Journal of the Egyptian Mathematical Society (2013) 21, 21-24

Egyptian Mathematical Society

| | | Journal of the Egyptian Mathematical Society

www.etms-eg.org
www.elsevier.com/locate/joems

ORIGINAL ARTICLE

On a class of entire functions represented by Dirichlet series

Niraj Kumar *, Garima Manocha

School of Applied Sciences, Netaji Subhas Institute of Technology, Sector 3 Dwarka, New Delhi 110 078, India

Received 11 August 2012; revised 22 October 2012; accepted 31 October 2012

Available online 14 December 2012

KEYWORDS

Dirichlet series;

Banach algebra;

Topological zero divisor;
Division algebra;
Continuous linear functional

MATHEMATICS SUBJECT CLASSIFICATION:

Abstract The present paper deals with the study on a class of entire functions represented by
Dirichlet series whose coefficients belong to a commutative Banach algebra with identity. We con-
sider a class of such series which satisfy certain conditions and establish some results.
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1. Introduction
Let

o0
5) = E ae™,
n=1

and E be a commutative Banach algebra with identity element
e, such that[le,]| = 1. If a5 belong to E and 4,s € R which sat-

s=o0+it, (0,t€R) (L.1)

isfy the condition 0 < A, <l < Az--- < A, --- 34, — 00 as
n — oo and

! N

i 1ogllanll _ (1.2)
n—oo n

. 1

lim sup 0{; "_K<oo (1.3)
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Then from [1] the Dirichlet series (1.1) represents an entire
function. Recently some properties of such type of series were
discussed by Srivastava and Sharma in [2-5]. In this paper let F
be the set of series (1.1) for which 25 elen=alti|q,|| is
bounded where ¢, ¢; = 0 and ¢, ¢, are simultaneously not
zero. Then every element of F represents an entire function. If

Ea e and g(s Zb e

Define binary operation i.e. addition and scalar multiplication
in F as
o0
(an + by) e,
=1

n

2 fls) = i(a @),

n=1
fls)-gls) = D[z el lha,b,] &
n=1

So far many authors considered set of entire functions with
weighted norms and studied results on it. In the present paper
we generalize the weighted norm by taking the conditions of
papers [6,7] and prove some results which would further be
useful in the study of the spaces like FK-space, Frechet space,
and Montel space. Using the results of this paper the spectrum
of the set can also be determined.
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The norm in F is defined as follows:

00

“f“ — Z)”:;M” e{cznﬂq})ﬂ,”an”.

n=1

(1.4)

If a5 belong to the set of complex numbers, ¢, = 0, ¢; = 1
gives the norm as defined in [6]. Again if ¢; = 1, ¢, = 0 we
get the condition as defined in [7].

2. Main results

In this section we prove our main results. For the definitions of
terms used we refer to [8,9].

Theorem 1. F is a commutative Banach algebra with identity.

Proof. In order to prove the above theorem we first show that
Fis complete under the norm defined by (1.4). For this let {f;, }
be a cauchy sequence in F. For given € > 0 we can find k such
that

where ki, k, = k

”f/»] _f/»zH <e€

This implies that

o0
E 2 eten—a }"”Hakln — Q|| < € where ki, ky = k.
n=1

This shows that {a,,} forms a cauchy sequence in a Banach
space E for every value of n > 1 hence converges to a,.
Therefore f;, — f. Also

o0

0
Z/l:,l I e{c;rhq Yon | a, H < Z}h’?in e{L‘zVI*L'l}/ln ||ak1n —a, H

n=1 n=1

o0
+ Z;f’lin e{('znﬂ',}/l,, HaklnH'
n
n=1

Hence f € F.
If £, g € F then

1A can—cy b
ay by 2" et t d

o0
Hfg“ = § /"L('IZII e{cznﬂ-l }/1,1|
' n
n=1

x "
< E /’{;1/41 e{cznfcl}/lm

n=1

|anH _/’L;])‘n e{vznﬂ'l }/‘~n|

ball = 1] - ligl

The identity element in F is
G(S) — Zeﬂ /‘Ln*CIZn e{clfczn}/l,, e/l,,,y‘
n=1
This completes the proof of the theorem. O

Theorem 2. The function f(s) = .- a,e™ is invertible in F if
and only if

{Hdn quin e{(f[*(‘zn}/},
n

I}

is a bounded sequence where d, is the inverse of a,,.

Proof. Let f(s) be invertible and g(s) =Y o2 b.e™* be its
inverse then f(s) - g(s) = e(s). This implies that

3y can—cy b, 1—C14, c1—can}ly
)vnl n ple I}nanbn:en J 1 pler—can}in

or equivalently one can write

j':;l/ln e{cznfcl}/l,,bn =e¢, {/1;1 In e{z'zn—z'l}i.,,an}—l
/1;1/1” e{(‘;n—cl}z,,anH _ Hen {/AL;M” e{(-y;—(']}z,,an}flu
;L;;l/ly, e{czn—cl}}v,,Hb”H — Hen a—] ;L—cl/l,, e{cl—czn}/l,,H

n n

|an _ Hdn A;L‘Mn e{q—uzn}/,,,

Since g(s) € F hence {||d, 2, el“=<"||} is a bounded
sequence.

Conversely suppose {||d, 4, " el==" ||} be a bounded
sequence. Define g(s) such that

A;l Jn e{ can—ci Y

_ 1=2¢c14n {2¢1=2can}0y ,—1 ins
g(S) - E €n An e an €

n=1

Obviously g(s) € F. Moreover

f(S) . g(é) _ Z{(an e, ;V;ZL‘I/A.,, 6{2(.172[2@}” a;l) ;';1/".,1
n=1

e{czn—q }Z,,} e/l,,x — e(S)

Hence the theorem. [J

Theorem 3. A necessary and a sufficient condition that an ele-
ment f(s) of F be a topological zero divisor is that

lim 7% el =trlq, || = 0

n—oo

Proof. Let the given condition holds. We need to prove that

f(s) is a topological zero divisor. Construct a sequence {g,}

such that

00

g ()) _ Afcl/".u e{q—c;n}i,, e/l,,.v
n § n

n=1
Thus for alln > 1, g, € F and ||g,/|=1.

Now

8u(5) - fl5) = (s) - 8,(s)

[/«b;q/l,, e{ul—('zn}/l,, a, )v;;l;'” e{('zn*('l}ir:]elu-V

I
NgE

AnS

Il
NgE

8

(o]

3
I

Therefore

00
lgw Al = IF-gull = D A el a, |
n=1

Asn— oo

Thus f{ss) is a topological zero divisor.
Conversely suppose if possible the given condition is not
true that is

lim /1;‘)‘” elern—e V‘”Ha”H =a>0

n—oo
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Then given n with 0 < 5 < o we can find an integer ny > 1
such that for all n = nqy

)»(.I I e{cznfcl Yon |
n

a|| >o—n

hold true. Also since f{s) is a topological zero divisor therefore
there exists an arbitrary sequence {g,} of elements in F with
unit norm such that for all # > 1 one has

gr(S) = the}ﬁy? Z ;vfl;»l ‘){CZFCI}ZIHer =1
=1 =1

Next for given e satisfying 0 < e < 1 there exists an integer N,
and a subsequence {n;} of the sequence of indices {n} such that

aom elen—adbin||p > 1 —€ foralln=mn > N,

Hence we have

20 eleam=alin Ly plan=clig . p |1} > ¢ >0 for all n;
>N,

Therefore

[1/(s) - &, (s)]|-»0

which is a contradiction to the fact that f{s) is a topological
zero divisor. Hence our initial supposition is not true. This
completes the proof of the theorem. [J

Theorem 4. F is not a Division Algebra.

Proof. Let

p(s) _ Z {n—lllnfc‘l/".” g{q—cgn}/l”} (:'Z"S
n=1

p(s) € F and does not possess inverse in F.
Let if possible

g(5) = >_doe™
n=1

be its inverse. Hence
p(s) - q(s) = e(s)

00
= § {n—l/l;q/.y, e{cl—(’zn}/h,, dn i:;]/.” e{(’gn—q}/.,,}e/‘,,s
n=1

o0
:§ :en ;L;q/ﬁ,l e{(:l—czn}/l,,e/l,,s = dn
n=1

n e, - ela=ami does not belong to F.

n

Hence the theorem. [

Theorem 5. Every continuous linear functional 0:F — E is of the
form

O(f) — Z ay, dn ;v;;l/ﬁn e{czn—q}/i,,
n=1

where

fls) = ian e

and {d,} is a bounded sequence in E.

Proof. Let us first assume that 0:F — E be a continuous linear
functional.

Then since 0 is continuous

0(/) = 0(lim /)

N—oo

where

N N
S (s) = Zan e = 0(f) = 9(1\l/im Z a,e™)
n=1 =

Now let us define a sequence {f,} C F as

f,,(S) _ /'Lfcl/".n e{(‘l—cgn}/i,, e/i,,.v
. n

N—oo

N
00) = 0(lim >~ a, 7 el>rette f)
n=1

N
— lim a, j’:l/h,, e{bzn—cl}/w 0(](”)

N—oo
n=1

Since 0 is a linear functional therefore
OC 4 N
0f) =dy = 0() =D ay dy 27 el
n=1

Now we show {d,} is a bounded sequence in E.
lldall = 1001 < MIIfll

and [f,]| = 1

= |dull < M

Thus {d,} is a bounded sequence.
Conversely let {d,} is a bounded sequence in E satisfying

0(]() = Z ay dn )v;l}‘" e{czn—q };"”
n=1

Then 0 is well defined and linear. Now

00

10N = llawd|

n=1

Jorin glen=ath

o0
< Nl lldal| 207 et < |

n=1

Thus 0 is a continuous linear functional. [
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