [18] for  -Kenmotsu manifolds.
Here, it is shown that an extended generalized 7-¢-recurrent
Sasakian manifold is an Einstein manifold. We also tabulated
the nature of associated 1-forms 4 and B. In last section, the
existence of an extended generalized ¢-recurrent Sasakian
manifold is ensured by an interesting example.

2. Preliminaries

A (2n + 1)-dimensional smooth manifold M is said to be an
almost contact metric manifold [20] if it admits an (1, 1) tensor
field ¢, a vector field &, a 1-form x and a Riemannian metric g,
which satisfy

(a) & =0, (b) n(¢X) =0, (c) ¢’X
= =X +n(X)¢, (2.1)

(a) g(¢X,Y) = —g(X,9Y), (b) n(X)

g(PX,¢Y) = g(X. Y) —n(X)n(Y), (2.3)
for all X, Y€ y(M). An almost contact metric manifold
MNP, &, 1, g) is said to be Sasakian manifold if the follow-
ing conditions hold [20,21]:

Vyé=—-¢X. (2.5)

In a Sasakian manifold M>"* (¢, &, 1, g), the following rela-
tions hold [20-22]:

(Vin)Y = g(X, ¢Y), (2.6)
RIX, Y)E=n(N)X —n(X)Y, (2.7)
REX)Y = (Vx9)Y, (2:8)
S(X &) = 2nn(X), (29)
S(¢X,$Y) = S(X, Y) — 2m(X)n(Y), (2.10)

(VwR)(X, Y)E = g(¢X, W)Y — g(¢X, W)X + R(X, Y)$W,
(2.11)

for any vector fields X, Y, Z € y(M).

3. Extended generalized ¢-recurrent Sasakian manifolds

Definition 3.1. A Sasakian manifold M>*" '(qS, &ng,n=1,
is said to be an extended generalized ¢-recurrent Sasakian
manifold if its curvature tenor R satisfies the relation

' (VwR)X, Y)Z) = A(W)¢*(R(X, Y)Z)

+B(W)$*(G(X, Y)Z) (3.1)
forall X, Y, Z, W € y(M), where A and B are two non-vanish-
ing 1-forms such tha A(X) = g(X, p1), B(X) = g(X, p»). Here

p1 and p, are vector fields associated with 1-forms 4 and B
respectively.

Now we begin with the following:

Theorem 3.1. An extended generalized ¢-recurrent Sasakian
manifold Mznﬂ(qﬁ, ¢, n,g), n=1,is generalized Ricci recur-
rent if and only if the sum of associated 1-forms A and B is zero.

Proof. Let us consider an extended generalized ¢-recurrent
Sasakian manifold. Then by virtue of (2.1), we have from
(3.1) that

—(VwR)(X, Y)Z+n(VwR)(X, Y)Z)¢
= A(W)[=R(X, Y)Z+n(R(X, Y)Z){] + B(W)
x [-G(X, Y)Z+n(G(X, Y)Z)¢], (3.2)
from which it follows that
—¢(VwR)(X. ¥)Z.U) + n((VwR)(X, ) Zn(U)
— A(W)[—g(X, Y)Z, U) + n((R(X, V) Zy(U)] + BOW)
x [~g(G(X, Y)Z, U) + n(G(X, ") Z)n(V)]. (3.3)
Let {¢"i=1,2,...,2n + 1} be an orthonormal basis of the
tangent space at any point of the manifold. Setting

X=U=¢ in (33) and taking summation over
i,1<i<2n + 1, and then using (1.2), we get

—(VwS)(Y, Z2) + e(VwR)(&, Y)Z, E)
= AW)[=S(Y, Z) + n(R(¢, V)Z)] + B(W)[-(2n
= Dg(Y, 2) = n(Y)n(2)]. (3-4)

Using (2.7) and (2.11) and the relation g(($yR)(X, Y)-
Z,U) = —g(SwR)(X, YU, Z), we have

g(VwR)(E, Y)Z, &) = 0. (3-5)
By virtue of (2.8) and (3.5), it follows from (3.4) that
(VwS)(Y,Z) = AW)S(Y,Z) + [2n — 1)b(W)
—AW)|g(Y,Z) +[4(W)
+ BW)n(Y)n(2)]. (3.6)

If A(W) + B(W) = (4 + B)(W) = 0, that is, the sum of asso-
ciated 1-forms 4 and B is zero, then (3.6) reduces to

VS=A4A®S+y®g, (3.7)
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where Y(W) = 2nB(W) for all W € y(M). This completes the
proof. [

Theorem 3.2. An extended generalized ¢-recurrent Sasakian
manifold M?"* (¢, &, n,g), n=1, is an Einstein manifold
and moreover the associated I-forms A and B are related by
A+ B=0.

Proof. Setting Z = ¢ in (3.6) and using (2.2(b)) and (2.9), we
obtain

(VwS)(Y, &) =2n{A(W) + B(W)n(Y). (3.8)
Also we have

(VWS)(Y7 5) = (VWS)(Yv é) - S(VWY7 é) - S(Y>VW£)'

(3.9)
Using (2.6) and (2.9) in (3.9), it follows that
(VwS)(Y,&) = 2ng(Y, $W) — S(Y, $ 1), (3.10)
By (3.8) and (3.10) we have
2ng(pW,Y) = S(¢W, Y) = 2n{A(W) + B(W)}n(Y).  (3.11)
Agian setting Y by ¢ in (3.11) we get
A(W)+B(W)=0 forall W. (3.12)
By taking account of (3.12) in (3.11), we have
S(pW,Y) =2ng(¢W,Y). (3.13)

Substituting ¥ by ¢Y in (3.13) and using (2.3) and (2.10), we
have

S(W,Y) =2ng(W,Y).
From (3.12) and (3.14), the theorem follows. [

(3.14)

It is known that a Sasakian manifold is Ricci-semisymmet-
ric if and only if it is an Einstein manifold. In fact, by Theo-
rem 3.2, we have the following:

Corollary 3.1. An extended generalized ¢-recurrent Sasakian
manifold M2”+1(d), & n,g), n =1, is Ricci-semisymmetric.

Theorem 3.3. In an extended generalized ¢-recurrent Sasakian
manifold M*"* (¢, &1, g), % is an eigen value of the Ricci
tensor S corresponding to the eigen vector p;.

Proof. Changing W, X, Y cyclically in (3.3) and adding them,
we get by virtue of Bianchi identity and (3.12) that

AW {e(R(X, Y)Z,U) - ¢(G(X, Y)Z, U)}

+ {n(R(X, Y)Z2) —n(G(X, Y)Z) }n(U)]
AX){g(R(Y, W)Z,U) = g(G(Y, W)Z,U)}

+ {n(R(Y, W) Z) = n(G(Y, W) Z) }n(U)]
A(Y){g(R(W, X)Z, U) — g(G(W, X)Z, U)}

+ {n(RW, X)Z) = n(G(W, X)Z)}n(U)] = 0.

(3.15)

Setting Y = Z = ¢; in (3.15) and taking summation over
L1 <i<2n+ 1, we get

AW)[S(X, U) = 2ng(X, U)] — A(X)[S(U, W) — 2ng(U, W)
— AR(W, X)U) — A(R(W, X))n(U) — A(X)g(W, U)
+AW)(X, U) = {4(X)n(W) — AW)n(X)}
=0.

Again setting X = U = ¢; in above relation and taking sum-
mation over i, 1 <i<2n + 1, we have

r—2n(2n—1
SO, py) =2 =D

This proves the theorem. O

g(val)'

Theorem 3.4. A Sasakian manifold M (¢, &, n,g),n = 1, is
an extended generalized ¢-recurrent if and only if the following
relation holds:

(VwR)(X, Y)Z = [{g(Y,¢W)g(X, Z)
—8(X,oW)e(Y, 2)}
+28(R(X, Y)pW, Z)|¢ + A(W)
x [R(X, Y)Z = n(R(X, Y)Z)¢]

+B(W)[GX, Y)Z - n(G(X,))Z)¢].  (3.16)
Proof. Using (2.11) and the relation g(($,R)(X, Y)
Z,U) = —g(($,RX, Y)U, Z) in (3.2), we have (3.16). Con-
versely, applying ¢ on both sides of (3.16), we get the relation
3.). O

4. Extended generalized 7—¢-recurrent Sasakian manifolds

In a (2n + 1)-dimensional Riemannian manifold M*"*!, the
T-curvature tensor [23,24] is given by

T(X,Y)Z = ayR(X, Y)Z + a,S(Y, Z)X + a,S(X, Z) Y
+a;S(X, Y)Z + asg(Y, Z)0X + asg(X, Z)QY
+asg(X,Y)0Z + ar(g(Y,2)X — g(X,2)Y), (4.1)

where R, S, Q and r are the curvature tensor, the Ricci tensor,
the Ricci operator and the scalar curvature, respectively.
In particular, 7T-curvature tensor is reduced to be quasi-
conformal curvature tensor Cs, conformal curvature tensor
C, conharmonic curvature tensor L, concircular curvature
tensor V, pseudo-projective curvature tensor Ps, projective
curvature tensor P, M-projective curvature tensor, W;-curva-
ture tensors (i = 0, ..., 9) and W;-curvature tensors (j = 0, 1).
Analogous to the definitions of an extended generalized
concircular ¢-recurrency for f-Kenmotsu manifolds [18] and
an extended generalized projective ¢-recurrency for LP-
Sasakian manifolds[19], here we define the following:

Definition 4.2. A Sasakian manifold Mz"ﬂ(d),é,n,g),n >1,i1s
said to be an extended generalized T—¢-recurrent if its 7-
curvature tensor satisfies the relation
O*(VwT)(X, Y)Z) = A(W)$*(T(X, Y)Z))

+ B(W)¢*(G(X, Y)Z), (4.2)
where 4 and B are defined as in (1.1).
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In particular, an extended generalized 7—¢-recurrent Sasa-
kian M*"* (¢, &, 1, g), n = 1, manifold is reduced to be

(1) an extended generalized C*—¢-recurrent if

ay=—a=a4=—as, a3=as=0,

@ = _2n1+1<;_2+2“1>’

(2) an extended generalized C—¢-recurrent if

1

=1 -
=" m—1

a) = —dy) = dg4 = —ds =

1

a; = as = 0, a7z—m7

(3) an extended generalized L—¢-recurrent if

1

=1 -
[0} ’ 2}171’

a) = —dy) = dg = —ds =
a3:a6:0, 617:07
(4) an extended generalized V—¢-recurrent if

ag=a=a3;=a4=as=as =0,
1
2n(2n+1)’

00:17

a; =

(5) an extended generalized P«—¢-recurrent if

ay=1, a=-a, a=a4=as=as=0,

1 ay
ay = *m(ﬁJrﬂl)a

(6) an extended generalized P—¢-recurrent if

1
'
(7) an extended generalized M—¢-recurrent if

1
'
(8) an extended generalized Wy—¢-recurrent if

1
'
(9) an extended generalized W—¢- recurrent if

1
'
(10) an extended generalized W —¢-recurrent if

1
ay = —ay = '
(I11) an extended generalized Wj—¢- recurrent if

1
'
(12) an extended generalized W,—¢-recurrent if

1

a0:17 a), = —ay = — a3:a4:a5:a5:a7:0,

(10:1, a) = —dy) = dg4 = —ds = — 113:&(,:[17:0,

(10:1, a) = —ds = — a2:a3=a4:a6=a7:O,

a():l, a) = —ds = aZ:a3:a4:a6:a7:0,

Cl()il7 a3:a4:a5:a6:a7:0,

a0:17 a), = —ay = — a3:a4:a5:a6:a7:0,

a=1, ag=-a=——, ag=m=a;=as=a;=0,
2n
(13) an extended generalized W3—¢-recurrent if
1
ay =1, a2=*a4=*ﬂ, ay=ay=as=as=a; =0,

(14) an extended generalized W,—¢-recurrent if

1
ay=1, as=—-a=—-, ag=w=a;=a,=a;=0,
2n
(15) an extended generalized Ws—¢-recurrent if
1
610:1, ay = —ds = ——, a1:a3:a4:a6:a7:0,
2n

(16) an extended generalized Wg—¢-recurrent if

1
ay=1, a=—a=—7, w=a3=a4=as=a; =0,
2n
(17) an extended generalized W;—¢-recurrent if
1
a():], ay = —ad4 = — 74—, azza3:a5:a6:a7:0,
2n
(18) an extended generalized Wg—¢-recurrent if
1
a0:17 ay = —dadz = ——, a2:a4:a5:a6:a7:0,
2n

(19) an extended generalized Wo—¢-recurrent if

1

ay =1, a3:—a4:ﬂ, a=a, =as =as =a; = 0.

Theorem 4.5. If a (2n + 1)-dimensional Sasakian manifold
M En.g) n=1, is an extended generalized T—¢-
recurrent such that ap + 2na; + a> + a;#0, then M7 is
generalized Ricci-recurrent if and only if the following relation
holds:

[BW) — AW){2n(az + a5 + as + ag) — ay — rar} — azdr(W)]
ay + 2na; + a, + a;
) (V0. 2) (Vw2
+8(VwQ)Z,Y) = n((VwQ)Z)n(Y)]
2(ao +(2£:al+fiz + @) [{S(¢W.Z) = 2ng(dW, Z) }n(Y)
+{S(¢W.Y) = 2ng(dW, Y)}n(Z)]
—0.

n(Y)n(2)

(4.3)

Proof. Let us consider an extended generalized T—-¢-recurrent
Sasakian manifold. Then by virtue of (2.1), it follows from
(4.2) that

=(Vu D)X, NZ +n((VuT)(X, Y)Z)E
= A(W)[~T(X, Y)Z +n(T(X, Y)Z)&]| + BOW)[-G(X, Y)Z
+n(G(X, Y)Z)d],

from which it follows that

—&(VwT)(X,Y)Z, U) +n((VwT)(X, Y)Z)n(U)
= AW)[-g(T(X, Y)Z,U) + n(T(X, Y)Z)n(U)]
+ BW)[—4(G(X, Y)Z,U) + n(G(X, Y)Z)n(U)]. (4.4)
Let {e;i=1,2,...,2n + 1} be an orthonormal basis of the
tangent space at any point of the manifold. Setting

X=U=¢ in (44) and taking summation over
i, 1 <i<2n + 1, then using (1.2) and (4.1), we get
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—{ay+ (2n+)a; + ar + a: }(VwS)(Y,Z) — {as
+ 2nar ydr(W)g(Y, Z) — asg((VwQ)Y, Z)
—asg(VwQ)Z, Y) + ang((VwR)(&, Y)Z, &)
+a(VwS)(Y, Z) + ax(VwS) (&, Z)n(Y) + as(VwS)
X (Y,En(Z) + asg(Y, Z)n((VwQ)<)
+asn((VwQ) Y)n(Z) + asn((Vw@)Z)n(Y)
+ ardr(W){g(Y, Z) = n(Y)n(Z)}
= AW)[~{a + 2n+ Day + ay + a3 + as
+as}S(Y,Z) — {as + 2na; }rg(Y, Z)
+am(R(EVZ) +aS(Y,Z) + {a,
+as}S(E, Zn(Y) + {as + as}S(Y, n(Z)
+asS(&,8)g(Y, Z) + arr{g(Y, Z) — n(Y)n(2)}]
+ B(W)[—(2n—1)g(Y,Z) — n(Y)n(Z)]. (4.5)
Using (2.8), (2.9) and (2.11) and the relation g((VwR)

X, Z,U) = —g(VwR)(X, Y)U, Z), we have
{ap + 2na, + a + a:} (Vi S)(Y, Z2)

= A(W){ay + 2na, + a + a3 + as + a5} S(Y, Z)
+[2n — 1)B(W) + {ao + 2na; }{ A(W)r — dr(W)}
— AW){ao + 2nas + ras} + azdr(W))g(Y, Z)
+ [B(W) — A(W){2n(ay + a3 + as + as) — ag
—raz} — ardr(W)n(Y)n(Z2) — asg(VwQ) Y, Z)
= n(VwQ) Y)n(Z2)] — as[g((VwQ)Z, Y)
=n((VwQ)Zn(Y)] + a[S(dW, Z)
= 2ng(pW, Z)In(Y) + as[S(¢W, Y)
= 2ng(pW, Y)n(Z). (4.6)

Interchanging Y and Z in (4.6), and then subtracting the resul-
tant from (4.6), we obtain by symmetric property of S that

This implies M>"*! is generalized Ricci-recurrent. ]

Theorem 4.6. An extended generalized t—d-recurrent Sasakian
manifold M?" 1 (p, &, n, g), n = 1, such that

2(ay + 2nay) + ax + a3
2(ay + 2nay + ar + as)

#0
is an Einstein manifold.

Proof. Substituting Z = ¢ in (4.7) then using (2.2(b)) and (2.9)
we get

(VwS)(Y;9)
B {A(W) [2n{ay + 2na; — ay} + r{ao + 2na;}] + 2nB(W) — {ay + 2mz7}dr(W)} v
- ay + 2nay + ay + as 1(Y)

(a2 + a3)
2(ag + 2nay + ay + as)

Replacing Y by ¢ Y in (4.8) and then using (2.1(b)) we have

(az + (13)
2(ap + 2na, + a; + a3)

- 2l’lg((]5W, ¢Y)}

Using (3.10) we obtain from above relation that

{S(W.Y) - 2ng(¢W, V)}. (4.8)

2(ap + 2nay) + a + a3
2(ap + 2na; + a; + a3) {S(@W, oY) = 2ng(¢W, ¢ Y)}

=0. (4.9)

If%m # 0, then by virtue of (2.3) and (2.10), relation

(4.9) yields
S(Y, W) =2ng(Y,W). O

(4.10)

Corollary 4.2. Ler M?"! be a 2n + I-dimensional, n > 1,
extended generalized T—¢-recurrent Sasakian manifold such that
ap + 2na; + a, + a3 #0. Then the associated 1-forms A and B
are related by

as + dag
(VwSX2) =AM V4 o T a) S 2)
N [(2n — 1)B(W) + {ay + 2na; }{A(W)r — dr(W)} — A(W){ay + 2nas + raz} + azdr(W)) o(1.2)
ap + 2na, + a, + az
[B(W) — A(W){2n(ar + a3 + as + ag) — ay — ra;} — a;dr(W)] (as + ag)
+ ay +2na; +a, + az n(Y)n(2) - 2(ay + 2na; + a; + as)
(a2 + a3)

x[g(VwQ)Y, Z) = n((VwQ) Y)n(Z) + g(VwQ)Z. Y)

—n((VwQ)Z)n(Y)] +

2(ay + 2na, + a; + a3)

X [{S(¢W, 2) = 2ng(¢W, Z)}n(Y) + {S(W, Y) = 2ng(¢p W, Y) }n(Z)]. (4.7)

If the relation (4.3) holds, then the above relation can be re-
duced to

VS=4, 0S5+ B g,
where

A (W) = AW) |1 4 — %

ap + 2na, + a, + az

and

2nB(W) + {ao + 2na; }{A(W)r — dr(

— 2na; +a4<1 —i) - ra7}A(W) —Q—%

X [as + 2naq]dr(W) (4.11)

for any vector field W e y(M).

Consequently, we have the following:

B/(W) =
(W) ap + 2na, + a, + as

W)} — A(W){ay + 2nay + raz} + azdr(W)) .
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Sasakian manifold B(W)=
Extended generalized Cs—¢-recurrent {a+ (2n—1)b} Km - I)A(VV) - 211(2n+{)dr(W)]
Extended generalized C—¢-recurrent 0

Extended generalized L—¢-recurrent
Extended generalized V—¢-recurrent

Extended generalized P«—¢-recurrent
Extended generalized P—¢-recurrent
Extended generalized M—¢-recurrent
Extended generalized W,—¢-recurrent
Extended generalized Wj; — ¢-recurrent
Extended generalized W ,—¢-recurrent
Extended generalized W} — ¢-recurrent
Extended generalized W,—¢-recurrent

Extended generalized W3—¢-recurrent

Extended generalized W,—¢-recurrent
Extended generalized Ws—¢-recurrent
Extended generalized W¢—¢-recurrent
Extended generalized W;—¢-recurrent

Extended generalized Wg—¢-recurrent
Extended generalized Wo—¢-recurrent

e LA — dr(W))
[71 +m]A(W) — s dr(W)

({)a+ (2n - 1)b} Km . I)A(W) - m}
0

0

—24(W)

—24(W)

Gz [{r = 2020+ D}YA(W) — dr(W)]
(2,]1)2 [dr(W) —{r + 2n(2n — 1)} 4(W)]

S

S l{2n = r}A(W) + dr(W)

(=]

L {r —2n(2n + 1)}A(W) + dr(W))

n)?

Proof. By plugging Y by ¢ in (4.8), we have (4.11). [

It is also observed from the above corollary that, in an ex-
tended generalized 7T-¢-recurrent Sasakian manifold if 7 is
equal to C, P, M, Wy, W}, W, Ws, then the 1-form B vansi-
hes (that is, B = 0). Which is not possible. Hence we can state
the following:

Theorem 4.7. There exists no extended generalized
{C, P, M, Wy, Wi, We, Wy }—QS-;‘ecurrenl Sasakian manifold.

5. Example of extended generalized ¢-recurrent Sasakian
manifolds

Theorem 5.8. There exists a 3-dimensional extended general-
izedp-recurrent Sasakian manifold, which is neither ¢-recurrent
nor generalized ¢-recurrent.

Proof. We consider a 3-dimensional manifold M = {(x,y,z)
e R, (x,y,z) # 0}, where (x,y,z) are standard coordinates
of R’. The vector fields

0 0 0 10
“ox Yo BTa BT3a:

are linearly independent at each point of M. Let g be the Rie-
mannian metric defined by

E,

g(E]7E3) :g(El7E2) :g(EZ,E%) =0
g(Er, Er) = g(Ex, Er) = g(Es5, E3) = 1.

Let n be the I-form defined by n(U) = g(U,E3) for any
U € y(M). Let ¢ be the (1, 1) tensor field defined by

O(E1) = Er, $(Ex) = —Ei, ¢(E)=0.

So, using the linearity of ¢ and g, we have

n(ks) =1,
$’Z=—-Z+n(2)E;,
2(PZ, oW) = g(Z, W) — n(Z)n(W),

forany Z, W € y(M). Then for E5 = ¢, the structure (¢, &, 1, g)
defines an almost contact metric structure on M. Let § be
the Levi-Civita connection with respect to metric g. Then we
have

[E[,Ez] = 2E37 [E[,Eg] = 0, [Ez/Eg} = 0

Using the Koszula formula for the Riemannian metric g, we
can easily calculate

VElfz3 = -k, vE3E3 =0, VE2E3 = E,|.
Vie,E, =0, VpkE=FE;, VgE =—E;.
vE‘ El = 0’ VE%EZ = E17 vE;E‘l = _Ez.

From the above it can be easily seen that (¢, &, 1, g) is a Sasakian
structure on M. Consequently M>(¢, &, , g) is a Sasakian man-
ifold. Using the above relations, we can easily calculate the non-
vanishing components of the curvature tensor R as follows:
R(E17E2)El = 3E2> R(E17EZ)E2 = _3El7

R(E,,E5)E, = E>, R(E,E)E = E,

R(E,E)E=E;, R(E,E)E=E,,

and the components which can be obtained from these by the
symmetry properties.

Since {E), E,, E3} forms a basis of the 3-dimensional
Sasakian manifold, any vector field X, Y, Z € y(M) can be
written as
X=aE\ +bE)+c E;,

Y=k +bhE, + ks,
Z = a3 Ey + by Ey + 3 B3,

where a;, b;, c; € R* (the set of all positive real numbers),
i=1,2,3. Then
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R(X, Y)Z = [(016‘2 — C][lz)C} — 3((11[)2 — blaz)b3]E1
+ [(bics — e1ba)cs + 3(arby — biaz)as|E,
—[(bica — c1b2)bs + (arc2 — c1ar) @3] Es, (5.1)

G(X7 Y)Z = (612613 + b2b3 + C2L‘3)(01E1 + b1E2 + C]E3)
— (a1a3 + bib; + C1€3)(02E1 + b B, + L‘2E3). (52)

By virtue of (5.1) we have the following:

(VEI R)(X, Y)Z = 4[(611[)2 — b][lz)((13E3 — C3E1) + ((1102
- C]H2)(H3E2 — b}El)}, (53)

(VEZR)(X7 Y)Z = 4[(a1b2 - blaz)(b3E3 - C3E2) - (1716‘2
— 1)) (a3 E> + b3 EY)], (5.4)
(V&R)(X,Y)Z =0. (5.5)

From (5.1) and (5.2), we get

H*(R(X,Y)Z) = wE, + wmE, and ¢*(G(X, Y)Z)
=nE +nk,

where

uy = —[(alt‘z - Cla2)6’3 - 3(¢l1b2 - bltlz)baL

Uy = —[(bl(,'z — Clbz)(,':; + 3(¢l|b2 — blaz)(/l3]7

vV = az(b|b3 + C1(,’3) — (l|(b2b3 + Cz(,‘g),

V) = bz(él|a3 + C1(,’3) — b|(d2tl3 + Cz(,‘g).

Also from (5.3)—(5.5), we obtain

¢*(VER)(X, Y)Z) = p,E\ + q,E, fori=1,23, (5.6)
where

pr=4[cs(a1by —biay) + bs(a1c; — c1a0)], q, = —4az(a1c, — c1a2),
P, =4bs(bica —c1by), q, =4[cs(arby —bian)es+as(bica — e1by)],
p3=0, ¢;=0.

Let us now consider the 1-forms as

A(El)zvzpl _qu]’ B(El):ulq] _“2P17
Uvy — Upxvqy uyvy — upv

A(E) = urq, — p; . B(E) = ug, — ”2172’ (5.7)
uyvy — Uy uyvy — Uy

A(E;) =0, B(E;) =0,

where  vopy —vig1 20, gy —uwop1 #0,  wgqr — uxpy #0,

u1qs — uapr 0, uyvy — upvy #0. From (3.1) we have
P (VR)(X, Y)Z) = A(E)¢*(R(X, Y)Z
+ B(E)$*(G(X, Y)Z,i
=1,2,3. (5.8)
By virtue of (5.6)—(5.8), it can be easily shown that the mani-
fold satisfies the relation (5.8). Hence the manifold under con-
sideration is a 3-dimensional extended generalized ¢-recurrent

Sasakian manifold, which is neither ¢-recurrent nor general-
ized ¢-recurrent. [
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