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2000 MATHEMATICS SUBJECT CLASSIFICATION:

In the present paper, we introduce several subclasses of analytic functions, which are
defined by means of generalized integral operator and investigate various inclusion properties of
these subclasses. Some interesting applications involving these and other families of integral oper-
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1. Introduction

Let A denote the class of function f{z) of the form:
flz) :z+Za,,z”, (L.1)
n=2

which are analytic in the open unit disk U={z:z¢€
C and |z| < 1}. If fand g are analytic in U, we say that fis sub-
ordinate to g, written f'< g or f(z) < g(z), if there exists a
Schwarz function m, analytic in U with »(0) = 0 and | w(z)| <
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1 (z € U), such that f(z) = g(w(z)) (z € U). In particular, if the
function g is univalent in U, the above subordination is

equivalent to f{0) = g(0) and f{U) c g(U).
For two functions f{z) given by (1.1) and g(z) given by:

g =z+) b (1.2)
n=2

their Hadamard product (or convolution) is defined by:

(f * g)(z):Z—O—Zanb,,Z":(g * f)(z). (1.3)

n=2
For 0 < o < 1, we denote by S"(2) and C(2) the subclasses of
A consisting of all analytic functions which are, respectively,
starlike of order « and convex of order o in U.
Let P, (a) be the class of functions p(z) analytic in U satis-
fying the properties p(0) = 1 and
/ T 19R{p(z)} — o
0

0 < kr, 1.4
1 a do < kn (1.4)
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where z = re””, k > 2 and 0 <« < 1. This class was intro-
duced by Padmanabhan and Parvatham [4]. For a = 0, the
class P, (0) = P, was introduced by Pinchuk [3]. Also we note
that P, (o) = P(x), where P(x) is the class of functions with
positive real part greater than o and P,(0) = P, where P is
the class of functions with positive real part. From (1.4), we
have p(z) € Pi(a) if and only if there exists p,, p, € P(x) such
that

po = (G+3)n@ - (5-3)ne Geu (15)

It is known that [6]the class P, (o) is a convex set.

Making use of the class P, (o), we introduce the subclasses
S; (o) and Ci(a), 0 < o < 1, of the class A which are defined
by:

(o) = {fe A Zj:(g) € Py(0) in U}, (1.6)
Ci(o) = {fe A (Z?((ZZ))) € Pi(a) in U}, (1.7)

We note that
S5(0) = S(2) and Cy(a) = C(a).

For complex parameters ai,...,a;bi,..., b, (bj¢ Z; =
{0,—1,-2,...}; j=1,...,s), the generalized hypergeometric
function ,Fy(ay,...,as by,...,bs z) is given by:

(@), (ay), 2
?bS;Z - #_
) "Z;(bl)n...(bs)ﬂ n!
(g<s+1;q, seN,
=NU{0}, N

={1,2,.. };z € U), (1.8)

qFr(ah-"?aq; bl7"'

where (x), is the Pochhammer symbol (or the shifted factorial)
defined (in terms of the Gamma function) by:

) —f<x+n>_{1 (n=0),
"o I(x) \xx+1)...(x+n—1) (meN).
(1.9)
Corresponding to a function A(ay,...,agz by,...,bs z) de-
fined by:
h(ay, ... a.b1,...,bsz) =z,F(ay,...,a.by,...,bgz).
(1.10)

Dziok and Srivastava [8] considered a linear operator
H(ay,...,a.;b1,...,b,) : A— A defined by

,by) f(2)
yb;z) * fl2)

_ = (ar), - (a,), )
7Z+Z(bl),,,1~--(bs)n71(n_1)1anz~ (1.11)

n=2

H(al,..
= h(ay,..

.,dq;bl,...

.7a,,;b|7...

We note that many subclasses of analytic functions, associ-
ated with the Dziok—Srivastava operator and many special
cases, were investigated recently by Aghalary and Azadi [17],
Dziok and Srivastava [13,14], Liu [15], Liu and Srivastava
[16] and others.

Corresponding to the function A(ay,. . .,ag; by, ..., by z), de-
fined by (1.10), we introduce a function Z,(a,...,a,; bi,..., by
z) given by:
h(ay, ... a;b1, ..., bgz) « hy(ar,... a4, b1,...,b52)

ZW (n>0).

Analogous to H(ay,...,a, by,..
introduced the linear operator

(1.12)

.,by), Kwon and Cho [18]

H(ay, .. b)) A— A

.,a,,;b.,...

as follows:

H'(ay,...,a.b1,...,b5) flz) =hy(ar,...,a5b1,...,bs2) * f(z2)
- (/l)nfl(bl)nq"'(bs)nf] n
=4 a,z
; (al)nfl e (aq)nfl
(a;,bje C\Zy,i=1,....5,j=1,...,q;4>0;f€ A;z € U).
(1.13)

Forg =5+ 1 and a, = by,..
H' (..
Hz(l,...,aq;bl,...

.,a, = by, we note that
b)) flz) = flz) and
,by) flz) = 2f'(2).
For convenience, we write
Hg,s(al) = HZ(al, coag by, by).

.,aq;bl,...

It is easily verified from the definition (1.13) that

(2, (@12)) = wHE @A) = (= DHE (@)f(z) - (1.14)
and

z(ngs(al +Df(z)) = ale]‘_’S(al)f(z) — (a1 — I)Hg”‘(al + Df(2).
(1.15)

In particular, the operator Hy (A4 1,1;1) (1> 0;4 > —1)
was introduced by Choi et al. [12], who investigated (among
other things) several inclusion properties involving various
subclasses of analytic and univalent functions. For
A=nneNy) and pu =2, we also note that the Choi-
Sago—Srivastava operator Hy,(4A+ 1,1;1) is the Noor integral
operator of n-th order of f(z) studied by Liu [11] and Noor
[9]and Noor and Noor [10].

Next, by using the operator H) (a1), we introduce the fol-
lowing classes of analytic functions for k£ >2, u >0,

a;eC(i=1,...,9),bjcC\Z,(j=1,...,5) and 0<a <1

as follows:

Stemara) = {1 € Az Hy (a)fiz) € S;(2) }, (1.16)

Crgs(ptyar;o) = {fe A:HY (a)f(z) € Ck(ac)}. (1.17)
We also note that

A2) € Crygs(p,ar; ) <= 2f'(2) € S, (1w, ar;2). (1.18)

In particular, we set

S;‘q,s(ﬁh ap; OC) = S:;y(:u7 ap; OC) and C2,q,s(iu7 ap, OC)
= C,N(,Ll, ap; OC).
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In this paper, we investigate several inclusion properties of
the classes S;,Tq_x(,u, ay;a) and Cy, (1, ay; o) associated with the
generalized integral operator HY (a1). Some applications
involving integral operators are also considered.

2. Main results
The following results will be required in our investigation.
Lemma 1 5. Let ¢(z) be convex univalent in U with ¢(0) = 1

and R{Pp(z) + 7y} >0 (B,y € C). If p(z) is analytic in U with
p0) = 1, then

zp/'(2)
P+ B < 9(6) 1)
implies
p(2) < ¢(2). (2.2)

Theorem 1. Let k > 2 and ay, p > 1. Then,

Slt.q,.v(.u+ 17a1 706) c S/iq,s(iuva| 7“) c Slt,q‘s(:u’al + I’OC) (0 <a< 1)

Proof. First of all, we will show that

S,f.’q‘s(u + 1l,a1;0) C S,’:,(N(,u7 ar; o).

Let f€ S;,(u+1,a1;0) and set
. (1 (a)fi))
P m (afe)

where p(z) is analytic in U with p(0) = 1. Using (1.14) and
(2.3), we have

(@)

(zeU), (2.3)

zp'(2)
. =p(z)+———€Pi(a) (k
H;+1(a1)f(2) p( ) p(Z) +u— 1 k( ) (
=>20<a<;ze ). (2.4)
Our aim is to show that p(z) € Pe(x). If
p(z) + p(_ff Jr(ﬂ)q € Pi(a), then there exist two functions

hi(z), hy(z) € P(a) such that
2p'(z) (k1 ko1
= (s )0 - (G-5)e0
Now let

14+ (1-20)z

11—z

(2 =pi(z) 42

e (i=1,2;0<a<1),

(2.5)

since u > 1, we see that

1+ (1 —20)z
9%{71

+,ufl} >0 (0<a<l;zeU).
Applying Lemma 1 to (2.5), it follows that

14 (1 —2a)z
-z

pi(z) <

This means that R(p,(z)) > «, i = 1,2. Now, if

(i=1,2,0<a<1).

13
20 = (5+3)n@ - (5-3) )
then p(z) € Pi(a), that is, f'€ S, (1, a1;2).
To prove the second part, let ' € S,’;%_v(,bt7 ap; o) and put
(B + 1)
q(z) = HZ‘S(al Yy z e U), (2.6)
where ¢(z) is analytic function with ¢(0) = 1. Then, by

using the arguments similar to those detailed above with
(1.15), it follows that g€ Pi(a) in U, which implies
that f€ S;, (u,a1 + ;). This complete the proof of
Theorem 1. O

Theorem 2. Let k > 2 and a, p > 1. Then,

Crys(u+1,ai;0) C Crgs(yar;0) C Crgs(pyar +1;0) (0<a<1).

Proof. Applying (1.18) and Theorem 1, we observe that

S(2) € Crgs(u+ L a;0) <= HZil(au)f(Z)
€ Celo) = =(H (@)
€ Si(o) <= Hy () (2f'(2)) € Si(w) <= 2/'(2)
c S}zw p+1a;0) = zf'(2)
(by Theorem 1) <= f{(z)
(by Eq.(2.7)),

)
(
€ Slt,q,s(:u7 ap; O()

S Ck,q..s(ﬂ7 ap; O() (27)

N2) € Crgs(p,ar; o) <= zf'(2) € S}, (w,a1;2)  (by Eq.(2.7))

= zf'(2) € S; ., (a1 + ;) (by Theorem 1) <= f(z)
S Ck.,qg‘(.ua ap + 17 O()a

which evidently proves Theorem 2. [

Remark 1. Taking k = 2 in Theorems 1 and 2, respectively, we
obtain the results obtained by Kwon and Cho [18, Theorems
2.3 and 2.4, respectively].

3. Inclusion properties involving the integral operator

In this section, we consider the generalized Libera integral
operator F(cf. [1,2,7]) defined by

_c+1
-

F()(2)

/Zt"*‘f(t)dt (fe Aye>-1). (3.1)
0

We first prove the following theorem.

Theorem 3. If f€ S, (w,ai;0), then Fc(f)(z) € Sp , (1, ar; o)
(k 22,¢>0).

Proof. Let /€ S;

k,q,s(:u7 a; fX) and set

=(Hy (@) F(())
Hy (a)Fe(/)(2)
where p(z) is analytic in U with p(0) = 1. From (3.1), we have

p(e) = (e ), (3.2)
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(ML (@) F(N(E)) = (e DH (@)fe)
— cHy (a)Fe(/)(2). (3.3)
Then, by using (3.2) and (3.3), we obtain

Hﬂ . 1 zZ
(c+ 1)—HZ)(([(§1$;{F)(]$‘))(Z) =p(z) +ec. (3.4)

Taking the logarithmic differentiation on both sides of (3.4)
and multiplying by z, we have

o (M)

z)+ = € Pr(a
POt e L@
(k220<a<1;z€ ). (3.5)
Our aim is to show that p(z) € Pi(a). If p(z) +;(”:’)<2, €

Pr(a), then there exist two functions /;(z), h(z) € P(a) such
that

() — (o) 4P
hi(z) =pie) +

<a<l), (3.6)

1 _
- + (1 =2a)z
-z

(i=1,20

since ¢ > 0, we see that

‘R{MJrc} >0 (0<a<l;zeU).
—Z

Applying Lemma 1 to (3.6), it follows that

14+ (1 —2a)z

1—=z

pi(z) <
This means that R(p,(z)) > o, i =

p0) = (5+3)n@ - (5-3) o)

then p(z) € Pi(w), that is, F.(f)(2) € S, (w,a@;0). O

i=1,20<a<1;ze ).

1, 2. Now, if

Next, we derive an inclusion property involving F.(f)(z),
which is given by the following theorem.

Theorem d. If f € Cpys(. ar; o)., then Fo(f)(z) € Cp g1, ay;
w) (k=>2¢20).

Proof. By applying Theorem 3, it follows that

f(2) € Crgs(par;0) <= zf'(2) € S, (w, ar50) = Fo(zf'(2))
€ S ,s(,ar;0)  (by Theorem 3) <= z(F.(f)(z))’
€ S]t.zp.v(n”’ al; 0() ~ Ft(f)(z) € Ck:q‘é‘(.ua al; OC),
which proves Theorem 4. [
Remark 2. Taking k = 2 in Theorems 3 and 4, respectively, we

obtain the results obtained by Kwon and Cho [18, Theorems
3.1 and 3.2, respectively].

Theorem 5. The class

Si

function f(z) belongs to the

(u,ar;0) (or Crys(p,ar;o) if and only if the function

g(;[j defined by:
€0 =25 [ e fod @w>0) (37)

belongs to the class S, (u+1,a1;2) (or Cpgs(u+1,a1;2)).

Proof. From (3.7), we have

1(z) = (n—1)g(z) + z¢'(2). (3.8)
Using (1.14) and (3.8), we can write

L (@)f(2) = (1= DH} (@)g(z) +2(H (a)g(2))
= pHy} (a)g(z2).
Therefore
Hy (a)f(z) = Hy ' (a1)g(2)
and this proves our result. [
class

Theorem 6. The function f(z) belongs to the

S, (i@ + 1) (0 Cug,(ar + 132) if and only if the func-
tion r(z) defined by:
ay : a1 —2 41
r(z) = g / “"flodt (a > 0) (3.9)
0

belongs to the class Sy, (u, ar;2) (or Cygi(u, ar; o).

Proof. From (3.9), we have

aif(z) = (a1 — Dr(z) + 27/ (2). (3.10)
Using (1.15) and (3.10), we can write
alel‘_S(al + l)f(Z) = (a1 — I)Hf;‘x(al + 1)}"(2)
(B o+ 1)) ) = (g + 1)r(2),

Therefore

H, (a1 + Df(z) = Hy (a)r(2),

which proves Theorem 6. [
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