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Abstract In this paper, we first present a notion of almost periodic functions on time scales and

study their basic properties. Then by means of Liapunov functionals, we study the existence of

almost periodic solutions for an almost periodic dynamic equation on time scales.
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1. Introduction

Recently, many researches have studied the existence of peri-
odic solutions for dynamic equations on time scales [1–8].
However, few papers have been published on the existence of
almost periodic solutions for dynamic equations on time

scales. In fact, the existence of almost periodic, asymptotically
almost periodic, pseudo-almost periodic solutions is among
the most attractive topics in qualitative theory of differential

equations and difference equations due to their applications,
especially in biology, economics and physics [9–22]. Therefore,
it is interesting to study the existence of almost periodic solu-

tions for dynamic equations on time scales.
i).
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Motivated by the above, our main purpose of this paper is to
present a notion of almost periodic functions on time scales and

study the existence of periodic solutions for almost periodic dy-
namic equations on time scales. The results in this paper con-
tains some results obtained for differential and difference

equations in [11–14].
The organization of this paper is as follows: In Section 2, we

introduce some notations and definitions. In Section 3, we study

some basic properties about almost periodic functions on time
scales. In Section 4, by using the properties of almost periodic
functions on time scales and Liapunov functionals, we study
the existence of almost periodic solutions to a general almost

periodic dynamic equation on time scales.
2. Preliminaries

In this section, we shall recall some basic definitions, lemmas
which are used in what follows.

Let T be a nonempty closed subset (time scale) of R. The

forward and backward jump operators r; q : T! T and the
g by Elsevier B.V. Open access under CC BY-NC-ND license.
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graininess l : T! Rþ are defined, respectively, by

rðtÞ ¼ inffs 2 T : s > tg; qðtÞ ¼ supfs 2 T : s

< tg and lðtÞ ¼ rðtÞ � t:

A point t 2 T is called left-dense if t > infT and q(t) = t, left-
scattered if q(t) < t, right-dense if t < supT and r(t) = t, and
right-scattered if r(t) > t. If T has a left-scattered maximum

m, then Tk ¼ T n fmg; otherwise Tk ¼ T.
If T has a right-scattered minimum m, then Tk ¼ T n fmg;

otherwise Tk ¼ T.
A function f : T! R is right-dense continuous provided

that it is continuous at right-dense point in T and its left-side
limits exist at left-dense points in T. If f is continuous at each
right-dense point and each left-dense point, then f is said to be

continuous on T. We define C½J;R� ¼ fuðtÞ is continuous on
J}, and C1½J;R� ¼ fuDðtÞ is continuous on J}.

For y : T! R and t 2 Tk, we define the delta derivative of

y(t), yD(t), to be the number (if it exists) with the property that
for a given e > 0, there exists a neighborhood U of t such that

j½yðrðtÞÞ � yðsÞ� � yDðtÞ½rðtÞ � s�j < ejrðtÞ � sj

for all s 2 U.
For each t 2 T, let N be a neighborhood of t. Then, we de-

fine the generalized derivative (or Dini derivative), D+uD(t), to

mean that, given e > 0, there exists a right neighborhood
Ne � N such that

uðrðtÞÞ � uðsÞ
lðt; sÞ < DþuDðtÞ þ e

for s 2 Ne, s > t, where l(t, s) ” r(t) � s.
If t is right-scattered and u is continuous at t, this reduces to

DþuDðtÞ ¼ uðrðtÞÞ � uðtÞ
rðtÞ � t

:

For V 2 Crd½T� Rn;R�;DþVDðt; xðtÞÞ to mean that, given

e > 0, there exists a right neighborhood Ne � N such that

1

lðt; sÞ ½VðrðtÞ; xðrðtÞÞÞ � Vðs; xðrðtÞÞ � lðt; sÞfðt; xðtÞÞÞ�

< DþVDðt; xðtÞÞ þ e

for each s 2 Ne, s> t, where l(t, s) ” r(t) � s. If t is right-scat-
tered and V(t,x(t)) is continuous at t, this reduces to

DþVDðt; xðtÞÞ ¼ VðrðtÞ; xðrðtÞÞÞ � Vðt; xðtÞÞ
rðtÞ � t

:

If y is continuous, then y is right-dense continuous, and if y is

delta differentiable at t, then y is continuous at t.
Let y be right-dense continuous. If YD(t) = y(t), then we

define the delta integral byZ t

a

yðsÞDs ¼ YðtÞ � YðaÞ:

A function r : T! R is called regressive if

1þ lðtÞrðtÞ – 0

for all t 2 Tk. The set of all regressive and rd-continuous func-

tions will be denoted by R. We define the set Rþ of all posi-
tively regressive elements of R by

Rþ ¼ fp 2 R : 1þ lðtÞpðtÞ > 0 for all t 2 Tg:
If r is regressive function, then the generalized exponential
function er is defined by

erðt; sÞ ¼ exp

Z t

s

nlðsÞðrðsÞÞDs

� �
; for s; t 2 T

with the cylinder transformation

nhðzÞ ¼
Logð1þhzÞ

h
if h – 0;

z if h ¼ 0:

(

Definition 2.1 1. We say that a time scale T is periodic if there

exists p > 0 such that if t 2 T, then t� p 2 T. For T–R, the
smallest positive p is called the period of the time scale.

Remark 2.1. By the definition above, if a time scale T is

periodic, then supT ¼ 1, and l(t) must be bounded, and
for any t 2 T; lðtÞ 6 p; lðtþ pÞ ¼ lðtÞ.

Example 2.1. Let q> 1, consider the time scale T ¼ fqn : n 2
Zg [ f0g. Obviously, it is not a periodic time scale and we have

rðtÞ ¼ inffqn : n 2 ½mþ 1;1Þg ¼ qmþ1 ¼ qqm ¼ qt

if t ¼ qm 2 T and r(0) = 0. So we obtain

rðtÞ ¼ qt for all t 2 T

and consequently

lðtÞ ¼ rðtÞ � t ¼ ðq� 1Þt for all t 2 T:

Hence l(t) fi1 as t fi1.

Throughout this paper, we always use T to denote a peri-
odic time scale and En to denote Rn or Cn, and use the notation:

Tp¼
fnp : n2Zg; ifT is a periodic time scale with period p;

R; ifT¼R:

�

For convenience, we denote sequence {an} by a and

b � a if sequence b ¼ fbng is a subsequence of a ¼ fang;

Taf(t) = limnfi1f(t + an), if the limit exists. The mode of con-
vergence will be specified at each use of the symbol.

Definition 2.2 11. Let A � B � R, we say that A is relatively
dense in B if there exists a positive number l such that for all
a 2 B we have
½a; aþ l�B \ A – ;;
where ; is the empty set, [a,a+ l]B = [a,a+ l] \ B Æ l is called
the inclusion length.

Definition 2.3. We say that the function fðtÞ 2 CðT; EnÞ is
almost periodic if for any given e > 0, the set

Tðf; e;TÞ ¼ fs 2 Tp : jfðtþ sÞ � fðtÞj < e; 8 t 2 Tg

is relatively dense in Tp; that is, for any given e > 0, there exist
an l= l(e) > 0 satisfying that each interval of length l contains
at least one s ¼ sðeÞ 2 Tðf; e;TÞ such that

jfðtþ sÞ � fðtÞj < e; 8 t 2 T:
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The set Tðf; e;TÞ is called e-translation set of f(t), s is called e-
translation of f(t).

Remark 2.2. In above definition, if T ¼ R, then this definition
converts to the definition of almost periodic functions in con-
tinuous case, see [11,14]. If T ¼ Z, then this definition turns to

the definition of almost periodic sequence, see [12,13,15,16].

Definition 2.4. fðtÞ 2 CðT; EnÞ is called an asymptotically
almost periodic function on T if

fðtÞ ¼ pðtÞ þ qðtÞ;

where p(t) is an almost periodic function on T, and q(t) fi 0 as
t fi1.
Definition 2.5. fðt; xÞ 2 CðT�D; EnÞ, where D is an open set in

En or D ¼ En. f(t,x) is said to be almost periodic in t uniformly
for x 2 D, or uniformly almost periodic for short, if for any
e > 0 and compact set S in D, there exists l= l(e,S) satisfies
that each interval of length l(e,S) contains a s such that

jfðtþ s; xÞ � fðt; xÞj < e; 8 ðt; xÞ 2 T� S:

sis called the e-translation number of f(t,x). The e-translation
set of f(t,x) for x 2 S is denoted by

Tðf;e;S;TÞ¼ fs2Tp : jfðtþ s;xÞ� fðt;xÞj< e; 8 ðt;xÞ 2T�Sg:

Definition 2.6. Let fðt; xÞ 2 CðT�D; EnÞ, where D is an open
set in En or D ¼ En. The set H(f) = {g(t,x): there exits a 2 Tp

such that Taf(t,x) = g(t,x) exists uniformly on T� S, where
S � D is any compact set} is called the hull of f.
3. Properties

In this section, we will give some basic properties about almost

periodic, uniformly almost periodic and asymptotically almost
periodic functions on time scales, respectively.

To introduce the criteria and the properties of uniformly al-

most periodic functions on time scales, we first establish the
following lemmas.

Lemma 3.1. Let fðt; xÞ 2 CðT�D; EnÞ be almost periodic in t
uniformly for x 2 D. Then for any given sequence a0 ¼ fakg �
Tp, there exist a subsequence b � a0 and a continuous function
g(t,x) such that Tbf(t,x) = g(t,x) uniformly on T� S, where
S is any compact set in D. Moreover, g(t,x) is also uniformly

almost periodic.

Proof. If T ¼ R, then Lemma 3.1 is equivalent to Theorem 2.2
in Ref. [14]. Now we assume that T–R; p is period of T.

First, for any given e > 0, there exists an l= l(e/2,S) such
that every interval of length l contains an e/2-translation
number. Therefore, for any sequence a0 ¼ a0n

� �
� Tp,

there exist sn 2 Tp and cn 2 Tp such that a0n ¼ sn þ cn, where
sn 2 Tðf; e=2;S;TÞ and cn 2 {0, p, � � � ,nlp},nlp 6 l. Since the set
{0, p, . . . , nlp} is finite, there must be infinite number of cn
equal to some c 2 {0, p, . . . , nlp}. Let {an} be the set of all a0n
such that cn = c. Then for any two integers p,m and any
ðt; xÞ 2 T� S, we have
jfðtþ ap; xÞ � fðtþ am; xÞj 6 sup
ðt;xÞ2T�S

jfðtþ ap; xÞ � fðtþ am; xÞj

6 sup
ðt;xÞ2T�S

jfðtþ ap � am; xÞ � fðt; xÞj

¼ sup
ðt;xÞ2T�S

jfðtþ sp � sm; xÞ � fðt; xÞj

6 sup
ðt;xÞ2T�S

jfðtþ sp � sm; xÞ � fðtþ sp; xÞj

þ sup
ðt;xÞ2T�S

jfðtþ sp; xÞ � fðt; xÞj

6 e=2þ e=2 ¼ e:

This proves that for any given e > 0, compact set S and
sequence a0, there exists subsequence a � a0 such that the norm
of the difference between any two functions from the function
sequence {f(t+ an,x)} less than e, for ðt; xÞ 2 T� S. By Cau-

chy convergence principle, this shows that the sequence
{f(t + an,x)} is uniformly convergent on T� S.

Now we prove that g(t,x) is continuous on T�D. Suppose
that g(t,x) is discontinuous at a point ðt0; x0Þ 2 T�D, then
there exist a number e0 > 0, and sequences {dm}, {tm}, {xm},
where dm > 0, and dm fi 0 as m fi +1, Œt0 � tmŒ + Œx0 �
xmŒ < dm such that

jgðt0; x0Þ � gðtm; xmÞjP e0: ð3:1Þ

Let X= {xm} [ {x0}, then X is a compact set in D. Therefore,
there exists positive integer N = N(e0,X) such that for n > N,
the following inequality holds uniformly for m,

jfðtm þ bn; xmÞ � gðtm; xmÞj <
e0
3
: ð3:2Þ

Moreover, for n > N we have

jfðt0 þ bn; x0Þ � gðt0; x0Þj <
e0
3
: ð3:3Þ

Since fðt; xÞ 2 CðT�D; EnÞ and dm can be arbitrary small
when m is sufficient large, for a large enough m we have

jfðt0 þ bn; x0Þ � fðtm þ bn; xmÞj <
e0
3
: ð3:4Þ

From 3.2, 3.3 and 3.4, it is easy to obtain a result which con-

tradicts (3.1). Therefore, g(t,x) is continuous on T�D.
Finally, for any compact S � D and any given e > 0, take

s 2 Tðf; e;S;TÞ, then for all ðt; xÞ 2 T� S we have

jfðtþ bn þ s; xÞ � fðtþ bn; xÞj < e:

From this, let n fi +1, we get

jgðtþ sÞ � gðt; xÞj < e; 8ðt; xÞ 2 T� S:

Hence, g(t,x) is also uniformly almost periodic. h

Lemma 3.2. Let fðt; xÞ 2 CðT�D; EnÞ. Suppose that for any
sequence a0 � Tp, there exists a subsequence a � a0 such that
Ta f(t,x) exists uniformly on T� S, where S is any compact

set in D. Then f(t,x) is uniformly almost periodic.

Proof. Suppose that the conclusion does not hold. Then there
exist an e0 > 0 and a compact set S0 � D such that for any
large l > 0, we can find an interval of length l which contains

no e0-translation number of f(t,x) for x 2 S0.
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Now we pick a number a01 2 Tp and let ½a1; a1 þ 2ja01j� be an
interval containing no any e0-translation number, where
a1 2 Tp. If we set a02 ¼ a1 þ ja01j, then a1 6 a02 � a01 6 a1þ
2ja01j and hence a02 � a01 cannot be an e0-translation number.

Next, let a2; a2 þ 2ja01j þ 2ja02j
� �

be an interval which contains
no any e0-translation number, where a2 2 Tp. Set a03 ¼ a2
þja01j þ ja02j, then it is easy to see that a03 � a01 and a03 � a02 are
both in a2; a2 þ 2ja01j þ 2ja02j

� �
. Therefore, a03 � a01 and a03 � a02

are not e0-translation numbers. In a similar way, we can define
a04; a

0
5; . . . so that none of the difference a0i � a0j is an e0-

translation number. Thus, for any i and j, i „ j,

sup
ðt;xÞ2T�S

jf tþ a0j; x
� 	

� f tþ a0i; x

 �

j

¼ sup
ðt;xÞ2T�S

jf tþ a0j � a0i; x
� 	

� fðt; xÞjP e0;

which means that the sequence f tþ a0n; x

 �� �

cannot contain
any uniformly convergent subsequence. This contradicts the
assumption of the theorem. Therefore, f(t,x) must be uniformly

almost periodic. The proof of Lemma 3.2 is complete. h

As an immediate consequence of Lemmas 3.1 and 3.2, we

obtain that

Proposition 3.1. fðt; xÞ 2 CðT�D; EnÞ is a uniformly almost
periodic function if and only if for any sequence a0 � Tp, there
exists a subsequence a � a0 such that Taf(t,x) exists uniformly

on T� S, where S is any compact set in D. Furthermore, the
limit sequence is also a uniformly almost periodic function.

Since an almost periodic function can be regarded as a spe-

cial case of a uniformly almost periodic function, from Propo-

sition 3.1, one has

Proposition 3.2. fðtÞ 2 CðT; EnÞ is an almost periodic function if
and only if for any sequence a0 � Tp, there exists a subsequence
a � a0 such that Taf(t) exists uniformly on T. Furthermore, the

limit sequence is also a uniformly almost periodic function.

From Propositions 3.1, 3.2 and 3.3, it is easy to prove the
following proposition.

Proposition 3.3.

(i) Let f ðtÞ; gðtÞ 2 CðT; EnÞ be almost periodic functions,
then f(t) ± g(t), f(t) Æ g(t) are also almost periodic
functions. If inft2TjgðtÞj > 0, then the quotient f(t)/g(t)

is almost periodic too.
(ii) Let f ðt; xÞ; gðt; xÞ 2 CðT� D; EnÞ be almost periodic in t

uniformly for x 2 D, then f(t,x)) ± g(t,x), f(t,x) Æ
g(t,x) are also uniformly almost periodic functions. If
infðt;xÞ2T�SŒg(t,x)Œ > 0, where S � D be any compact
set, then the quotient f(t,x)/g(t,x) is uniformly almost

periodic too.
Proposition 3.4.

(i) If f ðt; xÞ 2 CðT� D; EnÞ is almost periodic in t uniformly for
x 2 D, then there exists a function F ðr; xÞ 2 CðR� D; EnÞ
which is almost periodic in r uniformly for x 2 D such that
F(t,x) = f(t,x) for ðt; xÞ 2 T� D;
(ii) If F ðr; xÞ 2 CðR� D; EnÞ is almost periodic in r uniformly

for x 2 D, then F(t,x) is also continuous on T� D and
almost periodic in t uniformly for x 2 D.

Proof. (i) Assume that fðt; xÞ 2 CðT�DÞ is almost periodic in

t for x 2 D. We define a function F(r,x) on R�D as:

Fðr; xÞ ¼

fðt; xÞ; for r ¼ t and x 2 D;

if t is right� dense;

fðt; xÞ þ r�t
rðtÞ�t ½fðrðtÞ; xÞ � fðt; xÞ�; for r 2 ½t; rðtÞÞ and x 2 D;

if t is right� scattered:

8>>>>><
>>>>>:

Clearly, F(r,x) is continuous on R�D and F(t,x) = f(t,x) for
ðt; xÞ 2 T�D. Next, we show that the function F(r,x) defined
above is almost periodic in r uniformly for x 2 D.

Since f(t,x) is almost periodic in t uniformly for x 2 D, for
any given e > 0 and any compact set S � D there exists an l(e/
3,S) such that any interval of length l(e/3,S) contains a s and

jfðtþ s; xÞ � fðt; xÞj < e=3; 8 ðt; xÞ 2 ðT� SÞ:

If t is right-dense, F(r,x) = f(t,x), for r = t, then

jFðrþ s; xÞ � Fðr; xÞj < e=3 < e: ð3:5Þ

If t is right-scattered, t 6 r < r(t), then t+ s 6 r+ s < r(t)
+ s. Noting that 0 6 r � t < r(t) � t= r(t+ s) � (t+ s)
6 p, we have

jFðrþ s; xÞ � Fðr; xÞj

¼ fðtþ s; xÞ þ ðrþ sÞ � ðtþ sÞ
rðtþ sÞ � ðtþ sÞ fðrðtþ sÞ; xÞ � fðtþ s; xÞ½ �

����
�fðt; xÞ � r� t

rðtÞ � t
½fðrðtÞ; xÞ � fðt; xÞ�

����
¼ fðtþ s; xÞ � fðt; xÞ þ r� t

rðtÞ � t
f½fðrðtÞ þ s; xÞ

����
�fðrðtÞ; xÞ� � ½fðtþ s; xÞ � fðt; xÞ�gj

< jfðtþ s; xÞ � fðt; xÞj þ jfðrðtÞ þ s; xÞ � fðrðtÞ; xÞj
þ jfðtþ s; xÞ � fðt; xÞj

< e=3þ e=3þ e=3 ¼ e: ð3:6Þ

From (3.5) and (3.6), we conclude that

jFðrþ s; xÞ � Fðr; xÞj < e; 8ðr; xÞ 2 R� S:

Thus, F(t,x) is almost periodic in r uniformly for x 2 D.

(ii) Let Fðr; xÞ 2 CðR�D; EnÞ be uniformly almost periodic,
then for any sequence a0 � Tp, there exists a subsequence a � a0

such that TaF(t+ an,x) exists uniformly on R� S, where S is

any compact set in D. Consequently, Taf(t + an,x) = TaF(t+
an,x) exists uniformly on T� S. In view of Lemma 3.2 and
Definition 2.9, this shows that f(t,x) is uniformly almost

periodic. h

It follows from Proposition 3.4 that

Proposition 3.5.

(i) If f ðtÞ 2 CðT; EnÞ is an almost periodic function, then
there exists an almost periodic function F ðrÞ 2 ðR; EnÞ
such that F(r) = f(t) for t 2 T;
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(ii) If F ðrÞ 2 CðR; EnÞ is an almost periodic function, then

F(t) is an almost periodic function on T.

Remark 3.1. If FðrÞ 2 CðR; EnÞ is a periodic function, we can-
not obtain that FðtÞ 2 T� En is also a periodic function. For

example, F(t) = sint is periodic on R, but it is only almost peri-
odic and not periodic on Z.

Similar to the proof of Proposition 3.4, one can easily show
that

Proposition 3.6.

(i) If f ðtÞ 2 CðT; EnÞ is an asymptotically almost periodic
function, then there exists an asymptotically almost peri-
odic function F ðrÞ 2 ðR; EnÞ such that F(r) = f(t) for

t 2 T.
(ii) If F ðrÞ 2 CðR; EnÞ is an asymptotically almost periodic

function, then F(t) is an asymptotically almost periodic

function on T.

As immediate consequences of above propositions, we have
the following results which correspond to the results in the
continuous case (see [14,23]).

Proposition 3.7. If fðt; xÞ 2 CðT�D; EnÞ is almost periodic in t
uniformly for x 2 D, then f(t,x) is bounded and uniformly
continuous on T� S, where S � D is any compact set.

Proposition 3.8. If fðt; xÞ 2 CðT�D; EnÞ is almost periodic in t

uniformly for x 2 D and p(t) is an almost periodic function such
that p(t) � S for all t 2 T, where S � D is any compact set.
Then f(t, p(t)) is almost periodic in t.

Proposition 3.9. If fðtÞ 2 CðT; EnÞ is an asymptotically almost

periodic function, then its decomposition

fðtÞ ¼ pðtÞ þ qðtÞ

is unique, where pðtÞ 2 CðT; EnÞ is an almost periodic function

and limtfi1q(t) = 0.

Proposition 3.10. fðtÞ 2 CðT; EnÞ is an asymptotically almost
periodic function if and only if for any sequence a0 2 Tp such that

a0n > 0 and a0n ! þ1 as n fi1, there exists a subsequence
a � a0 such that Taf exists uniformly on Tþ :¼ T \ ½0;1Þ.

Proposition 3.11. If 0 2 T. Then fðtÞ 2 CðT; EnÞ is an almost
periodic function on T if and only if for any sequences a0 � Tp

and b0 � Tp, there exist subsequences a � a0 and b � b0 such that
for any t 2 T,

TaþbfðtÞ ¼ TaTbfðtÞ: ð3:7Þ

Proof. Suppose fðtÞ 2 CðT; EnÞ is an almost periodic function
on T. Then there exists an almost periodic function F(r,x) on
R such that F(t) = f(t) for all t 2 T. For any sequence a0 � Tp,

b0 � Tp, there exist subsequence a � a0,b � b0 such that

TaþbFðrÞ ¼ TaTbFðrÞ uniformly holds on R:
Hence, we obtain

TaþbfðtÞ ¼ TaTbfðtÞ uniformly holds on T:

Conversely, by (3.7) we know that for any sequence c0 � Tp,
there exists a subsequence c � c0 such that Tcf(t) exists on every

t 2 T. By Proposition 3.1, it suffices to show that Tcf(t) exists
uniformly on T. Otherwise, there must exist e0 > 0, subse-
quences a0 � c,b0 � c and sequence s0 ¼ s0n

� �
� Tp such that

jf s0n þ a0n

 �

� f s0n þ b0n

 �

jP e0 > 0: ð3:8Þ

From (3.7), we know that there exist subsequences a00 � a0, s00

� s0 such that

Ts00þa00 fðtÞ ¼ Ts00Ta00 fðtÞ holds on t 2 T:

We take b00 � b0 such that b00,a00 and s00 are common subse-
quence of b0,a0 and s0, respectively. From (3.7) it follows that
there exist subsequences b � b0 and a � a0 such that

TsþbfðtÞ ¼ TsTbfðtÞ holds on t 2 T:

We take a � a00 such that a,b and s are common subsequence
of a00,b00 and s00, respectively. Thus, we have

TsþafðtÞ ¼ TsTafðtÞ holds on t 2 T:

Since Taf(t) = Tbf(t) = Tcf(t), it follows that

TsþafðtÞ ¼ TsþbfðtÞ holds on t 2 T;

that is, for each t 2 T,

lim
n!1

fðtþ sn þ bnÞ ¼ lim
n!1

fðtþ sn þ anÞ;

which contradicts (3.8) if we take t ¼ 0 2 T. This completes
the proof. h

Proposition 3.12. fðt; xÞ 2 CðT�D; EnÞ is an uniformly almost
periodic function on T�D if and only if for any sequences
a0 � Tp and b0 � Tp, there exist subsequences a � a0 and

b � b0 such that

Taþbfðt; xÞ ¼ TaTbfðt; xÞ uniformly holds on T� S; ð3:9Þ

where S is any compact set in D.
4. Almost periodic dynamic equations on time scales

Consider the following almost periodic dynamic equation on

time scale T:

xD ¼ fðt; xÞ; ð4:1Þ

where 0 2 T; fðt; xÞ 2 CðT�D;RÞ is almost periodic in t uni-

formly for x 2 D,D denotes Rn or an open subset of Rn.

Lemma 4.1. Let f(t,x) be uniformly almost periodic and
g 2 H(f). Then there exists a sequence a ¼ fang � Tp such that
an fi1 as n fi1 and Taf(t,x) = g(t,x) uniformly on T� S

for any compact set S � D.

Proof. Since g 2 H(f), there exists a sequence a0 � Tp such that
Ta0 fðt; xÞ ¼ gðt; xÞ uniformly on T� S. If a0n !1 as n fi1,

then we are done by letting a = a0. Otherwise, let en = 1/n
and choose r0n 2 ½�a0n þ n;�an þ kþ lðenÞ� such that

fðtþ r0n; xÞ � fðt; xÞ
�� �� 6 1=n for all ðt; xÞ 2 T� S:
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Then it follows that fðtþ r0n; xÞ uniformly converges to f(t,x)

on T� S as n fi1, that is,

Tr0 fðt; xÞ ¼ fðt; xÞ uniformly on T� S:

Now by Proposition 3.11, for the sequences a0 and r0 there ex-
ist subsequences a � a0 and r � r0 such that

Taþrfðt; xÞ ¼ TrTafðt; xÞ ¼ Tr0Tafðt; xÞ ¼ Tafðt; xÞ ¼ Ta0 fðt; xÞ
¼ gðt; xÞ uniformly on T� S:

By the choice of r0 ¼ r0n, it is trivial that a0n þ r0 ! 1 as
n fi1. Therefore, by replacing a0 with a + r, which is a sub-

sequence of a0 + r0, we can fulfill the requirement. h

Definition 4.1. If g 2 H(f), we say that

xD ¼ gðt; xÞ

is a hull equation of (4.1).

Theorem 4.1. If /(t) is a asymptotically almost periodic solu-

tion of (4.1) on Tþ, then (4.1) has an almost periodic solution.

Proof. Since /(t) is asymptotically almost periodic, it has the
decomposition

/ðtÞ ¼ pðtÞ þ qðtÞ;

where p(t) is almost periodic in t and q(t) fi 0 as t fi1. ByLem-
ma 4.1, there exists a sequence a0 ¼ fa0ng � Tp such that a0n !1
as n fi1, andTa0 fðt; xÞ ¼ gðt; xÞ uniformly onT� S. By Prop-

osition 3.1, there exists a sequence a � a0 such thatTap(t) = w(t)
uniformly on T. Since Tafðt; xÞ ¼ Ta0 fðt; xÞ ¼ gðt; xÞ uniformly
on T� S, we have that Ta/(t) = Tap(t) = w(t) is an almost

periodic solution of the corresponding hull equation

xD ¼ gðt; xÞ

on T. Now T�ag(t,x) = f(t,x) uniformly on T� S and

T�aw(t) = p(t) uniformly on T, hence p(t) is an almost periodic
solution of (4.1). h

Theorem 4.2. If for each g 2 H(f), the hull equation xD(t) =

g(t,x(t)) has a unique solution in S, then these solutions are
almost periodic. In particular, system (4.1) has an almost peri-
odic solution in S.

Proof. Let /(t) be the unique solution of xD(t) = g(t,x(t)) in S

with g 2 H(f). For any given sequence a0 � Tp, we will show
that there is a subsequence a � a0 such that Taf(t+ an) exists
uniformly on t 2 T, and hence by Proposition 3.2 we conclude

that /(t) is almost periodic.

Note that g 2 H(f) is uniformly almost periodic by Lemma

2.1. Then for a given sequence a0 � Tp we can pick a � a0 such
that Ta(t,x) = h(t,x) uniformly on T · S. Trivially,
h 2 H(g) � H(f). Since {/(t+ an)} 2 S, we may choose a

subsequence of a, denoted by a again, such that

/ðtþ anÞ ! /�ðtÞ on any finite interval of T:
Obviously, /*(t) is a solution of

xD ¼ hðt; xÞ:
Suppose that /(t+ an) is not convergent uniformly on T as

n fi1. Then for some e0 > 0, there exist sequences
s0 ¼ fs0ng � Tp; fm0ng � Z and fk0ng � Z such that

m0n !1; k0n !1 as n!1;

while

/ðs0n þ am0nÞ � /ðs0n þ ak0n
Þ

�� �� P e0: ð4:2Þ

Then by Proposition 3.11, for sequence fs0ng; fam0ng, and fak0n
g,

there exist fsng � ft0ng; famn
g � famn

g, and fakng � fak0n
g such

that

Tsþamgðt; xÞ ¼ TamTsðt; xÞ

and

Tsþakgðt; xÞ ¼ TakTsðt; xÞ

hold uniformly on T� S.
On the other hand, there exist some functions u(t) and w(t)

such that Tsþam/ðtÞ ¼ uðtÞ, Tsþak/ðtÞ ¼ wðtÞ on any interval of

T. Since that Tamgðt; xÞ ¼ Takgðt; xÞ ¼ hðt; xÞ, we have Tsþamg
ðt; xÞ ¼ Tsþakgðt; xÞ ¼ Tshðt; xÞ ¼ lðt; xÞ for some l 2 H(h),
taking a subsequence if necessary.

Thus, u(t) and w(t) are both the solutions in S of

xDðtÞ ¼ lðt; xðtÞÞ:

Note that l 2 H(h) � H(g) � H(f), by the assumption we must

have u(t) ” w(t).
However, it follows from (4.2) that

juð0Þ � wð0ÞjP e0:

This is a contradiction. Therefore, /(t) is an almost periodic
solution in S of xD(t) = g(t,x(t)).

In particular, since f 2 H(f), we conclude that (4.1) has an

almost periodic solution in S. h

Lemma 4.2 24. Let y, f 2 Crd and p 2 Rþ, then

DþyDðtÞ 6 pðtÞyðtÞ þ fðtÞ for all t 2 T

implies

yðtÞ 6 yðt0Þepðt; t0Þ þ
Z t

t0

epðt; rðsÞÞfðsÞDs for all t 2 T;

where t0 2 T.

Now, by using Liapunov functions on time scales, we inves-
tigate the existence of an almost periodic solution of (4.1)

which is uniformly asymptotically stable in the whole, that
is, every solution which remains in D in the future approaches
the almost periodic solution as t fi1. To this end, for system

(4.1), we consider its product system:

xD ¼ fðt; xÞ; yD ¼ fðt; yÞ: ð4:3Þ
Theorem 4.3. Suppose that there exists a Liapunov function
Vðt; x; yÞ 2 CðTþ �D�D;RÞ satisfying the following
conditions:

(i) a(Œx � yŒ) 6 V(t,x,y) 6 b(Œx � yŒ), where a; b 2 K
with K ¼ fa 2 CðRþ;RþÞ : að0Þ ¼ 0 and a is increasing};
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(ii) ŒV(t,x1,y1) � v(t,x2,y2)Œ 6 L[Œx1 � x2Œ + Œy1 � y2],

where L > 0 is a constant;
(iii) DþV D

ð4:3Þðt; x; yÞ 6 �cV ðt; x; yÞ where �c 2 Rþ and c > 0.

Moreover, if there exists a solution x(t) of (4.1) such that
x(t) 2 S for t 2 Tþ, where S � D is a compact set. Then there
exists a unique uniformly asymptotically stable almost periodic
solution p(t) of (4.1) in S. Furthermore, if f(t,x) is periodic with

period x in t, then p(t) is a periodic solution of (4.1) with period
x.

Proof. Let a ¼ fang � Tp be a sequence such that a0n !1 as

n fi1 and Taf(t,x) = f(t,x) uniformly on T� S. Assume that
/(t) � S is a solution of (6.1) for t 2 Tþ. Then /(t+ an) is a
solution of the dynamic equation

xD ¼ fðtþ an; xÞ;

which is also in S. For a given e > 0, choose an integer k0(e) so
large that if m P k> k0(e), we have

bð2BÞe�cðak; 0Þ < aðeÞ=2 ð4:4Þ

and

jfðtþ ak; xÞ � fðtþ am; xÞj <
caðeÞ
2L

; ð4:5Þ

where B is a positive constant such that S � {x:ŒxŒ 6 B}. It fol-
lows from (ii) and (iii) that

DþVDðt;/ðtÞ;/ðt� am � akÞÞ 6 �cVðt;/ðtÞ;/ðt� am � akÞÞ
þ Ljfðtþ am � ak;/ðtþ am

� akÞÞ � fðt;/ðtþ am � akÞÞÞj:

In virtue of (4.4), we have

DþVDðt;/ðtÞ;/ðt� am � akÞÞ

6 �cVðt;/ðtÞ;/ðt� am � akÞÞ þ
caðeÞ
2

: ð4:6Þ

If m P k P 0(e), by Lemma 4.2, condition (i) and (4.3) and
(4.5) imply that

Vðtþ ak;/ðtþ akÞ;/ðt� amÞÞ 6 e�cðtþ am; 0ÞVð0;/ð0Þ;/ðam

� akÞÞ þ
aðeÞ
2
ð1� e�cðt

þ ak; 0ÞÞ
6 e�cðtþ am; 0ÞVð0;/ð0Þ;/ðam

� akÞÞ þ
aðeÞ
2

< aðeÞ for t 2 Tþ:

Therefore, by condition (i), we have

j/ðtþ akÞ � /ðtþ amÞj < e for all t 2 Tþ if m P k P k0:

This shows that /(t) is asymptotically almost periodic, and
thus system (4.1) has an almost periodic solution p(t) � S in
virtue of Theorem 4.1.

By using the Liapunov function V(t,x,y), with the standard
arguments, it is easy to show that p(t) is uniformly asymptot-
ically stable and every solution remaining in D approaches p(t)

as t fi1, which also implies the uniqueness of p(t).
In the case where f(t,x) is periodic in t with period

x,p(t+ x) is also a solution of (4.1) which remains in S. By
the uniqueness of solution, we know that p(t+ x) = p(t). This
completes the proof. h

Example 4.1. Consider the following dynamic equation on

time scale T:

xD ¼ aðtÞfðxÞ þ pðtÞ; ð4:7Þ

where a(t), p(t) is almost periodic on T; fðxÞ is monotone

increasing and f(�1) = �1, f(+1) =+1. Let
l� ¼ supt2TflðtÞg, if there exist constants a,b such that
f0(x) P a > 0,a(t) 6 �b < 0 and 2 � l*ab > 0, then there ex-

ists a unique uniformly asymptotically stable almost periodic
solution of (4.7).

Proof. We first prove that (4.7) has bounded solutions on Tþ.
Denote the right-hand of (4.7) byF(t,x), it is easy to see that there

exists a constantM0 > 0 such that F(t,M0) < 0, f(t, �M0) > 0
for t 2 Tþ. Therefore, the solution of (4.7) with initial value
(0,x0) satisfies Œx(t;0,x0)Œ <M0 for t 2 Tþ while Œx0Œ <M0.

For anyM>M0, we obtain that the set X = {x(t):x(t) is a solu-
tion of (4.7) and Œx(t)Œ <M for t 2 Tþg–;.

Consider product system:

xD ¼ aðtÞfðxÞ þ pðtÞ; yD ¼ aðtÞfðyÞ þ pðtÞ:

For x,y 2 X, let Liapunov function V(t,x,y) = (x � y)2.
Obviously,

1

2
jx� yj2 6 Vðt; x; yÞ 6 2jx� yj2:

Set a ¼ 1
2
x2; b ¼ 2x2, condition (i) of Theorem 4.3 is satisfied.

Next,

jVðt;x1;y1Þ�Vðt;x2;y2Þj ¼ jðx1�y1Þ
2�ðx2�y2Þ

2j
¼ jðx1�y1Þþðx2�y2Þjjðx1�y1Þ
�ðx2�y2Þj6 4Mðjx1�x2jþ jy1�y2jÞ:

Let L = 4M, condition (ii) of Theorem 4.3 is satisfied.

At last,

DþVD
ð4:3Þðt; x; yÞ ¼ ½2ðx� yÞ þ lðtÞðx� yÞD�ðx� yÞD

¼ ½2ðx� yÞ þ lðtÞðaðtÞðfðxÞ
� fðyÞÞÞ�ðaðtÞðfðxÞ � fðyÞÞÞ
¼ ½2ðx� yÞ þ lðtÞðaðtÞf0ðnÞðx� yÞÞ�ðaðtÞf0ðnÞ

� ðx� yÞÞ 6 �abð2� l�abÞðx� yÞ2:

Set c = ab(2 � l*ab), then c > 0 and �c 2 Rþ, so condition

(iii) of Theorem 4.3 is also satisfied.
Therefore, by using Theorem 4.3, there exists a unique

uniformly asymptotically stable almost periodic solution of

(4.7). The proof is complete. h
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