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1. Introduction

A surface M in Euclidean 3-space R3 is called Weingarten sur-
face if there is a relation between its two principal curvatures ki,
ky. If there exist a linear function S of two variables such that
S(ky,ky) =0, or in the form

ki = mky +n, (1.1)

where m, n are constants, the surfaces is called a linear Weingarten
surface and it abbreviate by LW-surface [1]. In particular if K and H
denote the Gaussian and mean curvatures respectively of a surface
M, and are related through the linear relation

aH + bK = c, (1.2)

where a, b and ¢ are constants and a? + b? # 0, in this case then
that M is a special Weingarten surface and we abbreviate it by SW-
surface [2]. Weingarten introduce this type of surfaces in the con-
text of the problem of finding all surfaces isometric to a given sur-
face of revolution [3,4]. Study of Weingarten surfaces has a long
history [5,6], and more recently [7,8]. Application of Weingarten
surfaces on computer aided geometric design and shape investiga-
tion can seen in [9]. Cyclic surfaces in R3 are one-parametric family
of circles [10]. R. Lépez in [1] proved that a cyclic surfaces is linear
Weingarten surfaces with (m,n) = (m,0) must be Riemann type.
In [2] he proved that all special Weingarten cyclic surface with
aH + bK = ¢ must be a surface of revolution, a Riemann minimal
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surface or generalized cone. In [11] we investigated a cyclic sur-
faces by using circle of curvature of a space curve. We obtained
some conditions on this curve to ensure that this cyclic surface is
of zero or nonzero constant Gaussian curvature. We presented a
procedure to determine a geodesic curves on this surface. In this
paper, we show that what conditions should be imposed on the
space curve such that the cyclic surface generated by circle of cur-
vature of this curve is a LW-surface or a SW-surface. For more de-
tails see [5-8]

2. Basic concepts
Consider a surface M in R3 with Gaussian curvature K and mean

curvature H. Let X = X(u,v) be a local parametrization of M. The
tangent vectors to the parametric curves of the surface M are

JX JX
Xy = ﬁ’ v = W (2'1)
The unit normal vector filed on M is given by
Xu A Xy
N=———+ 2.2
[Xu A Xyl (22)

where A means the cross product in R3. The first fundamental
quadratic form on the surface M is

I =< dX,dX >= gndu? + 2g1,dudv + g2, dv? (2.3)
where g, g are the first fundamental coefficients, where

g =X, Xu),  gn=Xu.X), gn={XX)), (24)
The second fundamental quadratic form is given by

I = —(dN, dX) = hy;du? + 2hypdudv + hyydv?, (2.5)
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where g, are the second fundamental coefficients, where
hip = (N, Xuw),  hiz = (N, Xu),  ha = (N, Xw), (2.6)
The Gaussian and mean curvatures are given by
_ hithyy — h,

K= a
8182 — &)

(2.7)

T h11822 — 2h12812 + haogn
2(g1822 — &)

Let ¥ : I — R3 be a unit speed curve with ¥’ # 0 where ¥’ =
dW/du. The arc-length parameter u of a curve W is determined
such that ||W/(u)|| = 1. Let us denote t(u) = W' (u) where t(u) is
a unit tangent vector of W at u. We define the curvature of W by
k() = ||¥”@)]|. If k(u) # 0, then the unit principal normal vector
n(u) of the curve ¥ at u is given by ¥”(u) = k(u)n(u). The unit
binormal vector of ¥ at u is defined as b(u) = t(u) x n(u). Then
we have the Frenet-Serret formulae:

t 0 k 0 t d
n|=[{-k 0 t]|n], "= T (2.9)
b 0 -t 0/\b u

where t(u) is the torsion of the curve ¥ at u

, (2.8)

Definition 2.1. The circle of curvature of a curve ¥ = W(u) at a
point m is the limiting position of a circle drawn through m and
two other points of the curve, such that these two points tends to
m [12].

The circle of curvature of the curve W lies on the osculating
plane and the center of curvature at any point is given by

c(u) =¥()+pun (2.10)

where p(u) = 1/k(u) is the radius of curvature of the curve W [12].

Definition 2.2. [10] A cyclic surface in Euclidean space R3 is a sur-
face determined by a smooth uniparametric family of pieces of cir-
cle.

Remark 2.3. A cyclic surface can be generated by a circles of cur-
vature of a space curve [13].

The representation of cyclic surfaces foliated by circles of cur-
vature of the space curve W is given by

M : X, v) =c(u) + p(u)(tcosv+nsinv) (2.11)

where c(u) are the center of curvatures given by (2.10)

3. Cyclic Weingarten-surfaces

In this section, we obtained the condition such that the cyclic
surface parameterized by Eq. (2.11) is LW-surface or SW-surface.
Our method depends on, equations reduces (1.1), (1.2) to an ex-
pression that can be rewrite as a linear combination of the func-
tions cos(iv), sin(iv) whose coefficients A;, B; are function of the
u-variable. Therefore, they must be vanish in some u-interval. The
Gaussian and mean curvatures of a surface M are

K
K= Wg (3.1)
H;
H= TR (3.2)
where Hy = g0 Xu, X, Xuu] — 2812[Xu, Xv, Xuv] + g1 [Xu, Xv, Xow],

Ky = [Xu. Xv. Xuu][Xu. Xp. Xow] = (X Xp. Xuv|?. W = gn1822 *g%za
The principal curvatures ki, k, are given by

ki =H++H?*—-K, ky=H-+H?2-K (3.3)

3.1. Cyclic LW-surfaces

If the cyclic surface M which given by (2.11) is LW-surface , then
it satisfies the condition (1.1). Using Eqgs. (3.1), (3.2) and (3.3) this
condition take the form

(1 —m)H; = 2W3?n = —(1 + m)\/H? — 4WK; (3.4)

After some computations, the condition (1.1) can be written as the
following

(—mH? + (1 +m)*WK; + n*W3)2 —n2(1 —m)?H*W3* =0 (3.5)

Remark 3.1. The surface M is totally umbilical if m =1, n =0, and
the condition (1.1) becomes

H? —4WK; =0 (3.6)

3.11 Case n=0
In this case, the Eq. (3.5) take the form

mH? — (14+m)*WK; =0 (3.7)

By using Eqgs. (2.9) and (2.10), we can expressed (3.7) by trigono-
metric polynomial on cos(iv), sin(iv), 0 < i < 6, these coefficients
A;, B;, are functions on the u-variable. Therefore, these coefficients
must vanish in some u-interval. The work then is to compute ex-
plicitly these coefficients by successive manipulations. We used the
symbolic program mathematica to check out our computations.

6
> (Ajcos(iv) + B;sin(iv)) = 0. (3.8)
=0

Since this is an expression on the independent trigonometric terms
cosnv and sinnv, all coefficients A; , B; vanish identically.
After some computation, the values for Ag, Bg are

As = ;7(—1 +m)?pW)°t (W) (p (W)t W) + o' (W)*)?

Be=0

From Ag we have the two possibilities
Case (1) t(u) =0, which leads to zero coefficients identically
Case (2) m =1, then

As=...=Bs=0
)8
Ay = p(g) (P T W) - p' (W)t (W) + T (u)p" (u))?
Thus, the solution of the differential equation A4 = 0 is
/
) =+—P ()

Ve = p?(u)

= p(u) = csin (/ t(u)du) + constant
or p(u) = ccos (/ r(u)du) + constant (3.9)

where c constant, this leads to all coefficients (3.8) are vanished.
Indeed we have proved the following theorem:

Theorem 3.2. The cyclic surface generated by circles of curvature of
the space curve is a linear Weingarten surface with condition k; =
mk, if the curve is a plane curve or its torsion and radius of curvature
are related by the relation (3.9) and the surface M is part of a sphere
(totally umbilical).
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3.12. Casen # 0

Similarly as in Section (3.1.1), we can express (3.5) in the fol-
lowing form
12
> "(Ajcos(iv) + B;sin(iv)) = 0.
i=0

(3.10)

After some computation, the values for Ay, By, A1 are given as

12
A = B8 (e ? + p @)’

x ((—(=1+m)* +n*pw)*)T(W)* +n’p’'(u)*)*
Bz =A;n =0

From A;; We have the two possibilities
Case(1) (p(u)?t(u)?+ p'(u)2) =0 thatis p’(u) =0, T(u) =0
Then, all the coefficients are vanished identically.
In this case, the center of curvature of the circle is fixed, i.e.,
c(u) = cg, then

[X(u,v) — cg| = p = constant (3.11)
Case(2)
(=(=1+m)* +n’pw)*) T (u)* + n*p’(u)* = 0.
; _ np’ (u)
that is T(u) = im
-1 .
= pu) = m sin ([ tdu) + constant
m-—1
or p(u) = cos (/ rdu) + constant (3.12)
Then, A;; = By = A1 = ... = Ag = 0 identically.

Thus, we have proved the following:

Theorem 3.3. The cyclic surface generated by circles of curvature of
a space curve is a linear Weingarten surface with condition if the
curve is a circle or the radius of curvature and the torsion are related
through (3.12).

Remark 3.4. The cyclic surface generated by a circle of curvature
(3.11) of a circle is contained in a sphere.

3.2. Cyclic SW-surfaces

Without loss of generality, we can take a =1 in the condition
(1.2). By using the Egs. (3.1) and (3.2), the condition (1.2), can be
written in the following form

H; K
W + bW =c, (3.13)
H2W — 4(cW? — bK;)? = 0. (3.14)
321 Case c=0
In this case (3.14) takes the form
H2W —4(bK;)? =0 (3.15)

As in the previous section, we can expressed (3.15) as follows

8
Z(A,» cos(iv) + B; sin(iv)) = 0.
i—0

(3.16)

After some computation,
Eq. (3.16) are given as

A = 53 PP TP (T (W + p/ )2
x ((=b* + p(w)*)T (W)* + o ()*)

Thus, we have the two possibilities, we have all the coefficients are
vanished identically.

the non vanishing coefficients of

Case (1) t(u) =0,
Case (2) ((—b*+ pw)*)T(W)? + p'(W)?) =0
that is, 7(u) = + 2@

/b2 —p(u)?
= p(u) = bsin (/ tdu) + constant

or p(u) = bcos (/ tdu) + constant (3.17)

Thus, we have the proof at the following theorem:

Theorem 3.5. The cyclic surface generated by circles of curvature
of the space curve is a special Weingarten surface with condition
H + bK = 0 if the curve is a plan curve or its torsion and radius of
curvature are related by the relation (3.17).

3.2.2. Casec # 0
Similarly, we can express (3.14) as the following form

8
Z(Ai cos(iv) + B;sin(iv)) = 0.
i=0

(3.18)

After some computation, the non vanishing coefficients of Eq.
(3.18) are

Ay = — 55 P (p(@PT (@) + /()7
< (07— (14260 p(u)? + p ()T ()
— (1420 -2 p ()T @0 () + 0 ()%

From Ag, We discuss the following three cases for the vanishing all
the coefficients identically

Case (1) (pu)2t(u)2+ p'(u)2) =0 then, that is p’(u) =0,
t(u)=0

Case (2) ((b2—(1+2bc)pW)?+c2pw)®)Tw)* — (14 2bc —
2 pW))T(Ww)?p’ ()2 + c2p’(u)*) =0 after simplification, we
have
T(u) = + p'(u)

V(52— pu)?

2 _ 142bct/144bc
where. d* = S
By integration, we have

pu) = % sin (/ r(u)du) + constant

or p(u)= % cos (/ r(u)du) + constant

Thus, we have the proof at the following theorem:

(3.19)

Theorem 3.6. The cyclic surface generated by circles of curvature of a
space curve is a special Weingarten surface with condition H + bK = ¢
if the curve is a circle or the radius of curvature and the torsion are
related by (3.19).

3.3. Cyclic W-surfaces

A surface M in 3-dimensional Euclidean space R3 is called a
Weingarten surface if there is a relation between its two curva-
tures K and H, that is, if the jacobian determinant is identically
zero [14], i.e.,

_|O(K H)| _
O(K, H) = ( S| = (3.20)
Or the following form
JdH 0K 0H 0K
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After some computations we have

0H, ow 0K, ow
(Zauw —3H Bu) <8vW - 24 Bv)

OH, aw\ [ 9K, w\
- (2811W —3H, 81}) (auw — 2K 8u> =0

Using the same technique as in the previous section we have

(3.22)

9
> "(Ajcos(iv) + B;sin(iv)) = 0.

i=0

(3.23)

After some computation, the non vanishing coefficient of Eq.
(3.23) is
1
Ay = =352 P EpW) (oWt (W)?* + p'(W)?*)
x (p)TW)® - p' (W)t () + T(W)p" ()?

Thus, we have three cases for the vanishing of Ag identically as
Case (1) p’(u)=0Case (2) T(u)=0
Case (3)

pW)T (W) - o' W)t (u) +T(u)p () =0, T(u)#0
or in the following form

P’ ()
V- pw?

By integration we have

p(u) = dsin (/ r(u)du) + constant

T(u) ==+

or p(u) =dcos (/ r(u)du) + constant

where d is constant.
Thus, we have the proof at the following theorem:

(3.24)

Theorem 3.7. The cyclic surface generated by circles of curvature of
the space curve is a W-surface with condition (3.21) if the curve is
a plan curve or its radius of curvature is constant or the radius of
curvature and the torsion is related by (3.24).

4. Cyclic HK-quadratic surfaces

In this section we study surface satisfying some algebraic equa-
tion in the mean curvature and the Gaussian curvatures.
aH? + 2bHK + cK? = constant, a # 0. (4.1)

This type of surfaces is called HK- quadratic surface [15]. Using
(3.1), (3.2) the HK-quadratic surface satisfies the condition

Hy \2 H, K Kp \?
a(zw% ) * 2b<2w% ) <W> * C(W) =1
or, equivalently,
aH2W + 4bW 3 Hy Ky + 4cK? = 4W*

equivalently, we have
4bVWH; Ky — (4W* — aH?W — 4ck?) =0, a #0.

(4.2)

Using the Egs. (2.9) and (2.10), we can expressed (4.2) by trigono-
metric polynomial on cos(iv), sin(iv). Exactly, there exist smooth
functions on u, namely A;, B;, such that (4.2) writes as

8
> "(Ajcos(iv) + B;sin(iv)) = 0.

i=0

(4.3)

Since this is an expression on the independent trigonometric terms
cosnv and sinnv, all coefficients A; , B; must vanish identically.

After some computation, the non vanishing coefficient of
Eq. (4.3) is

Ag = 317/)(11)8(,0’(11)2 +pW’TW??(tWap@)® +c
—p*h +TW?(a-2pW)?*)p' W)? - p'(w)?)

Thus, we have the two possibilities for vanishing the coefficients
identically as in the following.
Case (1)(p(w)?t(u)? + p’(u)?) =0
Case (2)

(rW*@p)* +c—pw*
+TW?(a—-2pW*)p' W)? - p'w* =0,

ie. T(w)=0, p'(u)=0

T(u) # 0 and p’(u) # 0 at the same time

the solution of this equation is

\/ P/ (u)? («/a2+4c+a—2p(u)2>

ap )2 +c—p(u)?
NG ,
\/ p 2 (/arac-a+20w)?)
apZrc—p(u)?
V2
(a) then, from t(u) we have
By = il W (ay/a? +dc — @ - 20)p(u)* +

2¢(/a? + 4c — a)
2 _9e2y(_ P WA(Va2+acta-2pw)?) 3.2
p(w)? —2c%) (- o )

PW2p W2 (sin(})+cos(§))4 (a—+/a2+40) p ()2 +2c)
ap(u)?+c—pu)4

T2(U) = £

T34(U) = £

Thus,
(i) p'(u) #0,b=0

then, Thus we have all coefficients vanishes.
(ii) p’(u) 20, ¢=0, a=1

Then, t(u) = — /—’;/((;’))22, this is contradiction

(b) From 7, 3 4(u) we have the same results.

Theorem 4.1. The cyclic surface generated by circles of curvature of a
circle is a HK-quadratic surface. The cyclic surfaces satisfied equation
aH? + cK? = 1 if the torsion of a space curve is given by Eq. (4.4).

5. Example

Example 51 (Surface of type [IW-surface and HK-
quadratic). Consider a plane curve given by

W(u) = {sin(au), cos(au), 0}, (5.1)
Thus, the center of circle of curvature is

c(u) = {(1 —a)sin(au), (1 — a) cos(au), 0}, (5.2)

Therefore, the equation of the cyclic surface that is generated by
the circle of curvature of a plane curve (5.1) is
X(u,v) = c(u) + {acos(au + v), —asin9au + v), 0},

According to Theorems 3.2 and 4.1 , this is a cyclic surface satisfy-
ing conditions of LW-surface and HK-quadratic surface. This surface
plotted as in Fig. 1.

Example 5.2 (W-surface). Consider the space curve (helix) given
by

W (u) = {asin(u), acos(u), au}, (5.3)
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Fig. 1. Cyclic LW-surface and HK-quadratic surface, with 7(u) =0, p’(u) =0.

Fig. 2. Cyclic W-surface with p’(u) = 0.

Thus, the center of circle of curvature is

B sin(u)

V2

cos(u)

V2

c(u) = { +asin(u), — +acos(u), au}, 0= 1

N
(5.4)

Therefore, the equation of the cyclic surface that is generated by
the circle of curvature of a space curve (5.3) is

X v) = c(u) + {%(cos(u) cos(v) — v2sin(u) sin(v)).

cos(u)sin(v) 1

V2 72
According to Theorem 3.7, this is a cyclic surface of type Wein-
garten surface, which display in Fig. 2.

- lcos(v) sin(u) —

3 cos(v) }
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