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1. Introduction

Connectedness [4] is a well-known notion in topology. Numer-
ous authors studied connectedness. In [5], P-spaces and extre-
mal disconnectedness are studied. Connectedness in [19-21]
are used to expand some topological spaces. In [27], authors
proved that neither first countable nor C~ech-complete spaces
are maximal Tychonoff connected. Many other topologists de-
fined and studied connectedness in bitopological spaces [8,26].
It is important to study some types of connectedness in digital
spaces. A point with integer coordinates is called a digital
point. The problem of finding a topology for the digital plane
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and the digital 3-space is of importance in image processing
and more generally in all situations where spatial relations
are modeled on a computer. In all these applications it is
essential to have a data structure on the computer which shares
as many as possible features with the real topological situation.

Connectedness and compactness are powerful tools in
topology but they have many dissimilar properties. The con-
cept of Hausdorff spaces is almost an integral part of compact-
ness. Investigations into the properties of cut points of
topological spaces which are connected, compact and Haus-
dorff date back to the 1920s. Connectedness together with
compactness with the assumption of Hausdorff has been stud-
ied in [28] from the view point of cut points. In [22], authors
studied some types of connected topological spaces. The class
of b-open sets in the sense of Andrijevi¢ [3] was discussed by
El-Atik [17] under the name of y-open sets. Since then these
concepts have used to define and investigate many topological
properties. The aim of this paper is to study y-connectedness.
Also digital spaces are examined in the context of these new
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concepts. However, our main interest shall be digital spaces
that are also topological spaces.

2. Preliminaries

In [3], Andrijevi¢ introduced a new class of generalized open sets
called b-open (= y-open [17]) sets into the field of topology. This
class is a subset of the class of semi-preopen sets [2], i.e. a subset
of a topological space which is contained in the closure of the
interior of its closure. Also the class of b-open sets is a superset
of the class of semi-open sets [23], i.e. a set which is contained
in the closure of its interior, and the class of locally dense sets
[7] or preopen sets [24], i.e. a set which is contained in the interior
of its closure. Andrijevi¢ studied several fundamental and inter-
esting properties of b-open sets. In [6,9-11] authors discussed
some applications of h-open sets.

Throughout the present paper, the space (X, 1) and (Y, 0) al-
ways mean topological spaces on which no separation axioms
are assumed unless explicitly stated. A subset A4 is said to be semi-
open [23] (resp. f-open [1], preopen [24], a-open [25]) if
A c Cl(Int(A)) (resp. A c Cl(Int(Cl(A))), A c Int(Cl(A))),
A c Int(Cl(Int(A))), where Cl(A) and Int(A) denote the closure
and the interior of 4 in (X, 1), respectively. The complement of
asemiopen (resp. fi-open, preopen, z-open) set is said to be semi-
closed (resp. f-closed, preclosed,o -closed). We denote the col-
lection of all semiopen (resp. fi-open, preopen, o-open) sets by
SO(X) (resp. fO(X), PO(X), «O(X)). We set SO(X,x) = {U:
x e Ue SO0X)}, POX,x)={U xeUEepoX)}, POX,-
x) = {U:x € U € PO(X)} and aO(X,x) = {U:x € U € 0O(X)}.

Let A c X, then A is said to be b-open [3] if 4 < Cl(In-
t(A)) U Int(Cl(A)). The complement X — A of a b- open set 4
is called b-closed and the b-closure of a set A4, denoted by
bCI(A), is the intersection of all h-closed sets containing A.
bCI(A) is the smallest b-closed set containing 4. The b-interior
of a set 4 denoted by bInt(A), is the union of all »-open sets
contained in 4. bint(A) is the largest h-open set contained in
A. The family of all h-open (resp. b-closed) sets in a space X
will be denoted by BO(X) (resp. BC(X)).

Proposition 2.1 [3]. (i) The union of any family of b-open sets is
a b-open set. (ii) The intersection of an open and a b-open set is
a b-open set.

Lemma 2.2. The b-closure of a subset A of X, denoted by
bCI(A), is the set of all x € X such that O N A # ¢ for every
O € BO(X,x), where BO(X,x) = {U: xe Ue€ BO(X,1)}.

Definition 2.3 12. The b-boundary of a set 4 of a space X is
defined by b-bd(A) = bCI(A) N bCIX — A).

Definition 2.4 [13]. A space X is said to be b-connected if X
cannot be expressed as the union of two disjoint nonempty
b-open sets of X.

Lemma 2.5 17. Let A be a subset of a topological space X. Then
A € BO(X) if and only if bCI(A) is b-clopen in X (i.e., b-open
and b-closed).

Definition 2.6 17. A subset N c X is called a h-neighborhood
(breifly h-nbd) of a point x € X if there exists a h-open set
Uc N such that xe UcC N.

3. b-Separateness and h-connectedness

Definition 3.1 13. Two subsets 4 and B in a space X are said
to be b-separated if and only if ANbICIB) = ¢ and
bCI(A) N B = ¢.

From the fact that bCI(A) c CI(A), for every subset A of X,
every separated set is b-separated. But the converse may not be
true as shown in the following example.

Example 3.2. Let X = {a,b,c,d} with a topology © = {X, ¢,
{a}, {b}, {a,b}}. The subsets {a}, {c,d} are b-separated but not
separated.

Remark 3.3. Each two b-separated sets are always disjoint,
since AN Bc AN bCIB) = ¢. The converse may not be true
in general.

Example 3.4. Let X = {a,b,c,d} with a topology © = {X, ¢,

{a}, {b.c}, {a,b,c}}. BOX) = {X, ¢, {a}, {b}, {c}, {a.b},
{a,c}, {b,c}, {a,b,c}, {a,b,d}, {a,c,d}, {b,c,d}} The subsets
{a,c}, {b,d} are disjoint but not b-separated.

Theorem 3.5. Let A and B be nonempty sets in a space X. The

following statements hold:

(1) If 4 and B are b-separated and 4; < A and B; < B, then
A, and B, are so.
(it) If AN B = ¢ such that each of 4 and B are both b-
closed (b-open), then 4 and B are b-separated.
(iii) If each of 4 and B are both b-closed (b-open) and if
H=AN(X—-B)and G = BN(X — A), then H and G
are b-separated.

Proof.

(i) Since A;c A4, then bClA,) cbCl(A). Then
BNbCIA) = ¢ implies BiNbCIA) = ¢ and BN
bCl(4,) = ¢. Similarly A; NbCIB;) = ¢. Hence A,
and B are b-separated.

(it) Since A = bCI(A) and B = bCI(B) and A N B = ¢, then
bCl(A)N B = ¢ and bCI(B)N A = ¢. Hence 4 and B
are b-separated. If 4 and B are b-open, then their com-
plements are b-closed.

(iii) If 4 and B are b-open, then X — A and X — B are b-
closed. Since Hc X — B, bC(H)c bCI(X — B) = X — B
and so bCI(H)N B = ¢. Thus GNbCI(H) = ¢. Simi-
larly, HNbCIG) = ¢. Hence H and G are b-
separated. [J

Theorem 3.6. The sets A and B of a space X are b-separated if
and only if there exist U and V in BO(X) such that A c U,
BcVand ANV =¢, BNU = ¢.

Proof. Let 4 and B be b-separated sets. Set V' = X — bCl(A)
and U = X — bCI(B). Then U, V € BO(X) such that 4 c U,
BcVand ANV =¢, BNU = ¢. On the other hand, let
U, VeBO(X) such that AcU, BcV and ANV = ¢,
BNU=¢. Since X—V and X — U are b-closed, then
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bCl(Ayc X —VcX—Band bCI(B)yc X —Uc X — A. Thus
bCI(A)NB = ¢ and bC(B)NA =¢. O

Definition 3.7 17. A point x € X is called a b-limit point of a
set 4 c X if every b-open set U < X containing x contains a
point of A other than x.

Theorem 3.8. Let A and B be nonempty disjoint subsets of a
space X and E = AU B. Then A and B are b-separated if and
only if each of A and B is b-closed (b-open)in E.

Proof. Let A and B are b-separated sets. By Definition 3.1,
A contains no b-limit points of B. Then B contains all b-
limit points of B which are in 4 U B and B is b-closed in
A U B. Therefore B is b-closed in E. Similarly A4 is b-closed
n E. O

Definition 3.9 13. A subset S of a space X is said to be b-con-
nected relative to X if there is not exist two b-separated subsets
A and B relative to X and S = A4 U B. Otherwise, S is said to
be b-disconnected.

By Definition 3.9, one can show that each b-connected set is
connected. The converse may not be true in general as shown
in [13] and in the below examples. In other words, each discon-
nected is h-disconnected.

Example 3.10. A space X = {a,b,c} with Sierpinski topology
is connected but not h-connected.

Example 3.11. Any space with indiscrete topology is con-
nected but not h-connected since b-open sets establish a dis-
crete topology.

Example 3.12. Let X = {a,b,c,d} with a topology 7 = {X, ¢,
{a}, {a,b}}. The subset {a,b,c} is connected but not b-
connected.

Theorem 3.13. Let A and B be subsets in a space X such that
Ac B cbCI(A). If A is b-connected, then B is b-connected.

Proof. If B is b-disconnected, then there exist two b-separated
subsets U and V relative to X such that B = UU V. Then
either A c U or A c V. Without loss of generality, let A c U.
As AcUcB, bClg(A) c bClzg(U) c bCI(U). Also
bClg(A) = B NbCI(A) = BobCI(U). This implies to
B = bCI(U). So U and V are not b-separated and B is b-
connected. [

Definition 3.14. A space X is locally b-connected at a point p if
every b-nbd of p contains a h-connected b-nbd of p. X is said to
be locally b-connected if it is locally b-connected at each of its
points.

The following lemma is due to El-Atik [17].

Lemma 3.15. Let A and X, be subsets of a space X. If
A€ BO(X) and X() S O(O(X), then AN X() S BO(X())

Lemma 3.16. Every a-open subspace X, of a locally b-connected
space is locally b-connected in X,.

Proof. This is an immediate consequence of Definitions 3.14,
2.6 and Lemma 3.15. O

Theorem 3.17. Any space X is locally b-connected if the compo-
nents of every a-open subspace U of X are b-open in U.

Proof. Let X be a locally h-connected space and let U be an a-
open subspace of X. By Lemma 3.16, U is a locally s-con-
nected space in U. Also, the components of U say, S; are o-
open sets of U. Since U is o-open, then by Lemma 3.15,
A;=A,NnUe BOW). O

Theorem 3.18. If E is b-connected, then bCI(E) is b-connected.

Proof. By contradiction, suppose that ACI(E) is b-discon-
nected. Then there are two nonempty b-separated sets G and

H in X such that bcl(E) = GU H. Since
E=(GNE)UHNE) and bICAGNE)chCIG) and
bCI(H N E) C bcl(H) and GNH= ¢, then

(bCAGNE)NH=¢. Hence (hCAGNE)N(HNE)= ¢.
Similarly (bcl(HNE))N (GNE) = ¢. Therefore E is b-
disconnected. [

Lemma 3.19. Let A € BU C such that A be a nonempty b-con-
nected set in a space X and B, C are b-separated. Then only one
of the following conditions holds:

(i) AcBand ANC = ¢.
(ii) AcCand AN B = ¢.

Proof. Since ANC = ¢, then A B. Also, if AN B = ¢,
then 4c C. Since AcBNC, then both ANB=¢ and
ANC = ¢ cannot hold simultaneously. Similarly, suppose
that ANB#¢ and ANC=#¢, then, by Theorem 3.5(i),
ANB and ANC are  b-separated such  that
A = (AN B)U (AN C) which contradicts with the h-connect-
edness of 4. Hence one of the conditions (i) and (ii) must be
hold. O

Definition 3.20 13, 17. A function f; X — Y is said to be:

(1) b-continuous if the inverse image of each open set in Y'is
b-open X.
(ii) b-open if the image of each open set in X is h-open Y.
(1) b-closed if the image of each closed set in X is b-closed Y.

Lemma 3.21 17. Letf: X — Y be a b-continuous function. Then
bCl(f'(B)) cf!(CI(B)), for each BC Y.

Theorem 3.22. For a b-continuous function f- X = Y, if K is b-
connected in X, then f(K) is connected in Y.

Proof. Suppose that f{K) is disconnected in Y. There exist two
separated sets P and Q of Y such that f{[K) = PUQ. Set
A=Knf'(Pyand B = Knf Q). Since AK)N P# ¢, then
KNy '(P)# ¢ and so A4 # ¢. Similarly B# ¢. Since PN Q = ¢
,then ANB=KNf (PN Q)= ¢andso AN B = ¢. Since
f is b-continuous, then by Lemma 3.21,
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bClf Q) < f(CLQ)) and Bcf Q) then
bCI(B) </~ (CKQ)). Since PN CIQ) = ¢, then
AnficuEyer'(Pn fNCKQY) =¢  and  then
ANbCIB) = ¢. Thus 4 and B are b-separated. [

Corollary 3.23. For a b-continuous function f: X = Y, if K is
disconnected in X, then f(K) is b-disconnected in Y.

Proof. Obvious. [

Theorem 3.24. For a bijective b-closed - X — Y, if K is b-con-
nected Y, then [~ (K) is connected X.

Proof. The proof is similar to that of Theorem 3.22. Thus we
omit it. [

To avoid the confusion for definitions of h-open and b-
closed functions in [17,16] and [6], we set M-b-open and M-
b-closed functions instead of h-open and b-closed functions.

Definition 3.25. A function f: X — Y is said to be:

(i) b-Irresolute [6] if for each point x € X and each h-open
set V' of Y containing f(x), there exists a b-open set U
of X containing x such that AU)c V.
(i) b-Irresolute [17]if /~'(V) € BO(X) for every V € BO(Y).
(iii) M-b-open [16] if (V) € BO(Y) for every V € BO(X).
(iv) M-b-closed [14] if (V) < BC(Y) for every V € BC(X).
(v) Strongly b-irresolute [17] if f~'(V) € BO(X) for every
open set Vin Y.
(vi) Strongly M-b-open [17] if f(V) € BO(Y) for every open
set Vin X.
(vii) Strongly M-b-closed [17] if f(V)e€ BC(Y) for every
closed set V' in X.

Lemma 3.26. [17] A function f: X — Y is a b-irresolute if and
only if bel(f(B))cf(bcl(B))cf' (cI(B)), for each
BcY.

Theorem 3.27. Letf: (X,7) — (Y,a) be a b-irresolute function.
If K is b-connected in X, then f(K) is b-connected in Y.

Proof. By using Definition 3.25 and Lemma 3.26, it is direct
consequence of Theorem 3.22. [

4. Strongly h-connectedness in compact spaces

Definition 4.1. A space X is strongly b-connected if and only if
it is not a disjoint union of countably many but more than one
b-closed set i.e. if E; are nonempty disjoint closed sets of X,
then X# E; U E,U E, U ---. otherwise X is said to be strongly
b-disconnected

Note the similarity between Definition 4.1 and that of b-
connectedness. If X is b-connected, and E; and E, are any
two nonempty disjoint closed sets of X, then X # E; U E>.

Lemma 4.2. For any surjective b-irresolute function f: X — Y.
The image f(X) is strongly b-connected if X is strongly b-
connected.

Proof. Suppose f(X) is strongly b-disconnected, by Definition
4.1 it is a disjoint union of countably many but more than
one b-closed sets. Since f is b-irresolute, then the inverse image
of b-closed sets are still b-closed, X is also a disjoint union of -
closed sets. Therefore, f(X) is strongly b-connected. [

Theorem 4.3. A space X is strongly b-connected if there exists a
constant surjective b-irresolute function f: X — D, where D
denote to a discrete space of X.

Proof. Let X be strongly b-connected and f/: X — D be a sur-
jective b-irresolute function, then by Lemma 4.2, f(X) is
strongly b-connected. The only strongly b-connected subset
of D are the one-point spaces. Hence fis constant. Conversely,
suppose X is a disjoint union of countably many but more than
one b-closed sets, X = \;E;. Then define f: X — D by taking

fix) = i whenever x € E;. This f is a surjective b-irresolute

and not constant. So X is strongly b-connected. [J

Strongly h-connectedness is a stronger notion of h-connect-
edness. In other words, given a b-connected space, we can
make it strongly b-connected by adding some conditions. But
what conditions should be added is the difficulty. Our starting
point is b-connected spaces, thus a h-continuum may be useful.
The concept of a b-continuum is defined on a b-connected set.

Definition 4.4. A compact b-connected set is called a b-
continuum.

Definition 4.5. A space X is called:

(i) bT, [15] if for each x, y € X, x #y, there exist two dis-
joint b-open sets U and V such that x € U, y ¢ U and
x¢V,yeV.

(it) T, ([15,18)) if for each x, y € X, x # y, there exist two
disjoint b-open sets U and V such that xe U, yeV
and UNV = ¢.

(iii) b-normal (y-normal [14]) for any pair of disjoint b-closed
sets F; and F», there exist disjoint b -open sets U and V'
such that F; c U and F, c V' such that UN V = ¢.

Lemma 4.6. If A is any b-continuum in a bT> space X and B is
any b-open set such that ANB#¢#AN (X — B), then every
component of (ANbCI(B)) Nb — bd(B) # ¢.

Proof. It is obvious by Definitions 2.3, 4.4 and 4.5. [

Theorem 4.7. Let X be a compact bT-space. Then X is b-con-
nected if and only if X is strongly b-connected.

Proof. It is clear that if X is strongly h-connected, then X is b-
connected. Now, suppose that X is a compact b7, b-connected
space and it is strongly b-disconnected, then X is a union of a
countably many but more than one disjoint b-closed sets. Then
X = UK, where K; are b-closed disjoint sets. Since a compact
bT»-space is b-normal, then X, by Definition 4.5, is a b-normal
space. So there exist a b-open sets U such that K, c U and
bCIU)NK; = ¢. Let X7 be a component of HCI(U) which
intersects K,. Then X is compact and b-connected. Now by
Lemma 4.6, X;Nb—bd(U)# ¢ ie. X contains a point
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p €b—bd(U) such that p¢ U and p ¢ K;. Hence X\ N K;# ¢
for some i > 2. Let K,,, be the first K; for i > 2 which inter-
sects X7, and let 7 be a b-open set satisfying K,, C V, and
bCI(V)N K, = ¢. Then let X> be a component of X; N bCIV)
which contains a point of K,,. Again we have
X>Nb —bd(V)# ¢, and X, contains some point p € b — bd(V)
such that p¢V, p¢ KiUK,. Hence X, NK;# ¢ for some
i>mnp, and XoNK; = ¢ for i < n,. Let K,, be the first K;
for i > np, which intersects X,, then by methods similar to
the above we can find a compact h-connected X3 such that
X;c X, c X, and X3 intersects some K; with i > n3 but
X;N K; = ¢for i < n3. In this manner, we obtain a sequence
of subcontinua of X: X; X»> X3 ---, such that for each j,
X;NK; = ¢ for i < n; and n;—> oo as j — co. we know that
MNiX;# ¢. Also, (M:X;) N K; = ¢ for all j, so that (NX) N (U;
K)) = ¢ or (M X;)) N X = ¢. But (";X;) < X, which contradicts
the fact that N, X; # ¢. Therefore X strongly b-connected. [

Theorem 4.8. Let X be a locally compact bT>-space. If X is
locally b-connected, then X is locally strongly b-connected.

Proof. Let O be a h-open b-nbd of a point x € X. Then there
exists a compact b-nbd V of x lying inside O. Let C be a b-con-
nected component of ¥ containing x. Since ¥ is a b-nbd of x
and X is locally h-connected, C is a b-nbd of x. Since C is b-
closed in V' and V' is compact, then C is compact. So C is a
compact b-connected b-nbd of x lying inside O. By Theo-
rem 4.7, C is strongly b-connected. [

Theorem 4.9. Let X be a locally compact bT>-space. If X is
locally b-connected and b-connected, then X is strongly b-
connected.

Proof. This follows from Theorems 4.7 and 4.8. [

Lemma 4.10 (/5,18). For a space X the following statements
are equivalent:

(1) X is a bT;-space.
(ii) For any point x € X, the singleton set {x} is h-closed.

Corollary 4.11. A strongly b-connected b T;-space having more
than one point is uncountable.

Proof. By Lemma 4.10, a one-point set in a b T}-space is b-
closed. Thus by Definition 4.1, a b Tj-space cannot have
countably many but more than one point. [
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