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In this paper, we introduce the notion of dual Q-algebras and we show that the
Cl-algebras are equivalent to the dual Q-algebras.
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1. Introduction

Several algebras with one binary and one nulary operations
were introduced to set up an algebraic counterpart of implica-
tion reduct of classical or non-classical propositional logics. In
1966, Imai and Iseki [2] introduced two classes of abstract alge-
bras: BCK-algebras and BCI-algebras. It is known that the
class of BCK-algebras is a proper subclass of the class of
BCl-algebras. In [1], Hu and Li introduced a wide class of ab-
stract algebras: BCH-algebra. They shown that the class of
BCl-algebras is a proper subclass of the class of BCH-algebras.
In [5], Neggers and Kim introduced the notion of d-algebras,
which is generalization of BCK-algebras and investigated rela-
tion between d-algebras and BCK-algebras. Neggers et al.
introduced the notion of Q-algebras [6], which is a generaliza-
tion of BCH/BCI/BCK-algebras.
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Recently, Kim and Kim defined a BE-algebra [3]. Meng,
defined notion of C/l-algebra as a generalization of a BE-algebra

[4].
In this note, we state and prove the relationship between Q-
algebras and Cl-algebras.

2. Preliminaries

Definition 2.1 [6]. A Q-algebra is a non-empty set X with a
consonant 0 and a binary operation s satisfying the following
axioms:

I xxx=0,
) x=0 = x,
() (xxy) sz = (x*2z)*p,

for all x, y, z € X.

Example 2.2 [6]. Let X = {0,1,2,3} be a set with the follow-
ing table:

1110-256X © 2012 Egyptian Mathematical Society. Production and hosting by Elsevier B.V. Open access under CC BY-NC-ND license.

http://dx.doi.org/10.1016/j.joems.2012.08.021


mailto:arsham@mail.uk.ac.ir
http://dx.doi.org/10.1016/j.joems.2012.08.021
http://dx.doi.org/10.1016/j.joems.2012.08.021
http://www.sciencedirect.com/science/journal/1110256X
http://dx.doi.org/10.1016/j.joems.2012.08.021
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

A.B. Saeid

0 1
0 2
1 0
2 1

2
|
2
0

Then (4, *,0) is a Q-algebra.

Theorem 2.3 [6]. If (X,*,0) is a Q-algebra, then (x * (x*y))
xy =0, foral x, y€X.

Definition 2.4 [6]. A non-empty subset S of a Q-algebra X is
called a subalgebra of X if x x y € S for any x, y € S.

Definition 2.5 [4]. A Cl-algebra is an algebra (X;=*,1) of type
(2,0) satisfying the following axioms:

(CIl) x=x=1;
(CI2) 1#x = x;
(CI3) x«x(yxz) =y=*(x=xz) forall x,y, z€X.

In any Cl-algebra X one can define a binary relation *“ <™
by x <y if and only if x«y = 1. A Cl-algebra X has the
following properties:

Q1) ye(rex)ex) = 1,
QR2) (xxDx(y=*1)=(x*y) =1,
23) I<x=x=1forall x, yeX.

A non-empty subset S of a Cl-algebra X is called a subalge-
bra of X if x « y € S whenever x, y € S.

3. Cl-algebra is equivalent to the dual Q-algebra

Definition 3.1. Let (X, *,0) be a Q-algebra and binary opera-
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tion “*”” on X is defined as follows:

X*xpy=)yox

Then (X, 0,1) is called dual Q-algebra. In fact, the axioms of
that are as follows:

(DQ1) xox =1,
(DQ2) lox = x,
(DQ3) xo(yoz)=yo(xoz),

for all x, y, z € X.

Theorem 3.2. Any Cl-algebra is equivalent to the dual Q-
algebra.
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