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Abstract In the present paper, we introduce several subclasses of analytic functions, which are

defined by means of generalized integral operator and investigate various inclusion properties of

these subclasses. Some interesting applications involving these and other families of integral oper-

ators are also considered.
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1. Introduction

Let A denote the class of function f(z) of the form:

fðzÞ ¼ zþ
X1
n¼2

anz
n; ð1:1Þ

which are analytic in the open unit disk U ¼ fz : z 2
C and jzj < 1g. If f and g are analytic in U, we say that f is sub-

ordinate to g, written f p g or f(z) p g(z), if there exists a
Schwarz function x, analytic in U with x(0) = 0 and Œx(z)Œ <
.edu.eg (T.M. Seoudy),
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1 (z 2 U), such that f(z) = g(x(z)) (z 2 U). In particular, if the
function g is univalent in U, the above subordination is
equivalent to f(0) = g(0) and f(U) � g(U).

For two functions f(z) given by (1.1) and g(z) given by:

gðzÞ ¼ zþ
X1
n¼2

bnz
n ð1:2Þ

their Hadamard product (or convolution) is defined by:

ðf � gÞðzÞ ¼ zþ
X1
n¼2

anbnz
n ¼ ðg � fÞðzÞ: ð1:3Þ

For 0 6 a < 1, we denote by S*(a) and C(a) the subclasses of

A consisting of all analytic functions which are, respectively,
starlike of order a and convex of order a in U.

Let PkðaÞ be the class of functions p(z) analytic in U satis-

fying the properties p(0) = 1 andZ 2p

0

RfpðzÞg � a
1� a

����
����dh 6 kp; ð1:4Þ
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where z = reih, k P 2 and 0 6 a < 1. This class was intro-

duced by Padmanabhan and Parvatham [4]. For a = 0, the
class Pkð0Þ ¼ Pk was introduced by Pinchuk [3]. Also we note
that P2ðaÞ ¼ PðaÞ, where PðaÞ is the class of functions with

positive real part greater than a and P2ð0Þ ¼ P, where P is
the class of functions with positive real part. From (1.4), we
have pðzÞ 2 PkðaÞ if and only if there exists p1; p2 2 PðaÞ such
that

pðzÞ ¼ k

4
þ 1

2

� �
p1ðzÞ �

k

4
� 1

2

� �
p2ðzÞ ðz 2 UÞ: ð1:5Þ

It is known that [6]the class PkðaÞ is a convex set.

Making use of the class PkðaÞ, we introduce the subclasses
S�kðaÞ and Ck(a), 0 6 a < 1, of the class A which are defined
by:

S�kðaÞ ¼ f 2 A :
zf 0ðzÞ
fðzÞ 2 PkðaÞ in U

� �
; ð1:6Þ

CkðaÞ ¼ f 2 A :
ðzf 0ðzÞÞ0

f0ðzÞ 2 PkðaÞ in U

� �
: ð1:7Þ

We note that

S�2ðaÞ ¼ S�ðaÞ and C2ðaÞ ¼ CðaÞ:

For complex parameters a1; . . . ; aq; b1; . . . ; bs ðbj R Z�0 ¼
f0;�1;�2; . . .g; j ¼ 1; . . . ; sÞ, the generalized hypergeometric
function qFs(a1, . . . ,aq; b1, . . . ,bs; z) is given by:

qFsða1; . . . ; aq; b1; � � � ; bs; zÞ ¼
X1
n¼0

ða1Þn � � � ðaqÞn
ðb1Þn . . . ðbsÞn

zn

n!

ðq 6 sþ 1; q; s 2 N0

¼ N [ f0g; N

¼ f1; 2; . . .g; z 2 UÞ; ð1:8Þ

where (x)n is the Pochhammer symbol (or the shifted factorial)

defined (in terms of the Gamma function) by:

ðxÞn ¼
Cðxþ nÞ

CðxÞ ¼
1 ðn ¼ 0Þ;
xðxþ 1Þ . . . ðxþ n� 1Þ ðn 2 NÞ:

�

ð1:9Þ

Corresponding to a function h(a1, . . . ,aq; b1, . . . ,bs; z) de-

fined by:

hða1; . . . ; aq; b1; . . . ; bs; zÞ ¼ zqFsða1; . . . ; aq; b1; . . . ; bs; zÞ:
ð1:10Þ

Dziok and Srivastava [8] considered a linear operator
Hða1; . . . ; aq; b1; . . . ; bsÞ : A ! A defined by

Hða1; . . . ; aq; b1; . . . ; bsÞ fðzÞ
¼ hða1; . . . ; aq; b1; . . . ; bs; zÞ � fðzÞ

¼ zþ
X1
n¼2

ða1Þn�1 � � � ðaqÞn�1
ðb1Þn�1 � � � ðbsÞn�1ðn� 1Þ! anz

n: ð1:11Þ

We note that many subclasses of analytic functions, associ-

ated with the Dziok–Srivastava operator and many special
cases, were investigated recently by Aghalary and Azadi [17],
Dziok and Srivastava [13,14], Liu [15], Liu and Srivastava

[16] and others.
Corresponding to the function h(a1, . . . ,aq; b1, . . . ,bs; z), de-
fined by (1.10), we introduce a function hl(a1, . . . ,aq; b1, . . . ,bs;
z) given by:

hða1; . . . ; aq; b1; . . . ; bs; zÞ � hlða1; . . . ; aq; b1; . . . ; bs; zÞ

¼ z

ð1� zÞl ðl > 0Þ: ð1:12Þ

Analogous to H(a1, . . . ,aq; b1, . . . ,bs), Kwon and Cho [18]
introduced the linear operator

Hlða1; . . . ; aq; b1; . . . ; bsÞ : A ! A

as follows:

Hlða1; . . . ;aq;b1; . . . ;bsÞ fðzÞ ¼ hlða1; . . . ;aq;b1; . . . ;bs; zÞ � fðzÞ

¼ zþ
X1
n¼2

ðlÞn�1ðb1Þn�1 � � � ðbsÞn�1
ða1Þn�1 � � � ðaqÞn�1

anz
n

ðai;bj 2 C nZ�0 ; i¼ 1; . . . ; s; j¼ 1; . . . ;q;l> 0; f 2A; z 2UÞ:
ð1:13Þ

For q= s + 1 and a2 = b1, . . . ,aq = bs, we note that

Hlðl; . . . ; aq; b1; . . . ; bsÞ fðzÞ ¼ fðzÞ and

H2ð1; . . . ; aq; b1; . . . ; bsÞ fðzÞ ¼ zf 0ðzÞ:

For convenience, we write

Hl
q;sða1Þ ¼ Hl

pða1; . . . ; aq; b1; . . . ; bsÞ:

It is easily verified from the definition (1.13) that

z Hl
q;sða1ÞfðzÞ

� �0
¼ lHlþ1

q;s ða1ÞfðzÞ � ðl� 1ÞHl
q;sða1ÞfðzÞ ð1:14Þ

and

zðHl
q;sða1 þ 1ÞfðzÞÞ0 ¼ a1H

l
q;sða1ÞfðzÞ � ða1 � 1ÞHl

q;sða1 þ 1ÞfðzÞ:
ð1:15Þ

In particular, the operator Hl
2;1ðkþ 1; 1; 1Þ ðl > 0; k > �1Þ

was introduced by Choi et al. [12], who investigated (among

other things) several inclusion properties involving various
subclasses of analytic and univalent functions. For
k ¼ n ðn 2 N0Þ and l = 2, we also note that the Choi–

Sago–Srivastava operator Hl
2;1ðkþ 1; 1; 1Þ is the Noor integral

operator of n-th order of f(z) studied by Liu [11] and Noor
[9]and Noor and Noor [10].

Next, by using the operator Hl
q;sða1Þ, we introduce the fol-

lowing classes of analytic functions for k P 2, l > 0,
ai 2 Cði ¼ 1; . . . ; qÞ; bj 2 C n Z�0 ðj ¼ 1; . . . ; sÞ and 0 6 a < 1
as follows:

S�k;q;sðl; a1; aÞ ¼ f 2 A : Hl
q;sða1ÞfðzÞ 2 S�kðaÞ

n o
; ð1:16Þ

Ck;q;sðl; a1; aÞ ¼ f 2 A : Hl
q;sða1ÞfðzÞ 2 CkðaÞ

n o
: ð1:17Þ

We also note that

fðzÞ 2 Ck;q;sðl; a1; aÞ () zf 0ðzÞ 2 S�k;q;sðl; a1; aÞ: ð1:18Þ

In particular, we set

S�2;q;sðl; a1; aÞ ¼ S�q;sðl; a1; aÞ and C2;q;sðl; a1; aÞ
¼ Cq;sðl; a1; aÞ:
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In this paper, we investigate several inclusion properties of

the classes S�k;q;sðl; a1; aÞ and Ck,q,s(l, a1; a) associated with the
generalized integral operator Hl

q;sða1Þ. Some applications
involving integral operators are also considered.

2. Main results

The following results will be required in our investigation.

Lemma 1 5. Let /(z) be convex univalent in U with /(0) = 1

and Rfb/ðzÞ þ cg > 0 ðb; c 2 CÞ. If p(z) is analytic in U with
p(0) = 1, then

pðzÞ þ zp0ðzÞ
bpðzÞ þ c

� /ðzÞ ð2:1Þ

implies

pðzÞ � /ðzÞ: ð2:2Þ

Theorem 1. Let k P 2 and a1, l > 1. Then,

S�k;q;sðlþ1;a1;aÞ�S�k;q;sðl;a1;aÞ�S�k;q;sðl;a1þ1;aÞ ð06 a< 1Þ:

Proof. First of all, we will show that

S�k;q;sðlþ 1; a1; aÞ � S�k;q;sðl; a1; aÞ:

Let f 2 S�k;q;sðlþ 1; a1; aÞ and set

pðzÞ ¼
z Hl

p;q;sða1ÞfðzÞ
� �0
Hl

p;q;sða1ÞfðzÞ
ðz 2 UÞ; ð2:3Þ

where p(z) is analytic in U with p(0) = 1. Using (1.14) and
(2.3), we have

z Hlþ1
p ða1ÞfðzÞ

� �0
Hlþ1

p ða1ÞfðzÞ
¼ pðzÞ þ zp0ðzÞ

pðzÞ þ l� 1
2 PkðaÞ ðk

P 2; 0 6 a < 1; z 2 UÞ: ð2:4Þ

Our aim is to show that pðzÞ 2 PkðaÞ. If

pðzÞ þ zp0 ðzÞ
pðzÞþl�1 2 PkðaÞ, then there exist two functions

h1ðzÞ; h2ðzÞ 2 PðaÞ such that

pðzÞ þ zp0ðzÞ
pðzÞ þ l� 1

¼ k

4
þ 1

2

� �
h1ðzÞ �

k

4
� 1

2

� �
h2ðzÞ:

Now let

hiðzÞ¼ piðzÞþ
zp0iðzÞ

piðzÞþl�1
� 1þð1�2aÞz

1� z
ði¼ 1;2; 06 a< 1Þ;

ð2:5Þ

since l > 1, we see that

R
1þ ð1� 2aÞz

1� z
þ l� 1

� �
> 0 ð0 6 a < 1; z 2 UÞ:

Applying Lemma 1 to (2.5), it follows that

piðzÞ �
1þ ð1� 2aÞz

1� z
ði ¼ 1; 2; 0 6 a < 1Þ:

This means that RðpiðzÞÞ > a, i= 1,2. Now, if
pðzÞ ¼ k

4
þ 1

2

� �
p1ðzÞ �

k

4
� 1

2

� �
p2ðzÞ;

then pðzÞ 2 PkðaÞ, that is, f 2 S�k;q;sðl; a1; aÞ.
To prove the second part, let f 2 S�k;q;sðl; a1; aÞ and put

qðzÞ ¼
z Hl

q;sða1 þ 1ÞfðzÞ
� �0
Hl

q;sða1 þ 1ÞfðzÞ ðz 2 UÞ; ð2:6Þ

where q(z) is analytic function with q(0) = 1. Then, by
using the arguments similar to those detailed above with
(1.15), it follows that q 2 PkðaÞ in U, which implies

that f 2 S�k;q;sðl; a1 þ 1; aÞ. This complete the proof of
Theorem 1. h

Theorem 2. Let k P 2 and a1, l > 1. Then,

Ck;q;sðlþ 1;a1;aÞ �Ck;q;sðl;a1;aÞ �Ck;q;sðl;a1þ 1;aÞ ð06 a< 1Þ:

Proof. Applying (1.18) and Theorem 1, we observe that

fðzÞ 2 Ck;q;sðlþ 1; a1; aÞ () Hlþ1
q;s ða1Þ fðzÞ

2 CkðaÞ () z Hlþ1
q;s ða1ÞfðzÞ

� �0
2 S�kðaÞ () Hlþ1

q;s ða1Þðzf
0ðzÞÞ 2 S�kðaÞ () zf 0ðzÞ

2 S�k;q;sðlþ 1; a1; aÞ ) zf 0ðzÞ
2 S�k;q;sðl; a1; aÞ ðby Theorem 1Þ () fðzÞ
2 Ck;q;sðl; a1; aÞ ðby Eq:ð2:7ÞÞ; ð2:7Þ

fðzÞ 2 Ck;q;sðl; a1; aÞ () zf 0ðzÞ 2 S�k;q;sðl; a1; aÞ ðby Eq:ð2:7ÞÞ
) zf 0ðzÞ 2 S�k;q;sðl; a1 þ 1; aÞ ðby Theorem 1Þ () fðzÞ
2 Ck;q;sðl; a1 þ 1; aÞ;

which evidently proves Theorem 2. h

Remark 1. Taking k = 2 in Theorems 1 and 2, respectively, we

obtain the results obtained by Kwon and Cho [18, Theorems
2.3 and 2.4, respectively].
3. Inclusion properties involving the integral operator

In this section, we consider the generalized Libera integral
operator Fc(cf. [1,2,7]) defined by

FcðfÞðzÞ ¼
cþ 1

zc

Z z

0

tc�1fðtÞdt ðf 2 A; c > �1Þ: ð3:1Þ

We first prove the following theorem.

Theorem 3. If f 2 S�k;q;sðl; a1; aÞ, then FcðfÞðzÞ 2 S�k;q;sðl; a1; aÞ
ðk P 2; c P 0Þ.

Proof. Let f 2 S�k;q;sðl; a1; aÞ and set

pðzÞ ¼
z Hl

q;sða1ÞFcðfÞðzÞ
� �0
Hl

q;sða1ÞFcðfÞðzÞ
ðz 2 UÞ; ð3:2Þ

where p(z) is analytic in U with p(0) = 1. From (3.1), we have
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z Hl
q;sða1ÞFcðfÞðzÞ

� �0
¼ ðcþ 1ÞHl

q;sða1ÞfðzÞ

� cHl
q;sða1ÞFcðfÞðzÞ: ð3:3Þ

Then, by using (3.2) and (3.3), we obtain

ðcþ 1Þ
Hl

q;sða1ÞfðzÞ
Hl

q;sða1ÞFcðfÞðzÞ
¼ pðzÞ þ c: ð3:4Þ

Taking the logarithmic differentiation on both sides of (3.4)

and multiplying by z, we have

pðzÞ þ zp0ðzÞ
pðzÞ þ c

¼
z Hl

q;sða1ÞfðzÞ
� �0
Hl

q;sða1ÞfðzÞ
2 PkðaÞ

ðk P 2; 0 6 a < 1; z 2 UÞ: ð3:5Þ

Our aim is to show that pðzÞ 2 PkðaÞ. If pðzÞ þ zp0ðzÞ
pðzÞþc 2

PkðaÞ, then there exist two functions h1ðzÞ; h2ðzÞ 2 PðaÞ such
that

pðzÞ þ zp0ðzÞ
pðzÞ þ c

¼ k

4
þ 1

2

� �
h1ðzÞ �

k

4
� 1

2

� �
h2ðzÞ:

Now let

hiðzÞ ¼ piðzÞ þ
zp0iðzÞ

piðzÞ þ c
� 1þ ð1� 2aÞz

1� z
ði ¼ 1; 2; 0

6 a < 1Þ; ð3:6Þ

since c P 0, we see that

R
1þ ð1� 2aÞz

1� z
þ c

� �
> 0 ð0 6 a < 1; z 2 UÞ:

Applying Lemma 1 to (3.6), it follows that

piðzÞ �
1þ ð1� 2aÞz

1� z
ði ¼ 1; 2; 0 6 a < 1; z 2 UÞ:

This means that RðpiðzÞÞ > a, i= 1, 2. Now, if

pðzÞ ¼ k

4
þ 1

2

� �
p1ðzÞ �

k

4
� 1

2

� �
p2ðzÞ;

then pðzÞ 2 PkðaÞ, that is, FcðfÞðzÞ 2 S�k;q;sðl; a1; aÞ. h

Next, we derive an inclusion property involving Fc(f)(z),
which is given by the following theorem.

Theorem 4. If f 2 Ck,q,s(l, a1; a), then Fc(f)(z) 2 Ck,q,s(l, a1;
a) (k P 2, c P 0).

Proof. By applying Theorem 3, it follows that

fðzÞ 2 Ck;q;sðl; a1; aÞ () zf 0ðzÞ 2 S�k;q;sðl; a1; aÞ ) Fcðzf 0ðzÞÞ
2 S�k;q;sðl; a1; aÞ ðby Theorem 3Þ () zðFcðfÞðzÞÞ0

2 S�k;q;sðl; a1; aÞ () FcðfÞðzÞ 2 Ck;q;sðl; a1; aÞ;

which proves Theorem 4. h

Remark 2. Taking k = 2 in Theorems 3 and 4, respectively, we
obtain the results obtained by Kwon and Cho [18, Theorems

3.1 and 3.2, respectively].
Theorem 5. The function f(z) belongs to the class

S�k;q;sðl; a1; aÞ ðor Ck;q;sðl; a1; aÞ if and only if the function
g(z) defined by:

gðzÞ ¼ l
zl�1

Z z

0

tl�2fðtÞdt ðl > 0Þ ð3:7Þ

belongs to the class S�k;q;sðlþ 1; a1; aÞ ðor Ck;q;sðlþ 1; a1; aÞÞ.

Proof. From (3.7), we have

lfðzÞ ¼ ðl� 1ÞgðzÞ þ zg0ðzÞ: ð3:8Þ

Using (1.14) and (3.8), we can write

lHl
q;sða1ÞfðzÞ ¼ ðl� 1ÞHl

q;sða1ÞgðzÞ þ z Hl
q;sða1ÞgðzÞ

� �0
¼ lHlþ1

q;s ða1ÞgðzÞ:

Therefore

Hl
q;sða1ÞfðzÞ ¼ Hlþ1

q;s ða1ÞgðzÞ

and this proves our result. h

Theorem 6. The function f(z) belongs to the class
S�k;q;sðl; a1 þ 1; aÞ ðor Ck;q;sðl; a1 þ 1; aÞ if and only if the func-

tion r(z) defined by:

rðzÞ ¼ a1
za1�1

Z z

0

ta1�2fðtÞdt ða1 > 0Þ ð3:9Þ

belongs to the class S�k;q;sðl; a1; aÞ ðor Ck;q;sðl; a1; aÞÞ.

Proof. From (3.9), we have

a1fðzÞ ¼ ða1 � 1ÞrðzÞ þ zr0ðzÞ: ð3:10Þ

Using (1.15) and (3.10), we can write

a1H
l
q;sða1 þ 1ÞfðzÞ ¼ ða1 � 1ÞHl

q;sða1 þ 1ÞrðzÞ

þ z Hl
q;sða1 þ 1ÞrðzÞ

� �0
¼ a1H

l
q;sða1 þ 1ÞrðzÞ:

Therefore

Hl
q;sða1 þ 1ÞfðzÞ ¼ Hl

q;sða1ÞrðzÞ;

which proves Theorem 6. h
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